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The spin-flip-associated transport through a quantum dot based on the Anderson model in equilibrium and
nonequilibrium situations is studied. It is found that electrons are scattered due to the spin-flip effect via the
normal and the Kondo channels. Our results show that the conductance is suppressed due to the spin-flip effect,
and the suppression due to the spin-flip scattering via the Kondo channel is stronger for temperatures below the
Kondo temperature.
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I. INTRODUCTION

Recently, much theoretical and experimental research re-
lated to electron spin has been done. Owing to the progress
in nanofabrication and microelectronic techniques, devices
based on the electron spin, such as spin memory,1 spin
transistor,2 and electron-spin-based quantum computers,3,4

may be realized very soon. These devices are related to the
spin-polarization orientation or spin-flip effect. Usually, the
spin-flip effect occurs in scattering processes. The scattering
processes may be caused by magnetic impurities, magnons,
or domain walls at the interface or electrode,5 or may be due
to interactions with phonons6 or the photon field.7 In addition
to scattering processes, spin flip may occur when the electron
is transported between different spin-state regions. One of
the instances is that the electron is transported between the
Rashba quantum dot and the ferromagnetic lead. The Rashba
effect can be observed in InAs semiconductors. The eigen-
state of the Rashba Hamiltonian is a superposition of the spin
states �↑� and �↓�, i.e., �± �= �1/�2��ei�/2�↑ �±e−i�/2�↓ ��.4 It is
known that the off-diagonal terms of the tunneling amplitude
matrix and coupling constant are nonzero and spin-flip-
associated tunneling appears in the system.8 A sketch of the
spin-flip-associated tunneling through a quantum system is
shown in Fig. 1.

The spin-flip-associated tunneling effect might cause
some special behaviors in the electric properties of the ma-
terial. The intradot spin-flip effect was found to shift the
resonant energy �0 of the quantum dot to �0±R, where R is
the spin-flip scattering amplitude.8 Sergueev et al.9 studied
the spin-flip-associated tunneling through a quantum dot and
described the spin-valve effect. The spin-valve effect caused
by the transport between different spin states shows that the
resistance depends on the direction �parallel or antiparallel�
of the magnetization of two ferromagnetic metals.9–12 Zhu
and Balatsky studied the spin-flip-associated tunneling
through a local nuclear spin precessing in a magnetic field to
simulate the conductance oscillation observed in STM
experiments.13 They included the off-diagonal process and
concluded that the conductance of the system can be obvi-
ously modified. Guinea pointed out that elastic spin-flip ef-
fects give rise to a temperature-independent reduction of the
magnetoresistance while inelastic spin-flip processes give
rise to temperature-dependent non-Ohmic effects and varia-

tion of the conductance.5 As mentioned above, the spin-flip
effect is important in the study of spin electronic devices and
thus is worth exploring.

In spin-based devices such as a spin-based quantum com-
puter, which may be operated at low temperature, the corre-
lation between the electron in the quantum dot and the con-
duction electrons in the reservoir is important because the
correlation will cause a peak of the density of states in the
vicinity of the Fermi level for temperature T�TK, where TK
is the Kondo temperature. The Anderson impurity model,
which describes the correlation due to on-site Coulomb in-
teraction and the direct tunneling between the conduction
band and the local spin state in the magnetic impurity, is also
employed to describe the quantum dot �QD� system.14 The
correlation interaction causes a sharp peak in the vicinity of
the Fermi level for temperatures below TK. The electron in
the impurity may tunnel out of the impurity site to occupy a
“virtual state,” and then be replaced by an electron from the
metal.15,16 This process can effectively “flip” the spin of the
impurity. Schrieffer and Wolff have shown that, in the limit
of strong on-site Coulomb interaction, the Anderson impurity
model is equivalent to the s-d model when the impurity level
�0 is well below the Fermi level and the Kondo effect is
obtained in this limit.17 In the original Anderson impurity
model, the electron spin does not flip during the process of
tunneling between the impurity and the electron reservoir. In
this work, we consider that the electron spin flips during the
tunneling process, i.e., the spin-flip-associated coupling con-
stant ��

�̄�=2	�k,s,��L,RVk�s,�̄2
* Vk�s,�
��−�k�s� where ��s� is

the spin state of the electron in the QD �lead� and �̄�� is
included in our study. The effects on the density of states and
the conductance of the quantum dot system versus the
strength of the spin-flip coupling will be discussed. Com-
pared to the original Anderson model, the spin-flip-
associated tunneling effect is expected to contribute addi-
tional self-energy which may modify the local density of
state �LDOS�, or the diagonal part of the spectral function
−2 Im G��

r . The conductance depends strongly on the profile
of the diagonal part of the spectral function −2 Im G��

r and
the off-diagonal part of the spectral function −2 Im G�̄�

r ,
which may change sign in the vicinity of the peak position of
the LDOS. Therefore, the off-diagonal spectral function is
expected to modify the conductance. In other words, the con-
ductance may be modified by spin-flip-associated tunneling.
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Instead of studying the mechanism of the spin-flip effect, we
will study the spin-flip effect in a phenomenological way.
The tunneling coupling constant will be assumed the same as
that proposed in Ref. 13.

II. MODEL AND FORMALISM

The Hamiltonian of the system considered in this work
can be written as

Hd = �
�

��d�
†d� + Un�n�̄,

HC = �
k�s

��L,R

�k�sck�s
† ck�s,

HT = �
k�s,�

Vk�S,�
* d�

†ck�s + Vk�S,�ck�s
† d� �1�

where d�
†�d�� is the creation �annihilation� operator of the

electron with spin state � in the dot, and ck�s
† �ck�s� is the

creation �annihilation� operator of an electron with momen-
tum k and spin state s in the � lead �where ��L ,R�. Note
that the spin states s and � are not necessary in the same
eigenstate, for example, the spin state � in the QD may be
the eigenstate of the Rashba state and the spin state s in the
lead may be the pure spin-up or spin-down state. The energy
�k�s is the single-particle energy of the conduction electron in
the � lead. U is the intradot Coulomb interaction. The elec-
tron tunneling between the lead and dot can be described by
the tunneling matrix Vk�s,�. As shown in Ref. 13, the cou-
pling constant between the QD and the lead can be expressed
by ��

�̄�=2	�k,s,��L,RVk�s,�̄
* Vk�s,�
��−�k�s�. The spin-flip

coupling constant is set to be symmetric for the state ���̄�
flipped into the state �̄���, i.e., ��

�̄�=��
��̄=��

s . And the nor-
mal coupling constant ��

��=2	�k,s,��L,RVk�s,�
* Vk�s,�
��

−�k�s� is assumed to be spin independent, i.e., ��
��=��

��

=��
n . In this paper, we use the notation �̄ to stand for the spin

being not equal to � while �� is equal or not equal to �.
The Green’s function G corresponding to the spin-flip-

associated tunneling effect of the noninteracting system can
be written as

�G�� G��̄

G�̄� G�̄�̄
� = �G��

0 0

0 G�̄�̄
0 � + �G��

0 0

0 G�̄�̄
0 ����� ���̄

��̄� ��̄�̄
��G�� G��̄

G�̄� G�̄�̄
�

=�	�G��
0 �−1 − ��� − ���̄G̃�̄�̄

0 ��̄�
−1 G̃��
0 ���̄G�̄�̄

G̃�̄�̄
0 ��̄�G�� 	�G�̄�̄

0 �−1 − ��̄�̄ − ��̄�G̃��
0 ���̄
−1� �2�

where the self-energy ��� is caused by tunneling without an
associated spin flip and the self-energy ��̄� is caused by
spin-flip-associated tunneling. ��̄� flips spin � to spin �̄ dur-
ing the electron transport between the lead and the dot. G��

0

is the free-particle Green’s function and G̃��
0 = ��−��

−����−1 is the Green’s function of the electron in the QD
with the spin state � perturbed by the tunneling effect. The
detailed derivation of Eq. �2� is shown in Appendix A.

If the intradot Coulomb interaction is included, the Kondo
effect occurs when T�TK. There are many approaches to
solve the problem, such as the noncrossing-approximation

approach,18,11 the equation of motion �EOM� method,19–22,10

or the renormalization group method.12,20,23 The equation of
motion method will be used to solve the Green’s function of
the interaction system in this work. In the processes of the
EOM, the two-particle correlation function �or Green’s func-
tion� arises from the two-particle on-site Coulomb interac-
tion and needs to be decoupled. The accuracy of the EOM
method depends on the decoupling scheme. One of the com-
pact ways to decouple the two-particle correlation function
to the single-particle correlation function is the decoupling
scheme introduced by Lacroix for high temperature

FIG. 1. The schematic plot of the system considered in this
work. The spin-flip-associated tunneling is �a� originated by the
impurity scattering and �b� due to the tunneling between the differ-
ent spin states.
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�i.e., TTK�. The high-temperature Lacroix decoupling ap-
proximation at low temperatures �T�TK� gives only a quali-
tative solution and is quantitatively correct at high tempera-
tures �TTK�.9,20 The EOM and Lacroix’s high-temperature
decoupling scheme are popularly adopted by many authors.
In this work, we will use the high-temperature Lacroix de-

coupling approximation to decouple the two-particle Green’s
function.

Consider the spin-flip-associated tunneling effect where
the intradot particle-particle interaction is assumed to be the
Coulomb interaction. By using the method of the equation of
motion in the Green’s function G, one obtains

��� − ���G�� �� − ���G��̄

�� − ��̄�G�̄� �� − ��̄�G�̄�̄
� = �1 0

0 1
� + ����

Tn ���̄
Ts

��̄�
Ts ��̄�̄

Tn ��G�� G��̄

G�̄� G�̄�̄
� + U�G��

�2� G��̄
�2�

G�̄�
�2� G�̄�̄

�2� � �3�

where G�����−i��Td� ,d��
† �� and G

���
�2� ��−i��Td�n�̄ ,d��

† ��. The Green’s function G
���
�2� is the two-particle Green’s function

corresponding to particle-particle interaction �Coulomb interaction� and is related to the Kondo effect. Using the EOM in G�2�,
we obtain

��� − �� − U�G��
�2� �� − �� − U�G��̄

�2�

�� − ��̄ − U�G�̄�
�2� �� − ��̄ − U�G�̄�̄

�2� � = ��n�̄� 0

0 �n��
� + �

k�s
�Vk�s,�

* �− i��Tck�sd�̄
†d�̄,d�

†�� Vk�s,�
* �− i��Tck�sd�̄

†d�̄,d�̄
†��

Vk�s,�̄
* �− i��Tck�sd�

†d�,d�
†�� Vk�s,�̄

* �− i��Tck�sd�
†d�,d�̄

†�� �
+ �

k�s
�Vk�s,�̄�− i��Tck�s

† d�d�̄,d�
†�� Vk�s,�̄�− i��Tck�s

† d�̄d�,d�̄
†��

Vk�s,��− i��Tck�s
† d�̄d�,d�

†�� Vk�s,��− i��Tck�s
† d�̄d�,d�̄

†�� �
− �

k�s
�Vk�s,�̄

* �− i��Tck�sd�̄
†d�,d�

†�� Vk�s,�̄
* �− i��Tck�sd�̄

†d�,d�̄
†��

Vk�s,�
* �− i��Tck�sd�

†d�̄,d�
†�� Vk�s,�

* �− i��Tck�sd�
†d�̄,d�̄

†�� � . �4�

In general there are four one-particle Green’s functions �G��,
G��̄, G�̄�, and G�̄�̄� and four two-particle Green’s functions
�G��

�2�, G
��̄
�2�, G

�̄�
�2�, and G

�̄�̄
�2�� in our system. In contrast with Eq.

�3�, the equation of the Green’s function G�2� can be assumed
as

��� − �� − U�G��
�2� �� − �� − U�G��̄

�2�

�� − ��̄ − U�G�̄�
�2� �� − ��̄ − U�G�̄�̄

�2� �
= ��n�̄� 0

0 �n��
� + �X��

�2� X��̄
�2�

X�̄�
�2� X�̄�̄

�2� ��G�� G��̄

G�̄� G�̄�̄
�

+ �Y��
�2� Y��̄

�2�

Y �̄�
�2� Y �̄�̄

�2� ��G��
�2� G��̄

�2�

G�̄�
�2� G�̄�̄

�2� � . �5�

In order to simplify the problem, we consider the infinite-U
limit. Under the infinite-U limit, the off-diagonal term of Y�2�

can be ignored �the detailed derivation will be given in Ap-
pendix B�. Equation �5� can be rewritten as

�G��
�2� G��̄

�2�

G�̄�
�2� G�̄�̄

�2� �
= �g��

0�2��n�̄� 0

0 g��
0�2��n��

�
+ �g��

0�2��X��
�2�G�� + X��̄

�2�G�̄�� g��
0�2��X��̄

�2�G�̄�̄ + X��
�2�G��̄�

g�̄�̄
0�2��X�̄�

�2�G�� + X�̄�̄
�2�G�̄�� g�̄�̄

0�2��X�̄�
�2�G��̄ + X�̄�̄

�2�G�̄�̄� �
where g��

0�2����−��−Y��−U�−1 and g
�̄�̄
0�2����−��̄−Y �̄�̄

−U�−1. Substituting G�2� into G, one obtains

��� − ���G�� �� − ���G��̄

�� − ��̄�G�̄� �� − ��̄�G�̄�̄
� = �1 + Ug��

0�2��n�̄� 0

0 1 + Ug�̄�̄
0�2��n�� � + ����

T + Ug��
0�2�X��

�2� ���̄
T + Ug��

0�2�X��̄
�2�

��̄�
T + Ug�̄�̄

0�2�X�̄�
�2� ��̄�̄

T + Ug�̄�̄
0�2�X�̄�̄

�2� ��G�� G��̄

G�̄� G�̄�̄
�

� �1 + Ug��
0�2��n�̄� 0

0 1 + Ug�̄�̄
0�2��n�� � + ����

tot ���̄
tot

��̄�
tot ��̄�̄

tot ��G�� G��̄

G�̄� G�̄�̄
� .

Under the infinite-U limit, Ug0�2��−1 and �tot=�T−X�2�. Comparing to Eq. �2� �after some algebra�, one obtains
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�G�� G��̄

G�̄� G�̄�̄
� =��1 − �n�̄��	�G̃��

0 �−1 − ���̄
tot G̃�̄�̄

0 ��̄�
tot 
−1 G̃��

0 ���̄
tot G�̄�̄

G̃�̄�̄
0 ��̄�

tot G�� �1 − �n���	�G̃�̄�̄
0 �−1 − ��̄�

tot G̃��
0 ����

tot 
−1� . �6�

In Eq. �6� G̃��
0 ���−��−���

tot �−1 and G̃�̄�̄
0 ���−��̄−��̄�̄

tot �−1.

Comparing G̃��
0 with Eq. �3� in Ref. 20,

G�� =
1 − �n�̄�

� − �� − �0� − �1�

, �7�

which is the Green’s function corresponding to the original

Anderson model. Now set X�2��−�1�. G̃0 is the same as the
Green’s function corresponding to the original Anderson

Hamiltonian except for the factor �1− �n�̄��. G̃0 can be re-
garded as the Green’s function of the quasiparticle of the
Anderson Hamiltonian without the spin-flip effect. Now, the
remaining problem is to obtain X�2� and Y�2�. The detailed
derivation and results are presented in Appendix B.

The form of our result 	Eq. �6�
 is the same as Eq. �2�
except for the self-energy X�2� which is related to the Kondo
effect. The physical picture of the Green’s function 	Eq. �6�

can be interpreted as follows. G̃0 is the Green’s function
corresponding to the Anderson Hamiltonian without the spin-
flip effect, i.e., it is the form of the Green’s function as
shown in Eq. �3� of Ref. 20. G�� in Eq. �6�, for example,
represents the corresponding �-state quasiparticle of the
Anderson Hamiltonian, which is scattered between the � and

�̄ states and causes the self-energy ���̄
tot G̃�̄�̄

0 ��̄�
tot . ��̄�

tot contains
two terms: the self-energy ��̄�

T corresponding to the scatter-
ing via the normal channel and the self-energy X

�̄�
�2� corre-

sponding to the scattering via the Kondo channel. The
normal-channel scattering is energy and temperature inde-
pendent. Since the Kondo effect is strongly dependent on the
temperature and causes a Kondo resonant peak in the vicinity
of the Fermi level of the lead, the Kondo-channel scattering
is strongly dependent on the temperature and dominates the
scattering with energy in the vicinity of the Fermi energy of
the lead.

Since the transport problem in a quantum dot system may
be a nonequilibrium problem, we will employ the nonequi-
librium Green’s function method and the transport equation
developed by Wingreen et al. to calculate the particle number
and conductance.25 To evaluate Eq. �6� numerically, one
must determine the particle number �n�� and the expectation
value �d�

†d�̄� by a self-consistent method. In order to calcu-
late the expectation values �n�� and �d�

†d�̄�, the correspond-
ing lesser Green’s functions G��

� and G�̄�
� must be

solved first, i.e., �n��=−i��d� /2	�G��
� and �d�

†d�̄�
=−i��d� /2	�G�̄�

� . In this work, we use the method proposed
by Sun and Guo which is able to solve the lesser Green’s
function, of the interacting system exactly for the steady-
state problem.24 The detailed derivation processes are shown
in Appendix C.

III. RESULTS AND DISCUSSION

In the following discussion, all energy scales are normal-
ized to the normal-tunneling coupling constant ��

n =1. The
resonant energy of the quantum dot is set as �0=−5. The
Fermi level of the lead EF is set to be zero for the equilib-
rium situation. The temperature is normalized to the Kondo
temperature TK, which is calculated by the exact expression
obtained by Haldane, TK��D��1/2exp		��0−EF� / �2��

�0.004,26 with the half-width D=100 and �=�L

n +�R
n .

Since the high temperature Lacroix decoupling approxi-
mation at low temperatures �T�TK� gives only a qualitative
solution and is quantitatively correct at high temperatures
�T�TK�, we consider the situation with the temperature near
the Kondo temperature, i.e., T=10TK, 1TK, and 0.1TK, and
the normal limit T=100TK, for which the Kondo effect can
be ignored for comparison.27 The spectral function A������
=−2 Im G���

r �or local density of states when ��=�� in the
equilibrium situation is calculated in terms of the strength of
spin-flip-associated tunneling, which is described by the
spin-flip coupling constant �s. As in the previous discussion,
the quasiparticle of the Anderson Hamiltonian is scattered by
the normal and the Kondo channels. The self-energy �T due
to normal-channel scattering is independent of the energy
and the temperature; thus the electron can be scattered by the
normal channel at arbitrary energy and temperature. In con-
trast to the normal channel, the Kondo-effect channel is en-
ergy dependent and the strength increases logarithmically in
the vicinity of the Fermi level when T�TK. Thus, the self-
energy corresponding to the Kondo channel X�2� is sensitive
to temperature and energy. It can be expected that the Kondo
channel dominates the scattering due to spin-flip-associated
tunneling in the vicinity of the Fermi level when T�TK. The
normal-channel scattering dominates the spin-flip effect for
electrons with energies far away from the Fermi level or T
�TK. As shown in Fig. 2, the LDOS in the region far away
from the Fermi level is temperature independent. It implies
that an electron with energy far away from the Fermi level is
mainly scattered by the normal channel. Figure 3 shows a
detailed plot of the LDOS with energy in the vicinity of the
Fermi level. The spectral functions for T=100TK, i.e., the
normal case, are shown in Figs. 3�a� and 3�b� �dashed lines�.
The spin-flip scattering via the normal channel affects the
diagonal part of the spectrum function A�� �or LDOS� very
slightly for the case of T=100TK �normal limit�. But the
dependence of the off-diagonal spectrum function A�̄� on
spin-flip scattering via the classical channel is stronger than
for A��. When the temperature is decreased to the order of
the Kondo temperature �T=10TK and 1TK in our case�, the
Kondo effect becomes obvious and the Kondo resonance
peak grows logarithmically. As Figs. 3�a� and 3�b� �solid
line� and Figs. 3�c� and 3�d� show, it is obvious that the
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LDOS with energy near the Fermi level is strongly depen-
dent on temperature when the temperature is close to the
Kondo temperature. Therefore, it implies that the scattering
in the region near the Fermi level is dominated by the Kondo
channel. When the temperature is below the Kondo tempera-

ture �T=0.1TK in our case�, the scattering via the Kondo
channel is prominent. As shown in Figs. 3�e� and 3�f�, there
are two major effects due to the spin-flip-associated tunnel-
ing via the Kondo channel. The amplitude of the Kondo
resonance peak is increased as �s is increased, i.e., the

FIG. 2. �Color� The plot of spectral function as a function of � with temperature T=10TK, 1TK, and T=0.1T.

FIG. 3. �Color� The detailed plot of the spectral function in the vicinity of the Fermi level as a function of �. T= �a�100TK and 10TK,
�b� 1TK, and �c� 0.1TK with various ��

s /��
n .
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Kondo resonance peak is enhanced by the spin-flip-
associated tunneling effect. In addition to the increasing of
the peak height, the spin-flip tunneling also causes a blue-
shift of the Kondo resonance. These effects become stronger
as the temperature is decreased. Note that the enhancement
and shift of the Kondo resonance peak due to spin-flip-
associated tunneling will affect the conductance. Since the

off-diagonal Green’s function is G�̄�= G̃��
0 ��̄�

tot G��, the pro-
file of the off-diagonal spectral function A�̄� is similar to that
of the diagonal spectral function A�� but with opposite sign.
It is worth noting that for the case of TTK, the decrease �to
more negative values� of A�̄� is faster than the increase of
A��. This phenomenon is the main reason for suppression of
the conductance for TTK.

The conductance gc for the equilibrium case is calculated
by Eq. �3� of Ref. 13. For the equilibrium situation, the cur-
rent is contributed by the electrons with energy near the
Fermi level of the leads. Thus, the equilibrium conductance
reflects the properties of the Kondo resonance peak with en-
ergy in the vicinity of the Fermi level of the leads. Figure 4
shows the equilibrium conductance versus the spin-flip cou-
pling constant �s. One can find that for �s=0, the total con-
ductance gtot

c is increased as the temperature is decreased,
since the Kondo resonance peak is enhanced as the tempera-
ture is decreased. For the case of T=100TK, the Kondo effect
can be ignored and the scattering is dominated by the normal
channel. As in previous discussion, the decrease of A�̄� is
faster than the increase of A�� as �s is increased; hence the
total conductance gtot

c is dominated by the off-diagonal part
conductance g��̄

c and decreased as �s is increased. For the
cases of T=10TK and 1.0TK the Kondo effect appears; how-
ever, it is not obvious. One can find that g��

c is increased
slightly as �s is increased for �s�0.3�n�0.1�n�. This phe-
nomenon reflects the enhancement of the Kondo resonance
peak due to the spin-flip effect via the Kondo channel as
discussed previously. Similar to the case of T=100TK, the
total conductance is dominated by the off-diagonal conduc-
tance and decreased as �s is increased. For the case of T
=0.1TK, the effect due to spin-flip scattering via the Kondo

channel becomes more prominent. The diagonal part g��
c

contains peak-enhancement and peak-shift effects due to
spin-flip via the Kondo channel. For �s�0.48, the peak-
enhancement effect is dominant and g��

c increases as �s is
increased. For �s�0.48, the peak-shift effect is dominant
and thus the peak height is shifted out of the vicinity of the
Fermi level of the leads, and thus there are fewer electrons
contributing to the conductance; hence g��

c is decreased. The
profile of the off-diagonal spectral function A�̄� is similar to
that of A�� except with the opposite sign; thus the behavior
of the off-diagonal part of the conductance is similar to the
diagonal part except for the sign. For T=0.1TK the total con-
ductance is dominated by g��

c . In the region dominated by
the peak-enhancement effect, i.e., �s�0.48, the total con-
ductance is slightly increased as �s is increased. In the region
dominated by the peak-shift effect, the total conductance de-
creases as �s is increased. Note that the conductance is sup-
pressed rapidly for the case of T=0.1TK when �s�0.48. The
rapid decrease of conductance is caused by the peak-shift
effect due to spin-flip scattering.

For the nonequilibrium case, a quantum dot connected to
two leads with different Fermi levels is studied. The Fermi
levels of leads are set to be zero when the bias voltage is
zero. When the bias voltage Vbias is applied, the Fermi levels
of the leads are EF

R=−Vbias /2 and EF
L =Vbias /2. The nonequi-

librium differential conductance is defined as gc=�J /�Vbias,
where the current J is calculated by the method of Ref. 25.
The nonequilibrium differential conductance is shown in Fig.
5. Since the applied bias is symmetry, the conductance is
symmetry for Vbias�0 and Vbias�0, as shown in Figs. 5�a�
and 5�b�. Following the same reasoning, the nonequilibrium
differential conductance is decreased as �s is increased for
the cases of TTK. In the region �Vbias��0.25 the conduc-
tance is temperature insensitive. It implies that the nonequi-
librium differential conductance for �Vbias��0.25 is domi-
nated by the scattering via the normal channel, the behavior
of the differential conductance is similar to the equilibrium
case for T�TK. Hence, for �Vbias��0.25, the differential con-
ductance is decreased as �s is increased. In the region with
energy near the Fermi level, i.e., �Vbias��0.25, the Kondo

FIG. 4. �Color� The equilibrium conductance
versus ��

s /��
n at various temperatures. The

dashed line is the diagonal part. The dotted line is
the off-diagonal part. The solid line is the total
conductance. The blue line is T=100TK, the
green line T=10TK, the red line is T=1TK, and
the black line is T=0.1TK
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effect is more important when T�Tk. This is because the
Kondo effect influences the LDOS only when the electron
energy is near the Fermi level. The nonequilibrium differen-
tial conductance is influenced strongly by the Kondo effect
when the bias voltage �Vbias��0 for T�Tk. Figure 5�b�
shows a detailed plot of the nonequilibrium differential con-
ductance with bias voltage �Vbias��0.05. The variation of the
conductance for �Vbias��0 is similar to the case of �Vbias�
�0 when T�Tk �the dotted line in Fig. 5� and the scattering
is via the normal channel. As the temperature is decreased to
T�Tk, the influence due to the Kondo effect becomes im-
portant and the Kondo resonance peak is prominent. Hence,
the conductance is larger than the one for T�Tk. For T=Tk
�the dashed line in Fig. 5�, the quantity of conductance sup-
pression due to the spin-flip-associated tunneling is similar to
that in the large-bias-voltage region. The suppression of con-
ductance is due to the decrease of g��̄

c as �s is increased. The
prominence of the conductance reflects the prominent Kondo
resonance peak of the LDOS. When T�Tk �the solid line in
Fig. 5�, the influence of the peak shift of the Kondo reso-
nance becomes important. As in the case of equilibrium, the
g��

c is strongly suppressed by the shift of the Kondo reso-
nance peak when �s is large. As a result, the total conduc-
tance is suppressed rapidly when �s�0.4 and causes a valley
when �s=0.6. Figures 6�a� and 6�b� show the spectral func-
tion for T=0.1TK and Vbias=10−3. One can find that the
LDOS within the Fermi level of the leads is increased as �s

is increased when �s�0.6. This explains why the differential
conductance is increased as �s is increased when �s�0.6
and T=0.1TK in the vicinity of Vbias=0. For �s=0.6, the
peak-shift effect shifts the peak height out of the region be-
tween the Fermi level of the leads and the total LDOS within
the Fermi level of the leads is smaller than the LDOS for
�s�0.6. Hence, the differential conductance appears slightly
when Vbias�0 for T=0.1TK and �s=0.6. This tip of the con-
ductance occurs when T�Tk in the vicinity of the Fermi
level of the leads, therefore, this phenomenon mainly origi-
nates from the scattering via the Kondo channel.

IV. SUMMARY

In summary, we study the spin-flip-associated tunneling in
the Anderson model. The total effect can be interpreted as
follows. As Eq. �6� shows, the quasiparticle described by the
Anderson Hamiltonian is scattered via the normal and the
Kondo channels. The normal channel dominates the scatter-
ing of the electrons with energy far away from the Fermi
level of the lead. The electrons with energy near the Fermi
level of the leads are mainly scattered by the Kondo channel
when T�Tk. Note that only the infinite-U limit approxima-
tion is used in Eq. �6�, i.e., Eq. �6� is a general form for the

FIG. 5. �Color� �a� The differential conductance versus bias
voltage with various ��

s /��
n for different temperature. �b� A detailed

plot of �a� with energy almost equal to zero bias voltage. FIG. 6. �Color� �a� The nonequilibrium diagonal and �b� off-
diagonal spectral functions for the case of Vbias=10−3 and T
=0.1TK with various ��

s /��
n .
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Anderson model with spin-flip-associated tunneling in the
infinite-U limit and does not relate to the decoupling method.
The spin-flip-associated tunneling via the Kondo channel
causes two main effects. One is the enhancement of the
Kondo resonance peak; the other is the blueshift of the
Kondo resonance peak. When the temperature T=10TK and
1.0TK, the Kondo resonance peak is obviously enhanced by
spin-flip-associated tunneling effect, but the blueshift of the
Kondo resonance peak is not obvious. This effect is reflected
in the conductance. The enhancement of the Kondo resonant
peak causes an increase of the diagonal part of the conduc-
tance g�� and decreases the off-diagonal part of the conduc-
tance g�̄� �to more negative values�. Since the decrease of
the off-diagonal part of the conductance is stronger than the
increase of the diagonal part of the conductance; as a result
the total conductance is suppressed by spin-flip-associated
tunneling. The conductance due to off-diagonal processes is
negative and cannot be neglected. As the temperature gets
lower, the blueshift of the Kondo resonance peak becomes
important. When T�Tk and the spin-flip-associated coupling
constant �s is large enough, the blueshift of the Kondo reso-
nance peak will cause a strong suppression of the diagonal
part of the conductance and the total conductance is sup-
pressed rapidly. The conductance suppression due to the shift
of the Kondo resonance peak is ascribed to the Kondo chan-
nel mainly, since the effect occurs as T�TK. The high-

temperature Lacroix decoupling approximation is used to de-
couple the two-particle correlation function �or Green’s
function�. Our result is quantitatively correct when T�TK.
The Kondo resonance peak is slightly enhanced and blue-
shifted as TTK. On the contrary, the Kondo resonance peak
is enhanced prominently and blueshifted obviously in the
case of T=0.1Tk. Although the decoupling approximation
only gives a qualitative result for T�TK, the conductance
can be suppressed strongly by the spin-flip-associated tunnel-
ing effect for T�TK.
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APPENDIX A

First, we derive the general form of the Green’s function
for the spin-flip system. Assume that the lowest-order self-
energies corresponding to the non-spin-flip transition pro-
cesses �→� and �̄→ �̄ �the diagonal terms� are ��� and
���. And the lowest-order self-energies corresponding to the
spin-flip transition processes �̄→� and �→ �̄ �the diagonal
terms� are ���̄ and ��̄�. The typical Dyson equation can be
expressed as

�G�� G��̄

G�̄� G�̄�̄
� = �G��

0 0

0 G�̄�̄
0 � + �G��

0 0

0 G�̄�̄
0 ����� ���̄

��̄� ��̄�̄
��G�� G��̄

G�̄� G�̄�̄
� = �G��

0 0

0 G�̄�̄
0 �

+ �G��
0 ���G�� + G��

0 ���̄G�̄� G��
0 ���G��̄ + G��

0 ���̄G�̄�̄

G�̄�̄
0 ��̄�G�� + G�̄�̄

0 ��̄�̄G�̄� G�̄�̄
0 ��̄�G��̄ + G�̄�̄

0 ��̄�̄G�̄�̄
� . �A1�

The off-diagonal terms can be rewritten as G��̄= G̃��
0 ���̄G�� and G�̄�= G̃��

0 ��̄�G�� where G̃��
0 �	�G��

0 �−1−���
−1 and G̃��
0

�	�G��
0 �−1−���
−1. Substitute these expressions for G��̄ and G�̄� into the diagonal term, Eq. �8� becomes

�G�� G��̄

G�̄� G�̄�̄
� =�	�G��

0 �−1 − ��� − ���̄G̃�̄�̄
0 ��̄�
−1 G��̄ = G̃��

0 ���̄G�̄�̄

G̃�̄�̄
0 ��̄�G�� 	�G�̄�̄

0 �−1 − ��̄�̄ − ��̄�G̃��
0 ���̄
−1� . �A2�

Equation �9� is the same as Eqs. �5a� and �5b� in Ref. 13
exactly.

APPENDIX B

In order to solve Eq. �4�, one has to decouple the two
correlation functions �Tck�sd�̄

†d�̄ ,d�
†��, �Tck�s

† d�d�̄ ,d�
†��, and

�Tck�sd�̄
†d�̄ ,d�

†��, etc. The decoupling scheme proposed by
Lacroix in the high-temperature limit

�Tck�s
† �t�ck�s��t�d�̄�t�,d�

†�t����

= 
k�,k�

s,s�f��k�s��Td�̄�t�,d�

†�t���� ,

�Tck�s
† �t�ck�s��t�d��t�,d�

†�t����

= 
k�,k�

s,s�f��k�s��Td��t�,d�

†�t���� ,

�Tck�s�t�ck�s��t�d�
†�t�,d�

†�t����

= �Tck�s�t�ck�s��t�d�̄
†�t�,d�

†�t���� = 0 �B1�

is used. For example, consider the term �ck�sd�̄
†d� ,d�

†� of Eq.
�4�. Using the EOM method, and Lacroix’s high-temperature
decoupling approximation, one obtains
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�� − �k�s − �� + ��̄��Tck�sd�̄
†d�,d�

†��

= Vk�s,��Td�d�̄
†d�,d�̄

†�� + Vk�s,�̄�Td�̄d�̄
†d�,d�

†��

− �
q�s�

Vq�s�,�̄�Tck�scq�s�
† d,d�

†��

= − �d�̄
†d��Vk�s,��i�G�� + Vk�s,�̄�i��G�� − G��

�2��

− �
q�s�

Vq�s�,�̄�ck�scq�s�
† ��i�G��
k�s,q�s�; �B2�

thus

− �
k�s

Vk�s,�̄
* �− i��ck�sd�̄

†d�,d�
†�

= �d�̄
†d���

k�s

Vk�s,�̄
* Vk�s,�

� − �k�s − �� + ��̄

G��

+ �
k�s

�Vk�s,�̄�2

� − �k�s − �� + ��̄

�G��
�2� − G���

+ �
k�s

�Vk�s,�̄�2

� − �k�s − �� + ��̄

	1 − f���k�s�
G��. �B3�

In the same way, the �Tck�sd�̄
†d� ,d�̄

†�� term of Eq. �4� is

�
k�s

Vk�s,�
* �− i��Tck�sd�̄

†d�,d�
†��

= �
k�s

�Vk�s,��2

� − �k�s
G��

�2� − �n�̄�
Vk�s,�

* Vk�s,�̄

� − �k�s
G�̄�

+
Vk�s,�

* Vk�s,�̄

� − �k�s
f���k�s�G�̄� �B4�

and the �Tck�s
† d�d�̄ ,d�

†�� term is

�
k�s

Vk�s,�̄
* �− i��Tck�s

† d�d�̄,d�
†��

= �
k�s

−
�Vk�s,��2

� + �k�s − �� − ��̄ − U
G�̄�

�2�

−
�Vk�s,��2

� + �k�s − �� − ��̄ − U
G��

�2�

+ �
k�s

�Vk�s,��2

� + �k�s − �� − ��̄ − U
f���k�s�G�̄�

+
Vk�s,�̄

* Vk�s,�

� + �k�s − �� − ��̄ − U
f���k�s�G��. �B5�

Under the infinite-U limit, the Eq. �14� is zero. Compare to
Eq. �5�, The self-energy Y

��̄
�2� transfers G

�̄�
�2� to G��

�2�, we can

recognize that Y
��̄
�2� =�k�s− �Vk�s,��2 / ��+�k�s−��−��̄−U� and

can be ignored under the infinite-U limit. Hence the Green’s
function G��

�2� is found as

�� − �� − U�G��
�2����

= n�̄ + �
k�s

�Vk�s,��2

� − �k�s
G��

�2� − �n�̄�
Vk�s,�

* Vk�s,�̄

� − �k�s
G�̄�

+
Vk�s,�

* Vk�s,�̄

� − �k�s
f���k�s�G�̄� + �d�̄

†d��

�
k�s

Vk�s,�̄
* Vk�s,�

� − �k�s − �� + ��̄

G�� +
�Vk�s,�̄�2

� − �k�s − �� + ��̄

�G��
�2�

− G��� +
�Vk�s,�̄�2

� − �k�s − �� + ��̄

	1 − f���k�s�
G�� � Y��
�2�G��

�2�

+ X��
�2�G�� + X��̄

�2�G�̄� �B6�

where

Y��
�2� � �

k�s

�Vk�s,��2

� − �k�s
+

�Vk�s,�̄�2

� − �k�s − �� + ��̄

,

X��
�2� � �

k�s

�d�̄
†d��

Vk�s,�
* Vk�s,�̄

� − �k�s − �� + ��̄

−
�Vk�s,�̄�2

� − �k�s − �� + ��̄

f���k�s� ,

X��̄
�2� = �

k�s

− �n�̄�
Vk�s,�

* Vk�s,�̄

� − �k�s
+

Vk�s,�
* Vk�s,�̄

� − �k�s
f���k�s� .

�B7�

APPENDIX C

In this appendix, we will show the detailed derivation of
the expressions for �n�� and �n�̄��. We follow the derivation
proposed by Sun and Guo. Since the system considered in
this paper is in steady state, the first derivation of the expec-
tation values of �d�

†d�� and �d�̄
†d�� over time is zero, i.e.,

�i�� /�t�	d�
†d�
�=0. Using the equation of motion method,

one can find the time evolution of particle number �d�
†d�� as

Hence,

�i
�

�t
	d�

†d�
� = �
k�s

− Vk�s,��ck�s
† d�� + Vk�s,�

* �d�
†ck�s� = 0

�C1�

where �ck�s
† d��=−i��d� /2	�G�,k�s

� ��� and �d�
†ck�s�

=−i��d� /2	�Gk�s,�
� ���. The lesser Green’s functions

G�,k�s
� ��� and Gk�s,�

� ��� can be easily calculated by the Dyson
expansion and Langreth theorem. In order to calculate the
lesser Green’s function, the contour-ordered Green’s function
must be found first. The contour Green’s function
Gk�s,��t , t�� is

ANDERSON MODEL WITH SPIN-FLIP-ASSOCIATED… PHYSICAL REVIEW B 72, 125314 �2005�

125314-9



Gk�s,��t,t�� = − iT�ck�s�t�d�
†�t���

= �− i�2T� d�	Vk�s,��ck�s�t�ck�s
† �����d�d�

†�t���

+ Vk�s,�̄�ck�s�t�ck�s
† �����d�̄d�

†�t���


= T� d�	Vk�s,�gk�s�t,��G����,t��

+ Vk�s,�̄gk�s�t,��G�̄���,t��
 . �C2�

Then, using the Fourier transformation and Langreth theo-
rem, the lesser Green’s function Gk�s,�

� is obtained:

Gk�s,�
� = Vk�s,��gk�s

r G��
� + gk�s

� G��
a � + Vk�s,�̄�gk�s

r G�̄�
�

+ gk�s
� G�̄�

a � . �C3�

In the same way, the lesser Green’s function G�,k�s
� is

G�,k�s
� = Vk�s,�

* �G��
r gk�s

� + G��
� gk�s

a � + Vk�s,�̄
* �G��̄

r gk�s
�

+ G��̄
� gk�s

a � . �C4�

Substituting Eqs. �C3� and �C4� into Eq. �C1�, one can obtain

�
k�s
� d�

2	
Vk�s,�

* Vk�s,�	G��
r gk�s

� ��� + G��
� ���gk�s

a ���


+ Vk�s,�̄
* Vk�s,�	G��̄

r ���gk�s
� + G��̄

� ���gk�s
a 


= �
k�s
� d�

2	
Vk�s,�

* Vk�s,��gk�s
r G��

� + gk�s
� G��

a �

+ Vk�s,�̄
* Vk�s,��gk�s

r G�̄�
� + gk�s

� G�̄�
a � . �C5�

Using the relations �k�sVk�s,�
* Vk�s,�gk�s

r,a =��� i��n
� /2�,

�k�sVk�s,�̄
* Vk�s,�gk�s

r,a =��� i��s
� /2�, �k�sVk�s,�

* Vk�s,�gk�s
� ���

= i���n
�f����, and �k�sVk�s,�̄

* Vk�s,�gk�s
� ���= i���s

�f����, and
after some simple algebra, one finds

��n
2 − �s

2� � d�

2	
G��

� ���

= �n��
�

− i�n
�� d�

2	
f����	2 Im G��

r ���


− i�s
�� d�

2	
f����	2 Im G�̄�

r ���
�
− �s��

�

− i�s
�� d�

2	
f����	2 Im G��

r ���


− i�n
�� d�

2	
f����	2 Im G�̄�

r ���
� �C6�

where �n=���n
� and �s=���s

�. In Eq. �C6�, we have used

the relation G�̄�
r,a,����=G��̄

r,a,���� since the spin states are de-
generate in the QD. In the same way for treating �i�� /�t�
�	d�

†d�
�=0, with the condition �i�� /�t�	d�̄
†d�
�=0, one ob-

tains the relation

��n
2 − �s

2� � d�

2	
G�̄�

� ���

= �n��
�

− i�s
�� d�

2	
f����	2 Im G��

r ���


− i�n
�� d�

2	
f����	2 Im G�̄�

r ���
�
− �s��

�

− i�n
�� d�

2	
f����	2 Im G��

r ���


− i�s
�� d�

2	
f����	2 ImG�̄�

r ���
� . �C7�

Since the retarded �advanced� Green’s functions have
been solved, the equations for ��d� /2	�G��

� ��� and
��d� /2	�G�̄�

� ��� can be solved also. The results can be
checked by taking the equilibrium limit, i.e., fR���= fL���
= f���,

�n�� = − i� d�

2	
G��

� ��� =� d�

2	
f����	− 2 Im G��

r ���


�C8�

and

�d�̄
†d�� = − i� d�

2	
G�̄�

� ��� =� d�

2	
f����	− 2 Im G�̄�

r ���
 .

�C9�

Equations �C8� and �C9� show that Eqs. �C6� and �C7� obey
the fluctuation-dissipation theorem at the equilibrium limit:

�n� d�

2	
G��

� ��� + �s� d�

2	
G��̄

� ���

= �
�

− �n
�� d�

2	
f����	G��

r ��� − G��
a ���


− �s
�� d�

2	
f����	G�̄�

r ��� − G�̄�
a ���
 , �C10�

�s� d�

2	
G��

� ��� + �n� d�

2	
G��̄

� ���

= �
�

− �s
�� d�

2	
f����	G��

r ��� − G��
a ���


− �n
�� d�

2	
f����	G��

r ��� − G��̄
a ���
 . �C11�
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