Physics Letters B 758 (2016) 37-41

www.elsevier.com/locate/physletb

Contents lists available at ScienceDirect

Physics Letters B

PHYSICS LETTERS B

Stability of Einstein static state universe in the spatially flat

branemodels

@ CrossMark

Kaituo Zhang?, Puxun Wu b.c.d Hongwei Yu c.b.x Ling-Wei Luo ©

@ Department of Physics, Anhui Normal University, Wuhu, Anhui 241000, China

b Center for Nonlinear Science and Department of Physics, Ningbo University, Ningbo, Zhejiang 315211, China
¢ Synergetic Innovation Center for Quantum Effects and Applications, Hunan Normal University, Changsha, Hunan 410081, China

d Center for High Energy Physics, Peking University, Beijing 100080, China
€ Institute of Physics, Chiao Tung University, Hsinchu 300, Taiwan

ARTICLE INFO ABSTRACT

Article history:

Received 9 February 2016

Received in revised form 21 April 2016
Accepted 25 April 2016

Available online 27 April 2016

Editor: M. Trodden

With the assumption that a perfect fluid with a constant equation of state is the only energy
component on the brane, we study the stability of Einstein static state solution under homogeneous
and inhomogeneous scalar perturbations in both spatially flat Randall-Sundrum (RS) and Shtanov-Sahni
(SS) braneworlds. We find that if the perfect fluid has a phantom-like property and the “Weyl fluid”
originating from the projection of the bulk Weyl tensor onto the brane behaves like a radiation with

positive energy density, the Einstein static state solution is stable in the SS braneworld, but unstable in
the RS one. Furthermore, we demonstrate that the static state solution is also stable in the bulk with a
timelike extra dimension. Thus, in the model where the extra dimension is timelike, our universe can stay
at the Einstein static state past-eternally, which means that the big bang singularity might be resolved
successfully by an emergent scenario.

© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Braneworld scenario, based on superstring theory (M theory),
assumes that our 1+ 3 dimensional observable universe (“brane”)
is embedded in a 1+ 3 + d dimensional spacetime (“bulk”), and
gravity can propagate freely in the bulk while ordinary particles
and fields are confined on the brane. Thus the hierarchy prob-
lem could be resolved by the existence of extra dimensions. In
most braneworld models, such as the famous Randall and Sundrum
(RS) [1,2] and DGP [3] models, the extra dimension is spacelike, so
the manifold of the bulk is Lorentzian. However, it is still plausible
that timelike extra dimensions may exist. The simplest braneworld
with a timelike extra dimension was constructed by Shtanov and
Sahni [4]. In this model our Universe contracts at the beginning
and then undergoes a nonsingular bounce [4]. It was also found
that in both the spatially flat and positively-curved cases the Ein-
stein static state solution is stable against homogeneous pertur-
bations [5,6]. So, the authors in [5,6] argued that the big bang
singularity problem may be resolved successfully since our uni-
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verse can stay at the Einstein static state past-eternally and then
evolve into an inflationary era naturally.

The idea, which uses the Einstein static state to solve the prob-
lem of big bang singularity, was first proposed by Ellis et al., and it
was named the emergent scenario [7,8]. It is easy to see that the
existence of a stable Einstein static state universe is a prerequisite
for the emergent theory. Otherwise our universe is impossible to
stay at the static state past-eternally. The emergent mechanism is
unsuccessful for the avoidance of big bang singularity in the theory
of general relativity since the Einstein static state solution is unsta-
ble. In the very early universe, due to that the cosmic energy den-
sity is very large, it is reasonable to consider some other effects,
such as those from quantum gravity and modified gravity, which
might help to stabilize the Einstein static state. It has been found
that the Einstein static state universe is stable against homoge-
neous scalar perturbations in massive gravity [9,10], loop quantum
cosmology [11], Horava-Lifshifz gravity [12], f(T) gravity [13],
braneworld scenario [14,15], Jordan-Brans-Dick theory [16], hybrid
metric-Palatini gravity [17], modified Gauss-Bonnet gravity [18],
f(R) gravity [19], and some other theories [20]. However, inhomo-
geneous perturbations violate the stability of Einstein static state
solution in modified Gauss-Bonnet gravity [21], and f(R) grav-
ity [22]. Therefore, the stability of Einstein static state solution
under inhomogeneous perturbations must be investigated when
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the emergent scenario is used to resolve the big bang singularity
problem.

As is mentioned in the above, in the SS braneworld, only the
stability of Einstein static state solution under homogeneous per-
turbations was investigated. Whether it is stable against inhomoge-
neous perturbations remains unclear. So, in this paper, we analyze
the effect of inhomogeneous scalar perturbations on the stabil-
ity of Einstein static state in the spatially flat braneworld. Besides
the SS braneworld model, whose extra dimension is timelike, we
also consider the RS braneworld one, which has a spacelike extra
dimension. In addition, we discuss the stability of Einstein static
state solution under these perturbations in the bulk with a time-
like extra dimension.

2. Einstein static state solution in the braneworlds
In braneworld scenario, our four-dimensional world is consid-

ered as a brane which is the boundary of a five-dimensional bulk.
Its action has the following general form [4]

5=1v13/(R—2<5>A)./——egd5x—2ezw3 f Kv/—hd* (1)

bulk brane
+ / (m*R — 20)y/—hd*x + / Lv—hd*.
brane brane

Here, ggp is the five-dimensional metric in the bulk, and R is the
scalar curvature of five dimensional spacetime. R is the scalar cur-
vature of the induced metric on the brane which is defined by
hgp = gap — €ngnp, and n? is the vector field of the inner unit
normal to the brane. K = h® K, is the trace of the symmetric
tensor of extrinsic curvature Kg, = hiVcn, of the brane. € =1
or —1, which corresponds to a spacelike or timelike extra dimen-
sion respectively. M and m denote the five- and four-dimensional
Planck masses, respectively. @A is the five-dimensional cosmo-
logical constant and o is the brane tension. g and h are deter-
minants of five-dimensional and four-dimensional metrics, respec-
tively. L denotes the Lagrangian density of a perfect fluid restricted
on the brane.

Varying the action given in Eq. (1) with respect to the met-
ric hgp, we obtain the Einstein field equation on the brane:

m2Gap + 0 hay = €M (Kgp — Khap) + Tap , (2)

where Gg, and Tg, are the Einstein’s tensor and stress-energy ten-
sor of a perfect fluid on the brane, respectively. As Eq. (2) involves
the extrinsic curvature tensor Kgp, it is not closed with respect
to the intrinsic evolution on the brane. Using the Gauss-Codazzi
identities and projecting the field equations onto the brane, the
effective equation [23,24] which involves only four-dimensional
quantities, can be obtained

1 €
Gab + Aeffhab = 87TGeffTab + m (W Qab - Wab) . (3)

2eom?
3M6

(5) 2 . . . .
o (TA + %) is the effective cosmological constant, which,

for simplicity, we set to be zero in the following.! 87 Geff =

2eo . . . e
Eersiny with Geg being the effective gravitational constant, and

Qg is a quadratic term defined by Qg = %BBab — BacBSp +

Here o = is a dimensionless parameter, and Aeff =

T It is worth noting that ® A < 0 is required for € =1 which allows a zero four-
dimensional cosmological constant [23].

% (BchCd — %BZ> hap, where Bg, = m2Ggp — Tgp is the ‘bare’ Ein-

stein equation on the brane, and B = h®B,. For m = 0, which
corresponds to RS or SS limit, one has &« =0 and Bgy = —Tgp.
Thus, Qg becomes the quadratic term of stress-energy tensor of
the perfect fluid on the brane. The last term Wy = nnWgepq is
the projection of the bulk Weyl tensor W4 onto the brane. With
boundary conditions [25], the tensor W, characterizes the stress-
energy tensor of a “Weyl fluid” [26] with the equation of state like
that of “dark radiation” [27], ie., yw — 1= %

To find an Einstein static solution, we assume that our universe
on the brane is described by a spatially flat Friedmann-Robertson-
Walker (FRW) metric

ds? = —dt? + a(t)? (dr2 +12(do* + sinzedq)z)) , (4)

where a is the scale factor and ¢ is the cosmic time. We further
assume that the perfect fluid has a constant equation of state,
which means that its energy density o and pressure p satisfy
p = (¥m — 1)p with y;; being a constant. The energy momentum
tensor of the perfect fluid has the form

Tap =phay + (0 +p)UgUp, (5)

where Uq is the four-velocity vector. In addition, we find that W,
can also be expressed as [28]

Wap = pwhap + (ow + pw) UgUy, (6)
with
pW=—3C/a4, pw=w—Dpw=1/3pw, (7)

where C is an integration constant characterizing the “dark radia-
tion” contributed by the projection of five-dimensional Weyl tensor
onto the brane. The energy conservation law gives

ViTg =0. (8)
Together with Bianchi identity, one can obtain
v (Qay — M*Wey) =0. ()

From Egs. (3), (5) and (6), one can obtain the Friedmann equa-
tions of RS and SS braneworlds

1 0> 1 1 p? C
H?>=- E— | —=pw=-= €— — 10
3</0+ Pc) 3,0w 3<P+ Pc +a4 (10)
.. 2
a o) C
H 4+2-=(1- €(1—2ym)=———, 11
+20 =0 =Ymp+e Ym) e (11)
where H = % is the Hubble parameter, p. = 2€0 and 87w Ger =1

are set for simplicity. In this paper, an overdot denotes a derivative
with respect to t.

The Einstein static state solution satisfies the conditions @ = 0
and d = 0, which imply
H(ag) =0. (12)

a=a, pP=p0,

Combining Egs. (10) and (11), we find that, in a static state uni-
verse, the energy density of the perfect fluid and the cosmic scale
factor must satisfy

4—3yp

_ . Gym —2)?  4eC
S 26ym-2)

4 _
,ag=——T
YmGBYm—4)  pOc

0o (13)
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3. Perturbations on the brane

Since only isotropic scalar perturbations are considered in our
analysis, it is convenient to express the perturbed metric in the
longitudinal gauge

ds? = —(1 — 2W)dt? +a*(1 + 2) (dr2 +12(d6? + sin® 6 d¢2)) .
(14)

Here, W is the “Bardeen” potential, and & represents the pertur-
bation to the spatial curvature. The perturbed energy-momentum
tensors of the perfect fluid and “dark radiation”, respectively, have
the forms [25]

8T, = 8pU%U, + UDpq + UpDOq + 8pP% , (15)
W% =8pwUUp + UDpqy + UpD gy + Spw P, (16)

where g and q,, are related respectively to the velocity perturba-
tions of the perfect fluid and the “Weyl fluid”. P, and D, are
given by

P =8% +UU,, Dg=7P"0p. (17)

Assuming adiabatic perturbations, one has that §p = (ym — 1)ép
and §pw = 38pw.

Now, for convenience we perform a harmonic decomposition
for the perturbations:

U = U, (O)Hn(0), D = Dp(t)Hn (Y,

sp :apn(t)an(Qi)’ Spw :5pwn(t)7‘[n(9i),
q =qﬂ(t)Hl’l(0i): qw =QWn(t)Hn(9i)- (18)

Here, n is larger than zero and is a continuous real number. The
harmonic function H, = H,(9") satisfies

AHp=—k*Hn, Kk*=n?=>0, (19)

where A denotes the Laplacian operator on the three-dimensional
spatial sections. n = 0 corresponds to the case of homogeneous
scalar perturbations.

Using the perturbed metric and linearizing the field equation
given in Eq. (3) and the energy conservation laws (Egs. (8), (9)),
we obtain the following linear perturbation equations

O, — U, =0, (20)
€0ca38 Pwn — (200 + €0)a38 pn + 2€pck> @y =0, (21)
€0c2Pn + qun) — (200 + €0)Gn =0, (22)

. 1
—2€pc Py + (2(1 —2Ym)po+€(1— Vm)pc)rSpn + §epc5pwn

=0, (23)
a3 (3¥mpPo®n + 8pn) +k*qn =0, (24)
—¥YmPoWn + (Ym —18pn+qn=0, (25)

12C¢ . . . L 2k?

—— Pc®n + pcd Ppwn — 6YmPG Pn — 20080 + —zpoqn
g ag
=0, (26)

. . 1
Pcqwn — 200qn + §,0c5,0wn —2@2¥Ym — 1) podpn + ZJ/m,Og\Pn

C
+4/OC_4\III1:O' (27)
4

Combining the above equations, we arrive at two independent
equations

. k? g 1
Sp=——@ 4—6Yn) =2 +-(4-3 ) 28
n 302 n+ (6( Vm)ch + 6( J/m),Oo) n,  (28)

. Ym—1) 03 1
§p = ymizk2 + €Y (6Ym — D=2 4+ =Y G¥m —4)po | 6n -
ag Pe 2
(29)

Here, § = 8p/p is the relative density perturbation, and §, =
8pn/p. Expressing the above two equations in a matrix form,
du _ @y
a2 — Sn
of Egs. (28) and (29), one can see that the solution of this second-
order system has the form:

U = Au, where u= and A is the coefficient matrix

u(t) =uw (C] e+iw1t + Cze—iw1t> +uy <C3e+ia)2t + C4e—iw2t) i
(30)

where c1, ¢, c3 and c4 are some constants, u; and u, are eigen-
vectors of A with Ay and A being the corresponding eigenvalues,
respectively. It is easy to obtain the frequencies, which can be writ-
ten as

kZ
2
a)] = —)\,] = —,
3a3
(1= ¥m) P4
@3 =—hp = — U2 4 €y (4 — Bym) 22
ay Pc
1
+ 5)’m(4 = 3¥Ym)po - (31)

If the eigenvalues A and A are always negative for any k, which
means that the frequencies w; and w, are always real, the ex-
ponential functions e¥®1t and e*i®2t oscillate and do not grow
up. Then, the static state solution is neutrally stable against scalar
perturbations. Apparently, the stability requires that w% >0 and
a)% > 0, which are determined only by the values of constants yp,
and C.

4. Stability

Now we study the stability of the critical point given in Eq. (13)
against scalar perturbations in braneworlds with a timelike or
spacelike extra dimension.

4.1. SS model

In this case, the extra dimension is timelike and € = —1. The
Einstein static state solution shown in Eq. (13) becomes

3Ym —4

Bym—2)?  4C
= —— P - :
2G3Ym —2)

aé = . (32)
YmBVYm —4)  pc

Since the energy density and scalar factor should be positive, the

existence of an Einstein static state solution requires

1%0]

4
C <0, ym<00rym>§;

2
C>0,0<ym<§. (33)

4.1.1. Homogeneous perturbations
Homogenous perturbations corresponds to the case of k = 0.
Then, Eq. (31) reduces to

2 Ym(4 — 3Vm)2,0c

2
=0 = 34
T T G- G4
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where Eq. (32) has been used. The stable conditions require
2
ym <0 or Y>3 (35)

Combining Egs. (33) and (35), we obtain the conditions for stable
Einstein static state solution under homogeneous scalar perturba-
tions

4
C <0, ym<00rym>§. (36)

4.1.2. Inhomogeneous perturbations
The inhomogeneous perturbations correspond to k > 0. Substi-
tuting Eq. (32) into Eq. (31), we obtain the frequencies

2

,» k

W)=,
3ag

2 Ym(d-— 3ym)?

w _ /<2(J/m -1 [Ym(4—=3Vm)pc (37)
2= 4Gy —2) P 22— 3y C ‘

Since w% is always positive, we only need to discuss the require-
ment for w3 > 0, which gives

Ym <0, C<0;
2 —1)2  4k4
0<¥m<-=, 0<C50/m7)3_<;
3 Ym(4—3¥Ym)> pc
(Ym—1?  4k*
Ym>=, Cx—Im_ 2 = (38)
3 Ym(4 —3¥Ym)> pc

For an any given value of C, since k € (0, c0), the requirements
shown in the second and third lines of the above expression are
violated. Thus, the conditions for stable Einstein static state solu-
tion against inhomogeneous scalar perturbations are

Ym<0, C<O0. (39)

Combining the conditions for homogeneous and inhomoge-
neous scalar perturbations, we find that in the SS braneworld, the
Einstein static state universe is stable if 4, and C satisfy Eq. (39).
Therefore, in the SS braneworld a successful implementation of
emergent scenario requires that the perfect fluid on the brane
should be the phantom-like and the Weyl fluid has a positive en-
ergy density.

4.2. RS model

The RS model has a spacelike extra dimension, which means
that € = 1. The Einstein static state solution (Eq. (13)) has the
form
4-3 3¥m—2)%  4C
zi%npc, agZL_ (40)

23Ym —2) YmGBYm —4)  pc
The requirements of a positive energy density and a positive scalar
factor give

Lo

2 4
=~ <VYm<z=. (41)
3 3

For homogenous scalar perturbations (k = 0), Eq. (31) reduces to

C <O,

2 _Vm(4_3)/m)2pc

2
=0, 2= 42
@i =T Gy —2) (42)

w3 > 0 leads to that

0< Vi =, O Ym= - (43)
< N .
—=/m 3 m 3

From Eqgs. (41) and (43), one can see that there is no overlap for
the allowed regions of yp,. Thus, the Einstein static state solution
is unstable in the spatially-flat RS model.

5. Perturbations in the bulk

It has been found that the static Horava-Witten braneworlds
can be stable subject to finite energy deformations [29], while they
are unstable from the higher-dimensional point of view [30,31].
Thus, it is interesting to discuss the stability of Einstein static state
solutions in the bulk. Varying the action given in Eq. (1) with
respect to the five-dimensional metric gup, one can obtain the
five-dimensional Einstein field equations [4]

©) Gap = —®A ap, (44)

where @A = —2361\;; since Aeff = 0. By dividing the five dimen-
sional coordinates into (x, y) with y denoting the extra dimen-
sional coordinate which is orthogonal to the brane situated at
y =0, we can express the RS and SS solutions as [32,33]

Gds? = e =2y (x)dx?dx + edy? , (45)

where [ = 3¢ and the bulk coordinate is in the range y > 0. In

Poincare coordinates, the above metric can be re-expressed as

12
O)ds? = 7 [hab(x)dx“dxb + edzz] , (46)

where z = le¥/! represents the extra dimensional coordinate. For
the case of Einstein static states, the analysis in the proceeding
Section shows that the metric on the brane is independent on x%,
which indicates that hy, are constants.

To study the stability of Einstein static state solutions in the
bulk, we need to discuss the stability of the metric given in
Eq. (46) under perturbations. Since only on the SS brane are there
stable Einstein static state solutions, in the following we focus on
the case of € = —1. In the longitudinal gauge, the perturbed five-
dimension metric can be described by [34,35]

12 S

Dds? = - [(1 — 200W)hodt? + (1 + 2 ®)hyjdx dx
—a —Z(S)F)dzz]. (47)
Substituting Eq. (47) into Eq. (44) and using Sg"‘ﬁ =0 and

flab = 0, we obtain the perturbed Einstein field equations in the
bulk

2
©P __26n 3260, 26 g 7 6 g Gy
8006 =—5 T+ 5O + 700 + 5% - O]
372
_3Z 5y g _
7 e =0, (48)
12 3z 9z 72 i
G2 _ (5) (OR% 5 g’ (5) [ORAL
8065 =~ OT = Z OV + 500+ e - Ow)
322 ...
— g Te=o, (49)
2
50 32%5 . 3Z( -
8()65:—12()@—[7()1":0, (50)
2 2
OO _(_For, 2 es) —
s G,-_< 5 Oh+ 500 |i_o, (51)
566 _(_For_Zoy L Eoe) _o (52)
[ 12 12 2 \i_ ’
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. 2
o _(_Ror, Feor ., Zop_ 2oy
8 Gj_( 2 F+12 l"—|—12 r 2 v

2 2
z 6z 2z
(©ONT O @ _ OS) @
+ 2 w4 z [ z ()

272 5. 22 :
el OF SN CON N ©) Gryk Ysi.
5 Pé - 5@ -Pe+Om) |k>51
22 ;
+ 5P -Pe+On) =0, (53)

where the vertical bar denotes a covariant derivative with respect
to three dimensional component of the metric, and a dot (prime)
denotes the derivative with respect to time (the coordinate z).
From Eq. (53) with i # j, we obtain that

Gy _Gp O —0,

which implies that the anisotropic quantity of the perturbation in
the bulk vanishes. This property can also be obtained in the case
of the spacelike extra dimension [34]. Combining Egs. (48-53), we
find that

hap VIVEO & =m? O =0, (54)

where V denotes a covariant derivative with respect to four di-
mensional component of the metric and m is a constant. Since
m? > 0 means that the solution is stable [35], Eq. (54) shows that
in the bulk the Einstein static state solution is stable under scalar
perturbations.

6. Conclusions

In this paper, we study the emergent scenario in spatially flat
RS and SS braneworlds with the assumption that a perfect fluid
with a constant equation of state is the only energy component on
the brane. The existence of a stable Einstein static state solution
requires that this perfect fluid has a phantom-like property since
its equation of state must be less than —1, and the “Weyl fluid”,
which originates from the projection of the five dimension Weyl
tensor onto the brane and behaves like a radiation, has a positive
energy density. However, there is no stable Einstein static state so-
lution for the RS braneworld. Furthermore, we find that in the bulk
with a timelike extra dimension the static state solution is also sta-
ble under scalar perturbations. Thus, in the SS braneworld where
the extra dimension is timelike, our universe can stay at the Ein-
stein static state past-eternally, which means that it is possible to
resolve the big bang singularity problem by an emergent scenario.

Acknowledgements

This work was supported by the National Natural Science
Foundation of China under Grants No. 11222545, No. 11435006,
No. 11375092, No. 11447104, and No. 11505004, the Anhui
Provincial Natural Science Foundation of China under Grant No.
1508085QA17, the Research Culture Funds of Anhui Normal Univer-
sity under Grant No. 2013rcpy31, and the Ministry of Science and
Technology (Taiwan) under Grant No. MOST 104-2112-M-009-020-
MY3. K.Z. thanks Prof. Chao-Qiang Geng and the National Center
for Theoretical Sciences, Taiwan, where part of the work was done,
for the warm hospitality.

References

[1] L. Randall, R. Sundrum, Phys. Rev. Lett. 83 (1999) 3370.
[2] L. Randall, R. Sundrum, Phys. Rev. Lett. 83 (1999) 4690.
[3] D. Dvali, G. Gabadadze, M. Porrati, Phys. Lett. B 485 (2000) 208.

[4] Y. Shtanov, V. Sahni, Phys. Lett. B 557 (2003) 1.
[5] K. Zhang, P. Wu, H. Yu, J. Cosmol. Astropart. Phys. 01 (2014) 048.
[6] J.E. Lidsey, D.J. Mulryne, Phys. Rev. D 73 (2006) 083508.
[7] G.ER. Ellis, R. Maartens, Class. Quantum Gravity 21 (2004) 223.
[8] G.ER. Ellis, J. Murugan, C.G. Tsagas, Class. Quantum Gravity 21 (2004) 233.
[9] L. Parisi, N. Radicella, G. Vilasi, Phys. Rev. D 86 (2012) 024035.
[10] K. Zhang, P. Wu, H. Yu, Phys. Rev. D 87 (2013) 063513.
[11] P. Wu, S. Zhang, H. Yu, J. Cosmol. Astropart. Phys. 05 (2009) 007;
J.E. Lidsey, D.J. Mulryne, N.J. Nunes, R. Tavakol, Phys. Rev. D 70 (2004) 063521;
D.J. Mulryne, R. Tavakol, J.E. Lidsey, G.F.R. Ellis, Phys. Rev. D 71 (2005) 123512;
L. Parisi, M. Bruni, R. Maartens, K. Vandersloot, Class. Quantum Gravity 24
(2007) 6243;
S. Bag, V. Sahni, Y. Shtanov, S. Unnikrishnan, J. Cosmol. Astropart. Phys. 07
(2014) 034.
[12] P. Wu, H. Yu, Phys. Rev. D 81 (2010) 103522;
C.G. Bohmer, ES.N. Lobo, Eur. Phys. J. C 70 (2010) 1111;
K. Maeda, Y. Misonoh, T. Kobayashi, Phys. Rev. D 82 (2010) 064024;
M.i. Park, ]. High Energy Phys. 0909 (2009) 123;
R. Canonico, L. Parisi, Phys. Rev. D 82 (2010) 064005.
[13] P. Wu, H. Yu, Phys. Lett. B 703 (2011) 223;
J.T. Li, C.C. Lee, C.Q. Geng, Eur. Phys. J. C 73 (2013) 2315.
[14] A. Gruppuso, E. Roessl, M. Shaposhnikov, ]. High Energy Phys. 011 (2004) 0408;
L.A. Gergely, R. Maartens, Class. Quantum Gravity 19 (2002) 213;
K. Atazadeh, Y. Heydarzade, F. Darabi, Phys. Lett. B 732 (2014) 223.
[15] K. Zhang, P. Wu, H. Yu, Phys. Lett. B 690 (2010) 229;
K. Zhang, P. Wu, H. Yu, Phys. Rev. D 85 (2012) 043521.
[16] H. Huang, P. Wu, H. Yu, Phys. Rev. D 89 (2014) 103521.
[17] C.G. Bohmer, ES.N. Lobo, N. Tamanini, Phys. Rev. D 88 (2013) 104019.
[18] C.G. Béhmer, F.S.N. Lobo, Phys. Rev. D 79 (2009) 067504;
C.G. Bohmer, L. Hollenstein, FS.N. Lobo, S.S. Seahra, in: The Twelfth Marcel
Grossmann Meeting, 2012, p. 1977, 379.
[19] R. Goswami, N. Goheer, P.K.S. Dunsby, Phys. Rev. D 78 (2008) 044011;
J.D. Barrow, A.C. Ottewill, J. Phys. A 16 (1983) 2757;
C.G. Bohmer, L. Hollenstein, ES.N. Lobo, Phys. Rev. D 76 (2007) 084005;
N. Goheer, R. Goswami, PKS. Dunsby, Class. Quantum Gravity 26 (2009)
105003.
[20] Q. Huang, P. Wu, H. Yu, Phys. Rev. D 91 (2015) 103502;
P. Wu, H. Yu, J. Cosmol. Astropart. Phys. 0905 (2009) 007;
S.S. Seahra, C. Clarkson, R. Maartens, Class. Quantum Gravity 22 (2005) L91;
S. Carneiro, R. Tavakol, Phys. Rev. D 80 (2009) 043528;
A. Odrzywolek, Phys. Rev. D 80 (2009) 103515;
C. Clarkson, S.S. Seahra, Class. Quantum Gravity 22 (2005) 3653;
C.G. Bohmer, Class. Quantum Gravity 21 (2004) 1119;
C.G. Béehmer, ES.N. Lobo, N. Tamanini, Phys. Rev. D 88 (2013) 104019;
A. Vilenkin, Phys. Rev. D 88 (2013) 043516;
A. Aguirre, ]. Kehayias, Phys. Rev. D 88 (2013) 103504;
J.D. Barrow, G. Ellis, R. Maartens, C. Tsagas, Class. Quantum Gravity 20 (2003)
L155;
T. Clifton, ].D. Barrow, Phys. Rev. D 72 (2005) 123003;
J.D. Barrow, C.G. Tsagas, Class. Quantum Gravity 26 (2009) 195003;
L. Parisi, N. Radicella, G. Vilasi, Phys. Rev. D 86 (2012) 024035,
E. Komatsu, et al., Astrophys. J. Suppl. Ser. 192 (2011) 18;
M. Khodadi, Y. Heydarzade, K. Nozari, F. Darabi, Eur. Phys. ]J. C 75 (2015) 590;
K. Atazadeh, F. Darabi, Phys. Lett. B 744 (2015) 363;
Y. Heydarzade, F. Darabi, K. Atazadeh, arXiv:1511.03217 [gr-qc];
M. Khodadi, Y. Heydarzade, F. Darabi, E.N. Saridakis, arXiv:1512.08674 [gr-qc];
C.G. Béehmer, N. Tamanini, M. Wright, Phys. Rev. D 92 (2015) 124067;
A.N. Tawfik, A.M. Diab, E.A. El Dahab, T. Harko, Phys. Rev. D 93 (2016) 063526.
[21] H. Huang, P. Wu, H. Yu, Phys. Rev. D 91 (2015) 023507.
[22] S.S. Seahra, C.G. Bohmer, Phys. Rev. D 79 (2009) 064009.
[23] T. Shiromizu, K. Maeda, M. Sasaki, Phys. Rev. D 62 (2000) 024012.
[24] V. Sahni, Y. Shtanov, A. Viznyuk, J. Cosmol. Astropart. Phys. 005 (2005) 0512.
[25] Y. Shtanov, A. Viznyuk, V. Sahni, Class. Quantum Gravity 24 (2007) 6159.
[26] R. Maartens, Phys. Rev. D 62 (2000) 084023;
D. Langlois, Phys. Rev. D 62 (2000) 126012;
D. Langlois, Phys. Rev. Lett. 86 (2001) 2212;
D. Langlois, R. Maartens, M. Sasaki, D. Wands, Phys. Rev. D 63 (2001) 084009;
H.A. Bridgman, K.A. Malik, D. Wands, Phys. Rev. D 65 (2002) 043502.
[27] S. Mukohyama, Phys. Lett. B 473 (2000) 241;
K. Koyama, ]. Soda, Phys. Rev. D 65 (2002) 023514.
[28] R. Maartens, Prog. Theor. Phys. Suppl. 148 (2003) 213.
[29] J.L. Lehners, P. Smyth, K.S. Stelle, Class. Quantum Gravity 22 (2005) 2589.
[30] W. Chen, ZW. Chong, G.W. Gibbons, H. Lu, C.N. Pope, Nucl. Phys. B 732 (2006)
118.
[31] J.L. Lehners, P. McFadden, N. Turok, Phys. Rev. D 75 (2007) 103510.
[32] M. Chaichian, A. Kobakhidze, Phys. Lett. B 488 (2000) 117.
[33] Y. Shtanov, Phys. Lett. B 541 (2002) 177.
[34] C. Bruck, M. Dorca, R. Brandenberger, A. Lukas, Phys. Rev. D 62 (2000) 123515.
[35] S. Kobayashi, K. Koyama, J. Soda, Phys. Rev. D 65 (2002) 064014.


http://refhub.elsevier.com/S0370-2693(16)30122-8/bib52616E64616C6C3139393931s1
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib52616E64616C6C3139393932s1
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib4476616C6932303030s1
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib536874616E6F7632303033s1
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib5A68616E67s1
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib4C6964736579s1
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib456C6C69733230303431s1
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib456C6C69733230303432s1
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib50617269736932303132s1
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib5A68616E6732303133s1
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib6C6F6F704553s1
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib6C6F6F704553s2
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib6C6F6F704553s3
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib6C6F6F704553s4
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib6C6F6F704553s4
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib6C6F6F704553s5
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib6C6F6F704553s5
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib484C4553s1
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib484C4553s2
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib484C4553s3
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib484C4553s4
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib484C4553s5
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib66744553s1
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib66744553s2
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib6272616E65776F726C644553s1
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib6272616E65776F726C644553s2
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib6272616E65776F726C644553s3
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib5A68616E673230313032303132s1
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib5A68616E673230313032303132s2
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib4875616E6732303134s1
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib426F686D657232303133s1
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib426F686D65724742s1
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib426F686D65724742s2
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib426F686D65724742s2
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib6652686F6D6Fs1
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib6652686F6D6Fs2
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib6652686F6D6Fs3
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib6652686F6D6Fs4
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib6652686F6D6Fs4
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib6F746865724553s1
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib6F746865724553s2
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib6F746865724553s3
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib6F746865724553s4
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib6F746865724553s5
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib6F746865724553s6
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib6F746865724553s7
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib6F746865724553s8
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib6F746865724553s9
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib6F746865724553s10
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib6F746865724553s11
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib6F746865724553s11
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib6F746865724553s12
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib6F746865724553s13
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib6F746865724553s14
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib6F746865724553s15
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib6F746865724553s16
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib6F746865724553s17
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib6F746865724553s18
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib6F746865724553s19
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib6F746865724553s20
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib6F746865724553s21
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib4875616E6732303135s1
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib53656168726132303039s1
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib536869726F6D697A7532303030s1
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib5361686E6932303035s1
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib536874616E6F7632303037s1
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib5765796C666C756964s1
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib5765796C666C756964s2
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib5765796C666C756964s3
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib5765796C666C756964s4
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib5765796C666C756964s5
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib6461726B726164696174696F6Es1
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib6461726B726164696174696F6Es2
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib4D61617274656E7332303033s1
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib4C65686E6572733A323030357375s1
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib4368656E3A323030356A70s1
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib4368656E3A323030356A70s1
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib4C65686E6572733A323030367075s1
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib43686169636869616E32303030s1
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib536874616E6F7632303032s1
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib76616E6465427275636B32303030s1
http://refhub.elsevier.com/S0370-2693(16)30122-8/bib4B6F6261796173686932303032s1

	Stability of Einstein static state universe in the spatially ﬂat branemodels
	1 Introduction
	2 Einstein static state solution in the braneworlds
	3 Perturbations on the brane
	4 Stability
	4.1 SS model
	4.1.1 Homogeneous perturbations
	4.1.2 Inhomogeneous perturbations

	4.2 RS model

	5 Perturbations in the bulk
	6 Conclusions
	Acknowledgements
	References


