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Mathematical Model and Surface
Deviation of Cylindrical Gears
With Curvilinear Shaped Teeth
Cut by a Hob Cutter
The generating motion of a cylindrical gear with curvilinear shaped teeth cut by a CNC
hobbing machine is proposed. On the basis of the cutting mechanism and the gear theory,
the surface equation of this type of gear is developed as a function of hob cutter design
parameters. Computer graphs of the curvilinear-tooth gear are presented based on the
developed gear’s mathematical model, and the tooth surface deviations due to machine-
tool settings with nominal radius of circular tooth traces are also
investigated. �DOI: 10.1115/1.1876437�
1 Introduction
Helical gears are widely used as parallel-axis power transmis-

sion devices, however they transmit power with axial thrust
forces. The cylindrical gear with curvilinear shaped teeth trans-
mits power without inducing axial thrust forces, therefore, this
kind of gear can be considered to substitute the helical gear. Liu
�1� proposed the manufacture of the cylindrical gear with curvi-
linear shaped teeth by a face mill-cutter with a special machine,
and stated that the merits of curvilinear-tooth gears included
higher bending strength, lower noise, better lubrication effect, and
no axial thrust force. Dai et al. �2� proposed the manufacture of a
cylindrical gear with curved teeth by a CNC hobbing machine
with an attachment for the hob head, male and female flying cut-
ters. Tseng and Tsay �3� considered an imaginary rack cutter with
a curved-tooth to develop the mathematical model of cylindrical
gears with curvilinear shaped teeth, and investigated the tooth
undercutting of curvilinear-tooth gears. Andrei et al. �4� developed
a special cutting tool to generate the curved face width gears for
nonmetallic materials.

Owing to easy tool settings, high efficiency and reliable quality,
hob cutters have been widely used for manufacturing a variety of
gears such as spur, helical, and worm gears. A hob cutting mecha-
nism is a mechanism with multiple degrees of freedom in the
process of gear generation. Chang et al. �5� proposed a general
gear mathematical model simulating the generation process of a
6-axis CNC hobbing machine when the hob’s swivel axis is fixed.
Litvin and Seol �6� investigated the necessary and sufficient con-
ditions of the envelope for a two-parameter family of surfaces.

It is not easy to manufacture curvilinear-tooth gears by using an
ordinary hobbing machine. When the curvilinear-tooth gear is
generated by a hob cutter, the hob rotates with an angular velocity
� about the hob’s swivel axis, and the revolution center of the
hob’s swivel translates with a velocity v along the worktable axis.
However, the linear velocity v correlates with angular velocity �.

In this study, the authors first set up the cutting mechanism of a
CNC hobbing machine and develop the mathematical model of a
hob cutter. According to the cutting mechanism, the kinematic
relationship between the hob cutter and work piece can be ob-
tained. The mathematical model of the curvilinear-tooth gear hob-
bing simulation for a 6-axis CNC hobbing machine can be devel-
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oped based on the proposed cutting mechanism, generation
concept with multiple degrees of freedom, and theory of mecha-
nisms. Using computer graphics, a three-dimensional tooth sur-
face of curvilinear-tooth gears can be plotted. In addition to de-
veloping a mathematical model for cylindrical gears with
curvilinear shaped teeth cut by a hob cutter, this study investigates
the relationship between tooth surface deviations and machine-
tool settings. The proposed mathematical model, which is capable
of simulating the gear cutting process for the CNC hobbing with a
hob cutter, can facilitate gear manufacturers to design and manu-
facture curvilinear-tooth gears.

2 Generation Method of Curvilinear-Tooth Gear
Figure 1 depicts a schematic drawing of a 6-axis CNC hobbing

machine, where axes X, Z, and Y represent the functions of the
radial feed, axial feed and hob shift of the hob cutter, respectively;
Axes A, B, and C are the hob’s swivel axis, hob’s spindle axis and
worktable axis, respectively. Some axes of the CNC hobbing ma-
chine are fixed while some axes rotate with a specific relationship
during the manufacturing process. For example, in the manufac-
turing of helical and spur gears, axes X and A are fixed and in the
manufacturing of worm gears, axes A, X, and Z are fixed.

Figure 2 illustrates the generating method of a curvilinear-tooth
gear cut by hob cutters. Axes Zh and Zf are the rotation axis of hob
cutter and work piece, respectively. Point Of is located on the
middle section of a work piece width. Oh denotes the rotational

center of the hob’s swivel. Circular-arc MN̂ stands for the tooth
traces of the curvilinear-tooth gear, Oe indicates the center of cir-

cular arc MN̂, and R represents the nominal radius of circular
tooth trace.

In addition to a rotation motion about axis Zh for the hob’s
spindle, the rotation center of the hob’s swivel Oh translates along
axis Zf and the swivel axis rotates about point Oh. The rotational
angle of the hob’s swivel and the axial feed displacement motion
are designated with �A and lz. They are related with the equation:

lz = �QOh� = R sin �e = R sin��A + �� , �1�

where � is the lead angle of the hob cutter. Differentiating Eq. �1�
with respect to time, the relationship between the linear velocity
of axial feed motion Vz and the angular velocity of hob’s swivel
�A can be expressed as follows:

Vz = −
dlzk f = − �AR cos��A + ��k f . �2�

dt
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The hob and work piece perform related rotation with respect to
their own axes. The relationship of rotational angles between the
work piece and hob can be represented as follows:

�2 =
T1

T2
�B + ��2. �3�

where �2 and �B denote rotational angles of the work piece and
the spindle of hob cutter. T1 and T2 are the number of threads of
the hob cutter and the number of teeth of the generated gear,
respectively. ��2 represents an additional angle of work piece
rotation due to feed motion of the hob. According to Fig. 2, the
additional angle for cutting curvilinear-tooth gears can be repre-
sented by:

��2 =
R�1 − cos��A + ���

r2
, �4�

where r2 indicates the radius of operating pitch cylinder of the
work piece. Differentiating Eq. �3� with respect to time, then the
relationship of angular velocity among �A, �B and �2 can be
obtained as follows:

�2 =
T1

T2
�B +

R sin��A + ��
r2

�A. �5�

Equation �5� represents the work piece rotation �2 in terms of
two independent variables �A and �B. To generate the curvilinear-
tooth gears by a hob cutter, axes A, B, C, and Z of a hobbing
machine must be controllable in the process of gear generation.

Fig. 1 A schematic drawing of a 6-axis CNC hobbing machine

Fig. 2 Generating method of a curvilinear-tooth gear cut by

hob cutters
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3 Equation of the Hob Cutter
The tooth profile of the gears is generated as an involute curve

by using a ZI worm-type hob cutter, but the axial and normal
profiles of the ZI worm-type hob are curvilinear shapes. It is more
difficult to manufacture and measure the profiles of the ZI worm-
type hob than those of other types of hobs. The axial profile of the
ZA worm-type hob and the normal profile of the ZN worm-type
hob are straight-lined shapes. These types of hobs are easier to
manufacture the profiles at axial or normal section with straight-
lined shapes. Therefore, the ZA worm-type or ZN worm-type hobs
are chosen instead of the ZI worm-type hob for generation of
involute gears.

The ZN worm-type hob cutter is widely used in the gear manu-
facturing. A right-hand ZN worm-type hob cutter is used to simu-
late the manufacture of curvilinear-tooth gears in this study. The
surfaces of the hob cutter can be generated by a blade with the
straight lined shape, performing a screw motion with respect to
the hob cutter’s axis. The cutting blade is installed on the groove
normal section of the ZN-type worm, as shown in Fig. 3�a�. Pa-
rameter � designates the lead angle of the worm. The generating
lines can be represented by a coordinate system Sc�Xc ,Yc ,Zc� that
is rigidly connected to the blade, as shown in Fig. 3�b�, expressed
by:

Rc
�B� = �

rt + l1 cos �n

0

±l1 sin �n

1
� , �6�

where symbol l1 is one of the design parameters of the straight-
lined cutting blade surface which represents the distance measured
from the initial point Mo, moving along the straight line MoM1, to
any point M1 on Xc–Zc section of the cutting blade surface. De-
sign parameter �n symbolizes the half-apex blade angle formed by
the straight-lined blade and Xc-axis, as illustrated in Fig. 3�b�. In
Eq. �6�, the upper sign represents the left-side cutting blade while
the lower sign indicates the right-side cutting blade. In Fig. 3�c�,
the symbols ro, r1, and rf represent the outside radius, pitch ra-

Fig. 3 Geometry of the straight-edged cutting blade and
worm-type hob cutter
dius, and root radius of the ZN type-worm hob cutter, respec-
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tively. The cutting blade width bn equals the normal groove width
of the hob cutter. Then, the design parameter rt can be obtained
from Figs. 3�c� and 3�d� as follows:

rt =�r1
2 −

bn
2

4
sin2 � −

bn

2 tan �n
. �7�

Figure 4 shows the relations among coordinate systems
Sc�Xc ,Yc ,Zc�, S1�X1 ,Y1 ,Z1�, and Sf�Xf ,Y f ,Zf�, where coordinate
system Sc is the blade coordinate system, coordinate system S1 is
rigidly connected to the hob cutter’s surface, and coordinate sys-
tem Sf is the reference coordinate system. Axes Zc and Zf form an
angle � that is equal to the lead angle on the worm pitch cylinder
as shown in Fig. 4�a�. Figure 4�b� shows that the movable coor-
dinate system S1 performs a screw motion with respect to the
fixed coordinate system Sf. Z1-axis is the rotation axis of the hob
cutter. The locus of the cutting blade can be represented in coor-
dinate system S1 by applying the following homogeneous coordi-
nate transformation matrix equation:

R1
�1� = M1fM fcRc

�B�, �8�

where

M fc = �
1 0 0 0

0 cos � − sin � 0

0 sin � cos � 0

0 0 0 1
� ,

Fig. 4 Relations between the hob cutter and cutting blade co-
ordinate systems. „a… Relationship between coordinate sys-
tems Sc and Sf . „b… Relationship between coordinate systems
S1 and Sf .
and

984 / Vol. 127, SEPTEMBER 2005

rom: http://mechanicaldesign.asmedigitalcollection.asme.org/ on 04/26/201
M1f = �
cos �1 sin �1 0 0

− sin �1 cos �1 0 0

0 0 1 − P1�1

0 0 0 1
� ,

where P1 denotes the lead-per-radian revolution of the hob cut-
ter’s surface, and �1 indicates the rotational angle of the hob
cutter in relevant screw motion. Substituting Eq. �6� into Eq. �8�,
the surface equation of the ZN worm-type hob cutter R1

�1�, repre-
sented in coordinate system S1, can be obtained:

R1
�1��l1,�1� = �

�rt + l1 cos �n�cos �1 � l1 sin �n sin �1 sin �

− �rt + l1 cos �n�sin �1 � l1 sin �n cos �1 sin �

±l1 sin �n cos � − P1�1

1
� ,

�9�

where l1 and �1 are the surface parameters of the hob cutter. In
Eq. �9�, the upper sign represents the right-side hob cutter surface
while the lower sign indicates the left-side hob cutter surface.

The surface normal vector N1
�1� of the hob cutter can be ob-

tained and represented in coordinate system S1 as follows:

N1
�1� =

�R1
�1�

�l1
�

�R1
�1�

��1
, �10�

where

�R1
�1�

�l1
= � cos �n cos �1 � sin �n sin �1 sin �

− cos �n sin �1 � sin �n cos �1 sin �

±sin �n cos �
� ,

and

�R1
�1�

��1
= �− �rt + l1 cos �n�sin �1 � l1 sin �n cos �1 sin �

− �rt + l1 cos �n�cos �1 ± l1 sin �n sin �1 sin �

− P1
� .

4 Relative Velocity and Equation of Meshing Between
Hob Cutter and Work Piece

Fig. 5 Coordinate systems of the hob cutter and CNC hobbing
machine
Figure 5 reveals the schematic relationship among coordinate
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systems S1, Sh, S2, and Sf for the gear generation mechanism.
Coordinate system S1 is attached to the hob cutter while coordi-
nate system S2 is attached to the gear blank. Coordinate system Sh
is the reference coordinate system and coordinate system Sf is the
fixed coordinate system attached to the machine housing. Symbols
�B and �2 are rotational angles of the hob cutter and gear blank,
respectively. �A depicts the rotational angle of hob’s swivel axis.

The homogeneous coordinate transformation matrix Mij trans-
forms the coordinates from coordinate system Sj to Si. According
to the relations as illustrated in Fig. 5, matrices Mh1, M fh, and
M2f can be obtained as follows:

Mh1 = �
cos �B − sin �B 0 0

sin �B cos �B 0 0

0 0 1 lh

0 0 0 1
� , �11�

M fh = �
− 1 0 0 lx

0 − sin �A − cos �A 0

0 − cos �A sin �A − lz

0 0 0 1
� , �12�

and

M2f = �
cos �2 sin �2 0 0

− sin �2 cos �2 0 0

0 0 1 0

0 0 0 1
� , �13�

where

lh = �O1Oh�, lx = �OfQ�, and lz = �QOh� .

In Fig. 5, point P is a common point to both hob cutter and
work piece. The surface coordinates of the hob cutter can be trans-
formed to the fixed coordinate system Sf as follows:

R f
�2� = OfP = M fhMh1R1

�1� = xfi f + yfj f + zfk f . �14�

The velocity of point P attached to the work piece can be ob-
tained by:

V f
�2� = �2 � R f

�2� = − yf�2i f + xf�2j f , �15�

where �2=�2k f indicates the angular velocity of the work piece.
The velocity of point P attached to the hob cutter can be repre-
sented as follows:

V f
�1� = ��A + �B� � R f

�1� + Vz, �16�

where

�A = − �Ai f ,

�B = − �B cos �Aj f + �B sin �Ak f ,

and

R f
�1� = R f

�2� − �lxi f − lzk f� = �xf − lx�i f + yfj f + �zf + lz�k f .

After some mathematical operations, Eq. �16� can be simplified
as follows:

V f
�1� = � − �zf + lz��B cos �A − yf�B sin �A

�xf − lx��B sin �A + �zf + lz��A

− yf�A + �xf − lx��B cos �A − R�A cos��A + ��
� .

�17�

Based on Eqs. �15� and �17�, the relative velocity V f
�12� repre-
sented in the coordinate system Sf can be expressed by:
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V f
�12� = V f

�1� − V f
�2�

= � − �zf + lz��B cos �A − yf�B sin �A + yf�2

�xf − lx��B sin �A + �zf + lz��A − xf�2

− yf�A + �xf − lx��B cos �A − R�A cos��A + ��
� .

�18�
Equation �18� shows the relative velocity of the hob cutter and

the work piece at their common point P. The common surface
normal N f

�1� is perpendicular to the relative velocity V f
�12�. There-

fore, the following equation must be observed �7�:

N f
�1� · V f

�12� = f�l1,�1,�A,�B,�2��A,�B�� = 0. �19�
Equation �19� is the equation of meshing of the gear and hob

cutter. This equation guarantees the tangency of the hob and the
gear at any instant during the gear generating process. Substituting
Eqs. �10� and �18� into Eq. �19� yields:

�− �zf + lz��B cos �A − yf�B sin �A + yf�2�nxf + ��xf − lx��B sin �A

+ �zf + lz��A − xf�2�nyf + �− yf�A + �xf − lx��B cos �A

− R�A cos��A + ���nzf = 0, �20�

where nxf, nyf, and nzf symbolize the components of the unit
normal vector. Substituting Eq. �5� into Eq. �20� and rearranging
in terms of two independent variables, �A and �B, yields the fol-
lowing equation:

�B	
− �zf + lz�cos �A − yf sin �A + yf
T1

T2
�nxf + 
�xf − lx�sin �A

− xf
T1

T2
�nyf + �xf − lx�cos �Anzf� + �A	yf

R sin��A + ��
r2

nxf

+ 
zf + lz − xf

R sin��A + ��
r2

�nyf + �− yf − R cos��A + ���nzf�
= 0. �21�

Since �A and �B are independent variables, two equations of
meshing are obtained and can be represented in coordinate system
Sf as follows:

fA�l1,�1,�A,�B,�2��A,�B�� = yf

R sin��A + ��
r2

nxf + 
zf + lz

− xf

R sin��A + ��
r2

�nyf + �− yf

− R cos��A + ���nzf

= 0, �22�

fB�l1,�1,�A,�B,�2��A,�B�� = 
− �zf + lz�cos �A − yf sin �A

+ yf
T1

T2
�nxf + 
�xf − lx�sin �A

− xf
T1

T2
�nyf + �xf − lx�cos �Anzf

= 0. �23�
Equations �22� and �23� are the equations of meshing that relate

the surface parameters to the cutting motion parameters.

5 Mathematical Model of the Curvilinear-Tooth Gear
The surface equation of the curvilinear-tooth gear is derived as

the envelope to the two-parameter family of hob thread surfaces.
The locus of hob cutter surface, expressed in coordinate system
S2, can be obtained by applying the following homogeneous co-

ordinate transformation matrix equation:
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R2
�1� = M2fM fhMh1R1

�1�. �24�
According to the gear theory �7�, the mathematical model of the

generated gear tooth surfaces is the combination of the equation of
meshing and the locus of hob cutter surfaces. Hence, the math-
ematical model of the gear tooth surfaces can be obtained by
considering Eqs. �22�–�24�, simultaneously.

6 Computer Graphs of the Curvilinear-Tooth Gear
The tooth surface equation proposed herein for curvilinear-

tooth gears can be verified by plotting the gear profile. The coor-
dinates of the curvilinear-tooth gear surface points can be calcu-
lated by solving the developed gear mathematical model using
numerical methods.

Table 1 lists some major design parameters of a curvilinear-
tooth gear. Based on the developed gear mathematical model, a
three-dimensional tooth profile of the curvilinear-tooth gear is
plotted as displayed in Fig. 6. The figure shows that the right- and
left-side tooth surfaces of a curvilinear-tooth gear are convex and
concave teeth, respectively.

7 Surface Deviations of Curvilinear-Tooth Gear
The gear design parameters are chosen the same as those listed

in Table 1. Figure 7 shows the tooth profile of the curvilinear-
tooth gear generated by nominal radii of circular tooth trace R
=100 mm, 120 mm, and 200 mm at cross section Z2=0 mm and
Z2=30 mm, respectively. The tooth profiles generated by a hob
cutter with different nominal radius of circular tooth trace are the
same at the cross section Z2=0 mm as illustrated in Fig. 7�a�. The

Table 1 Some major design parameters for cylindrical gears
with curvilinear shaped teeth

Hob cutter Curvilinear-tooth gear

Number of teeth 1 25
Normal module 3 3

Normal pressure angle 25 deg 25 deg
Lead angle 2.866 deg ¯

Face width ¯ 60 mm
Nominal radius of
circular tooth trace

¯ 100 mm

Radius of pitch 30 mm 37.5 mm
Outside radius 33.75 mm 40.5 mm
Fig. 6 Computer graph of the curvilinear-tooth gear
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proposed curvilinear-tooth gear can be viewed as the gear with
varying helical angle across the whole face width, and helical
angle at the cross section Z2=0 mm is zero. Therefore, the tooth
profiles of the curvilinear-tooth gear generated by different R at
cross section Z2=0 mm is the same as that of spur gears. The
results illustrated in Fig. 7�a� verify that the mathematical models
proposed herein are correct. Figure 7�b� shows the tooth profiles
generated by a hob cutter with different R are not the same at the
cross section Z2=30 mm.

Figure 8 reveals the transverse chordal thickness deviations of
the curvilinear-tooth gear generated by nominal radii of circular
tooth trace R=100 mm, 120 mm, and 200 mm, respectively. It is

Fig. 7 Different tooth profiles of the curvilinear-tooth gear
generated by R=100 mm, 120 mm, and 200 mm

Fig. 8 Transverse chordal thickness on a different cross

section
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found that the transverse chordal thickness at the middle section
of face width, i.e., tc=4.709 mm, is larger than those at other
sections. A smaller R results in a smaller transverse chodal thick-
ness at the ends of face width as shown in Fig. 8. Figure 9 illus-
trates the relationship between the Z2 component of the tooth
cross-section and the thickness of tooth at the addendum circle. It
reveals that the tooth thickness at the middle section of face width,
i.e., ta=1.599 mm, is smaller than those at other sections, and a
smaller R induces a larger tooth thickness ta at the ends of face
width.

The tooth thickness of the curvilinear-tooth gear generated by
hob cutters with different nominal radii of circular tooth trace are
the same at the middle section of the tooth flank, i.e., Z2=0 mm.
The analysis results shown in Figs. 8 and 9 indicated that the tooth
thicknesses, tc and ta, at the extreme ends of the face width ap-
proach that at the middle section of the face width when the nomi-
nal radius of circular tooth trace R is increased.

It is noted that the herringbone gears are in line contact, how-
ever, the curvilinear-tooth gear pair proposed herein is in point
contact. Therefore, the advantage of the proposed gear pair is not
sensitive to the axial misalignments. According to the analysis
result shown in Fig. 8, the curvilinear shapes of the teeth are
similar to those of crowned tooth surfaces. Thus, the edge contact
of the curvilinear-tooth gears can be avoided.

8 Conclusion
The mathematical model of curvilinear-tooth gears has been

Fig. 9 Thickness of tooth at addendum circle on a different
cross section
developed on the basis of the CNC hobbing machine cutting
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mechanism. The model is represented as a function of hob design
parameters and generating motion parameters. The developed
mathematical model provides the industry with an efficient
method to design and manufacture curvilinear-tooth gears. The
illustrated approach can be further extended to derive the math-
ematical model of noncircular face width gears, for example,
parabolic or elliptical curved tooth traces.

The tooth surface deviations induced by different nominal radii
of circular tooth traces are also investigated. The transverse gear
chordal thickness measured at the middle section is larger than
those of other sections, but the tooth thickness at the addendum
circle in the middle section of the face width is smaller than those
of other sections. The developed tooth mathematical model helps
to explore the possibility for further investigations, such as sensi-
tivity, kinematic errors and contact stress analyses.
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