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A NEWTON-TYPE METHOD WITH NONEQUIVALENCE
DEFLATION FOR NONLINEAR EIGENVALUE PROBLEMS

ARISING IN PHOTONIC CRYSTAL MODELING∗

TSUNG-MING HUANG† , WEN-WEI LIN‡ , AND VOLKER MEHRMANN§

Abstract. The numerical simulation of the band structure of three-dimensional dispersive me-
tallic photonic crystals with face-centered cubic lattices leads to large-scale nonlinear eigenvalue
problems, which are very challenging due to a high-dimensional subspace associated with the eigen-
value zero and the fact that the desired eigenvalues (with smallest real part) cluster and are close to
the zero eigenvalues. For the solution of the nonlinear eigenvalue problem, a Newton-type iterative
method is proposed and the nullspace-free method is applied to exclude the zero eigenvalues from the
associated generalized eigenvalue problem. To find the successive eigenvalue/eigenvector pairs, we
propose a new nonequivalence deflation method to transform converged eigenvalues to infinity, while
all other eigenvalues remain unchanged. The deflated problem is then solved by the same Newton-
type method, which is used as a hybrid method that combines with the Jacobi–Davidson and the
nonlinear Arnoldi methods to compute the clustering eigenvalues. Numerical results illustrate that
the proposed method is robust even for the case of computing many clustering eigenvalues in very
large problems.
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1. Introduction. The electromagnetic wave propagation through dispersive me-
tallic photonic crystals (PCs) has been extensively studied over the past few decades
[8, 9, 10, 34, 38, 47]. A standard model for studying the electromagnetic effects in
periodic structures and dispersive isotropic materials is the three-dimensional (3D)
Maxwell equation

∇×∇× E(r) = ω2ε(r, ω)E(r),(1.1)

where E(r) denotes the electric field at position r ∈ R3 and

ε(r, ω) =

{
εd(ω), r in the dispersive material domain,
εn, r in the nondispersive material domain,

denotes the permittivity, in which εn is a constant and εd(ω) is dependent on the
frequency ω.
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In the Drude model of a dispersive material [34, 38, 52, 53], the permittivity εd(ω)
is modeled as

εd(ω) = 1− ω2
p

ω2 + ıΓpω
,(1.2)

where ı =
√−1, ωp is a plasma frequency, and Γp is the corresponding damping fre-

quency. The more involved Drude–Lorentz model [10, 11, 34, 47] uses the permittivity
model

εd(ω) = ε∞ − ω2
p

ω2 + ıΓpω
+

2∑
j=1

ΩjAj

(
eıφj

Ωj − ω − ıΓj
+

e−ıφj

Ωj + ω + ıΓj

)
,(1.3)

where ε∞ is a high-frequency limit dielectric constant, and φj , Ωj , Aj , and Γj are
the parameters for the two pairs of poles in the Lorentz model. The first and second
terms in (1.3) correspond to the contributions of a Drude model with ε∞ = 1. The
third term arises from the interband transitions.

There are many approaches for the numerical simulation of wave propagation in
PCs. Very often, time-domain simulation methods (see, e.g., [12]) are used to calcu-
late the band structures of 3D metallic PCs, but in order to obtain reasonable results,
extremely long simulation times are required. As an alternative, often the Fourier
transform and the discretization of the time-invariant system (1.1) are considered,
which lead to a nonlinear eigenvalue problem (NLEVP) [8, 9, 34] rational in the fre-
quency ω. To solve large-scale NLEVPs, however, is also a nontrivial task [37, 46] and
is particularly challenging for 3D metallic PCs. In [8, 9, 34], the rational eigenvalue
problem is reformulated as a polynomial eigenvalue problem (PEP) by multiplying
with the common denominator. The PEP is then reformulated (linearized) [13, 35]
as a generalized eigenvalue problem to which standard eigenvalue methods [2, 32, 39]
can be applied. However, in this approach the order of the problem is highly enlarged
and the sensitivity of the eigenvalues and eigenvectors may increase considerably, since
the set of admissible perturbations for the linearized eigenvalue problem is larger than
that of the PEP [45] and even larger than that of the rational problem.

A completely different eigenvalue method is to work directly with the NLEVP.
One can use the polynomial Jacobi–Davidson method [21, 24, 41, 42, 50] for the
PEPs or the rational Krylov method [26, 40], the nonlinear Arnoldi method [48], the
nonlinear Jacobi–Davidson method [49], contour integrals [1, 4], and other methods in
[7, 25, 29, 33, 41] to solve the general NLEVP. In [5, 7] a very promising new method
for PEPs is suggested that computes full invariant pairs, but in Jacobi–Davidson or
Newton-type methods, often only one eigenvalue/eigenvector pair is determined at
a time, e.g., when the algorithms in [21, 24, 26, 33, 40, 42, 48, 49, 50] are applied
to solve the NLEVP. One way, then, to compute several successive eigenpairs is
to deflate converged eigenvalue/eigenvectors from the NLEVP. In [15], an explicit
nonequivalence low-rank deflation method is proposed for computing the smallest
real eigenvalues of a special quadratic eigenvalue problem. Once the smallest positive
eigenvalue is obtained, it is then transformed to zero by the deflation scheme, while all
other eigenvalues remain unchanged. The next successive eigenvalue thus becomes the
smallest positive eigenvalue of the transformed problem, which is then again solved
by the proposed method. The concept of nonequivalence deflation is also applied to
solve special quadratic problems in [20, 23] and cubic polynomial eigenvalue problems
[22, 50]. One of the differences of the nonequivalence deflation scheme in [15] and
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[20, 22, 23, 50] is that the convergent eigenvalue is transformed to infinity rather
than 0.

Almost all currently available eigenvalue methods have major difficulties when
multiple eigenvalues occur, because then the convergence of Newton-type methods
deteriorates and in this case also the condition number of the problem typically is
extremely large, so that small perturbations lead to large errors. In this case it is
necessary to either consider block oriented methods [3, 5, 7, 36] which currently are
designed for quadratic and polynomial problems or, in the more general nonlinear
case, one needs to employ specially designed deflation techniques, such as the one we
will discuss in this paper.

We consider large, sparse NLEVPs of the form

Ax = ω(ωBn + ωεd(ω)Bd)x,(1.4)

arising from a 3D dispersive metallic PC with a face-centered cubic lattice, where A,
Bn, Bd are large, sparse matrices, and the subscripts n and d indicate the nondisper-
sive and the dispersive materials, respectively. This problem has a large number of
zero eigenvalues, and the eigenvalues with smallest positive real part are of interest.
Moreover, most of the desired eigenvalues are clustered so that it becomes an ex-
tremely challenging problem. To deal with this challenge, we propose a Newton-type
iterative method with a special nonequivalence deflation scheme to solve (1.4).

By sequential application of the proposed nonequivalence deflation, we formulate
the deflated NLEVPs as

Ax̃ = ωB̃(ω)x̃,(1.5)

where the desired eigenpairs are sequentially computed from a sequence of NLEVPs
in (1.5). To solve (1.5), a novel Newton-type scheme is presented which solves in each
step the generalized eigenvalue problem (GEP)

βAx̃ = B̃(ωk)x̃

starting from a sample frequency ωk. We apply the nullspace-free method of [17, 19]
and transform the GEP to a standard eigenvalue problem (SEP). Both the SEP and
the GEP have the same nonzero finite eigenvalues. Furthermore, a heuristic strategy
is proposed to determine the initial value ω0 of the Newton-type method so that the
desired eigenvalue clusters can be successfully computed. The quadratic convergence
of the method is illustrated via numerical examples. The SEP can be solved by
the Jacobi–Davidson method [43] or the shift-and-invert residual Arnoldi method
[19, 30, 31]. An efficient FFT-based preconditioner is derived in the eigensolver so
that the SEP can be efficiently solved. To make this method more practical, we
discuss other strategies for determining initial vectors and stopping tolerances for
the solution of the SEP, which reduce the computational cost and accelerate the
convergence. Intensive numerical experiments show that our proposed method is
robust and efficient to sequently compute the desired eigenpairs even though the
desired eigenvalues are clustered.

This paper is organized as follows. In section 2, we briefly derive the NLEVP
and the new nonequivalence low-rank deflation method. In section 3, we introduce
the Newton-type method. The Jacobi–Davidson, the shift-invert residual Arnoldi, the
nonlinear Arnoldi, and the nonlinear Jacobi-Davidson methods for solving the SEP
and NLEVP, respectively, are reviewed in section 4. Some practical implementations
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to reduce the computational cost are proposed in section 5. Numerical experiments
to validate the robustness of the proposed schemes are demonstrated in section 6. We
conclude the paper in section 7.

2. Nonlinear eigenvalue problems. In this section, we first introduce the
resulting NLEVP by using the Yee scheme [51] for the discretization of the Maxwell
equation (1.1). Then we propose a nonequivalence deflation scheme which allows us
to transform the resulting NLEVP with eigenvalue/eigenvector pair (μ,x) to a new
NLEVP with the same eigenvalues except that μ is replaced by infinity. Both the
original and the deflated NLEVPs can be written in the form

(2.1) Ax = ωB̃(ω)x.

In the next section, we will then develop a Newton-type method for solving (2.1)
so that we can intertwine this method and the nonequivalence deflation scheme to
compute the desired eigenvalue/eigenvector pairs.

Based on the Bloch theorem [28], we aim to find the Bloch eigenfunctions E(r)
for (1.1) satisfying the following quasi-periodicity condition:

E(r+ a�) = eı2πk·a�E(r)

for � = 1, 2, 3. Here, 2πk is the Bloch wave vector in the first Brillouin zone [27] and
the vectors a� are the lattice translation vectors that span the primitive cell, which
are extended periodically to form the dispersive metallic PC. In this paper, we focus
on the face-centered cubic (FCC) lattice vectors, i.e.,

a1 =
a√
2
[1, 0, 0]�, a2 =

a√
2

[
1

2
,

√
3

2
, 0

]�
, a3 =

a√
2

[
1

2
,

1

2
√
3
,

√
2

3

]�
with lattice constant a.

Let n1, n2, and n3 with n = n1n2n3 be the number of grid points in the x, y, and
z directions, respectively, and let δx, δy, and δz denote the associated grid lengths in
the x, y, and z axial directions, respectively.

The resulting matrix A arising from the discretized double-curl operator using
the Yee scheme [51] on a primitive cell is then of the form [16, 17, 18]

A = C∗C ∈ C
3n×3n,(2.2)

where

C =

⎡⎣ 0 −C3 C2

C3 0 −C1

−C2 C1 0

⎤⎦ ∈ C
3n×3n,

with

C1 = In2n3 ⊗K1 ∈ C
n×n, C2 = In3 ⊗K2 ∈ C

n×n, C3 = K3 ∈ C
n×n.(2.3)

Here, ⊗ denotes the Kronecker product; see Appendix A.1 or [17] for the detailed
definition of the pseudoperiodical matrices K1, K2, and K3. The resulting NLEVP
then has the form

F (ω)x ≡ (A− ω2B(ω)
)
x = 0(2.4)
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with

B(ω) = Bn + εd(ω)Bd,(2.5)

where A is defined in (2.2), Bn, Bd are diagonal, and εd(ω) is the related permittivity
of the dispersive material given in (1.2) and (1.3). The goal of the eigenvalue compu-
tation is to compute the eigenvalues of smallest positive real part and the associated
eigenvectors.

To conduct the analysis of the NLEVP (2.4) we have the following definition and
lemma.

Definition 2.1. Let F (ω) be a rational matrix; i.e., all entries of F (ω) are ra-
tional in ω. Furthermore, suppose that F (ω) can be represented as

F (ω) = P (ω) +R(ω),(2.6)

where P (ω) is a polynomial matrix of degree r and R(ω) is a rational matrix with
entries being proper rational:
(a) If ω0 ∈ C satisfies det(F (ω0)) = 0, then ω0 is an eigenvalue of F (ω). A nonzero

vector x satisfying F (ω0)x = 0 is then called the associated eigenvector cor-
responding to ω0.

(b) F (ω) has an eigenvalue at infinity if limω→∞ det(ω−rF (ω)) = 0. A nonzero vec-
tor x satisfying limω→∞(ω−rF (ω))x = 0 is then called the associated eigen-
vector corresponding to the infinite eigenvalue.

Lemma 2.2. Let εd(ω) be defined as in (1.2) or (1.3). Then εd(ω) = εd(−ω̄).

Proof. From (1.2) and (1.3), we directly have

εd(ω) = 1− ω2
p

ω̄2 − ıΓpω̄
= 1− ω2

p

(−ω̄)2 + ıΓp(−ω̄)
= εd(−ω̄)

and

εd(ω) = ε∞ − ω2
p

(ω̄)2 − ıΓpω̄
+

2∑
j=1

ΩjAj

(
e−ıφj

Ωj − ω̄ + ıΓj
+

eıφj

Ωj + ω̄ − ıΓj

)
= εd(−ω̄),

respectively.

With the help of Lemma 2.2 we have the following theorem.

Theorem 2.3. The NLEVP (2.4) has the following properties:
(a) F (ω) has n zero eigenvalues and no eigenvalue at infinity.
(b) F ∗(ω) = F (−ω̄), i.e., ω and −ω̄ are eigenvalues of F (ω).
(c) If y is a left eigenvector of F (ω) corresponding to the eigenvalue ω, then y

is a right eigenvector corresponding to the eigenvalue −ω̄.

Proof. From (2.5) and the definition of εd(ω) in (1.2) or (1.3), it follows that

(ωB(ω))|ω=0 = − ω2
p

ıΓp
Bd. This implies that the eigenvectors of A corresponding to

the zero eigenvalues are also the eigenvectors of F (ω) corresponding to the zero eigen-
values. Therefore, by Theorem 3.7 in [17], F (ω) has a semisimple zero eigenvalue with
multiplicity n.

On the other hand, F (ω) can be represented as the form in (2.6) with degree r of
P (ω) being equal to 2. Because limω→∞ ω−2F (ω) is equal to the nonsingular matrix
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Bn+Bd or Bn+ε∞Bd for εd(ω) in (1.2) or (1.3), respectively, by the definition, F (ω)
has no eigenvalue at infinity.

By the definition of B(ω) in (2.5) and Lemma 2.2, it follows that

F ∗(ω) = A∗ − (ω̄)2
(
Bn + εd(ω)Bd

)
= A− (−ω̄)2 (Bn + εd(−ω̄)Bd)

= F (−ω̄).

This means that if y is the left eigenvector of F (ω) corresponding to ω, then

0 = F ∗(ω)y = F (−ω̄)y,

and, therefore, y is the right eigenvector corresponding to −ω̄.

Let us assume that each of the pairwise different nonzero eigenvalues μj has equal
algebraic and geometric multiplicity mj , j = 1, . . . , �, and let

X =
[
X1 X2 · · · X�

]
(2.7)

with Xj ∈ C3n×mj , j = 1, . . . , �, satisfy X∗X = Im with m = m1 + · · · + m�. The
following nonequivalence deflation allows us to transform the original problem (2.4)
to a new NLEVP with the same eigenvalues, except that μi is replaced by infinity
with multiplicity mi for i = 1, . . . , �. With

F̃ (ω)x̃ :=

⎛⎝F (ω)

�∏
j=1

(
I − ω

ω − μj
XjX

∗
j

)⎞⎠ x̃,(2.8)

we have the following theorem.

Theorem 2.4. Let F (ω) and F̃ (ω) be defined as in (2.4) and (2.8), respectively.
Then {

ω| F̃ (ω)x̃ = 0, x̃ �= 0
}

= {ω| F (ω)x = 0,x �= 0} \ {μ1, . . . , μ1, . . . , μ�, . . . , μ�} ∪ {∞} .

Furthermore, if (μ, x̃) is an eigenvalue/eigenvector pair of F̃ (ω), then (μ,x) is an
eigenvalue/eigenvector pair of F (ω) with

x =

�∏
j=1

(
I − μ

μ− μj
XjX

∗
j

)
x̃.(2.9)

Proof. Since X∗
i Xi = Imi for i = 1, . . . , �, we have

( lim
ω→∞ω−2F̃ (ω))Xi =

⎛⎝(Bn + αBd)

�∏
j=1

(
I −XjX

∗
j

)⎞⎠Xi = 0,

where α = 1 or α = ε∞. This implies that F̃ (ω) has eigenvalue at infinity and
the columns of Xi are the associated eigenvectors. Moreover, using the determinant
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identity det(In +RS) = det(Im + SR), where R and S∗ are n×m matrices, we get

det
(
F̃ (ω)

)
= det (F (ω))

�∏
j=1

det

(
I − ω

ω − μj
XjX

∗
j

)

= det (F (ω))
�∏

j=1

(
1− ω

ω − μj

)mj

= det (F (ω))

�∏
j=1

( −μj

ω − μj

)mj

.(2.10)

Because ω = μj is a root with multiplicity mj of det(F (ω)) by assumption, (2.10)

implies that μj is not a root of det(F̃ (ω)). Hence, the nonlinear eigenvalue problem
(2.8) has the same eigenvalues as (2.4), except that mj copies of the eigenvalue μj are
replaced by infinite eigenvalues.

From the definition of F̃ (ω) in (2.8), it is obvious to see that the vector x in (2.9)
is an eigenvector of F (ω).

Remark 1. In fact, in the nonequivalence deflation (2.8), the matrix X as in (2.7)
can be a randomly constructed orthonormal matrix. However, the locking scheme
used later in the nonlinear Arnoldi (NAr) algorithm needs to lock the convergent
eigenvectors into the search subspace. So, we prefer to use the set of convergent
eigenvectors to generate such a matrix X . If one of the convergent eigenvectors, xi,
is linearly dependent on others, then we can randomly construct a vector to replace
xi.

Using the fact that X∗X = Im, we obtain

�∏
j=1

(
I − ω

ω − μj
XjX

∗
j

)
= I −

�∑
j=1

ω

ω − μj
XjX

∗
j = I − ωXD(ω)X∗,(2.11)

where

D(ω) = diag
(
(ω − μ1)

−1Im1 , (ω − μ2)
−1Im2 , . . . , (ω − μ�)

−1Im�

)
.

Plugging F (ω) of (2.4) and (2.11) into (2.8), F̃ (ω) can be reformulated in the following
simple form:

F̃ (ω) = A− ω
[
ωB(ω) + (A− ω2B(ω))XD(ω)X∗] .(2.12)

Define

B̃(ω) =

{
ωB(ω) for F (ω),

ωB(ω) + (A− ω2B(ω))XD(ω)X∗ for F̃ (ω).
(2.13)

We then have that the NLEVPs (2.4) and (2.8) can both be represented in the form
(2.1).

Note that, from the definition of B(ω) in (2.5) and Lemma 2.2, B(ω) is a complex
diagonal matrix and ωB(ω) + (A − ω2B(ω))XD(ω)X∗ is a complex diagonal plus a
non-Hermitian low rank matrix.

Therefore, the desired eigenvalue/eigenvector pairs of F (ω), i.e., the ones with
smallest positive real part, can be found by repeatedly solving deflated NLEVPs
in (2.12) and using (2.9) in Theorem 2.4 to recover the eigenvector of F (ω). We
summarize the computational process in Algorithm 1.
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Algorithm 1. Nonequivalence deflated method for solving Ax = ω2B(ω)x.

Input: Coefficient matrices A (Hermitian) and B(ω).
Output: The desired eigenvalue/eigenvector pair (μd,xd) for d = 1, . . . , �.

1: Set X = [ ] and B̃(ω) = ωB(ω).
2: for d = 1, . . . , � do
3: Compute the desired eigenvalue/eigenvector pair (μd,xd) of Ax = ωB̃(ω)x;
4: % Retrieve the eigenvector of Ax = ω2B(ω)x by Theorem 2.4

5: for i = 1, . . . , d− 1 do

6: Compute xd =
(
I − μd

μd−μi
x̃ix̃

∗
i

)
xd;

7: end for
8: % Compute the orthonormal matrix X from the convergent

eigenvectors

9: Set x̃d = xd; Orthogonalize x̃d against X and normalize x̃d;
10: Expand X = [X, x̃d];
11: % Create the coefficient matrix of the new deflated nonlinear

eigenvalue problem

12: Set
B̃(ω) = ωB(ω) + (A− ω2B(ω))XD(ω)X∗,

where D(ω) = diag
(
(ω − μ1)

−1, . . . , (ω − μd)
−1
)
;

13: end for

3. Newton-type methods. Based on the Newton-type method suggested in
[15], in this section, we will develop a Newton-type method for the computation of

the desired eigenvalue/eigenvector pair for general NLEVPs of the form Ax = ωB̃(ω)x
in line 3 of Algorithm 1. In (2.1) for a given ω, we consider the GEP

βAx = B̃(ω)x,(3.1)

where the eigenvalues β depend on the chosen value of ω. To determine an eigenvalue
of (2.1), it is sufficient to find a value ω∗ such that the eigenvalue β(ω∗) of (3.1)
satisfies the condition β(ω∗) = ω−1

∗ , which is equivalent to determining a root of the
nonlinear equation

β(ω) = ω−1.(3.2)

The simplest method to solve this equation is to use a fixed-point iteration ωk+1 =
β(ωk)

−1, so that when it has converged to a value ω∗, then an eigenvalue β(ωk) of
(3.1) with ω = ω∗ has been computed. But the convergence of fixed-point iterations
is typically linear. In this paper, we apply the Newton method

ωk+1 = ωk −
(
β′(ωk) + ω−2

k

)−1 (
β(ωk)− ω−1

k

)
(3.3)

to (3.2) to accelerate the convergence.

3.1. Nullspace-free method. The success of Newton’s method (3.3) is pri-
marily based on reliable computation of β(ωk) and β′(ωk). However, such a reliable
computation may not be guaranteed if one computes them directly using the original
form of the eigenproblem Ax = ωB̃(ω)x, because the zero eigenvalue of multiplicity
n severely interferes with our search for the eigenvalues of smallest positive real part.
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To resolve this difficulty, we propose a nullspace-free method [17] that transforms the
GEP (3.1) into an SEP of smaller dimension with the zero eigenvalue deflated. To
this end, we present the following theorems and shall make use of them for computing
β′(ω) reliably.

Theorem 3.1 (see [17]). Let C� (� = 1, 2, 3) be as in (2.3). Then C∗
i Cj = CjC

∗
i ,

CiCj = CjCi, for i, j = 1, 2, 3, and all three matrices C� can be diagonalized by the
same unitary matrix T , i.e.,

(3.4) C1T = TΛ1, C2T = TΛ2, and C3T = TΛ3,

where Λ1, Λ2, and Λ3 are diagonal matrices (see Appendix A.2 for the definition
of T ).

Theorem 3.2 (see [17]). Let A and (Λ1,Λ2,Λ3, T ) be defined as in (2.2) and
(3.4), respectively. Then there exists a unitary matrix

[
Q0 Q

]
:= (I3 ⊗ T )

[
Π0 Π1

] ≡ (I3 ⊗ T )

⎡⎣ Π0,1 Π1,1 Π1,2

Π0,2 Π1,3 Π1,4

Π0,3 Π1,5 Π1,6

⎤⎦ ,

where Π0,i, Π1,j ∈ C
n×n, i = 1, 2, 3, j = 1, . . . , 6, are diagonal and Π1 ∈ C

3n×2n such
that A has a unitary eigendecomposition in the form

(3.5)
[
Q0 Q

]∗
A
[
Q0 Q

]
= diag (0,Λq,Λq) ≡ diag (0,Λ) ,

where Λq = Λ∗
1Λ1 + Λ∗

2Λ2 + Λ∗
3Λ3.

In Theorem 3.2 it has been shown that with n = n1n2n3 in the discretization
(2.2) the matrix A has n zero eigenvalues. Because we are interested in finding the
eigenvalues of (2.1) with smallest positive real parts, it means that the eigenvalues β−1

of the GEP Ax = β−1B̃(ω)x with smallest positive real parts are of interest. In this
respect, the large dimension of the invariant space corresponding to zero eigenvalues
in the above GEP leads to several numerical difficulties; see [17]. To tackle this issue,
the nullspace-free technique in Theorem 3.3 can be applied for solving (3.1) efficiently.

Theorem 3.3 (see [19]). Let A be as in (2.2), let (Q,Λ) be as in Theorem 3.2,

and let ω satisfy B̃(ω) in (3.1) being nonsingular. Then (denoting by span of a matrix
the span of its columns)

spanB̃(ω)−1QΛ1/2 = span
{
x|Ax = λB̃(ω)x, λ �= 0

}
and, furthermore,{

λ �= 0 |Ax = λB̃(ω)x
}
=
{
λ |Λ1/2Q∗B̃(ω)−1QΛ1/2u = λu

}
.

Using Theorem 3.3, we can transform the 3n× 3n GEP (3.1) to the 2n× 2n SEP

K(ω)−1u = βu,(3.6)

where

K(ω) = Λ1/2Q∗B̃(ω)−1QΛ1/2,(3.7)

and the GEP (3.1) and the SEP (3.6) have the same nonzero eigenvalues. The SEP
can be solved by the eigensolver without being affected by zero eigenvalues.
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3.2. Computing β′(ω). To evaluate the derivative β′(ω) in (3.3) we can use
the following method. Let u(ω) and v(ω) with v(ω)∗u(ω) = 1 be the right and the
left eigenvectors of K(ω)−1, respectively, corresponding to the eigenvalue β(ω), i.e.,
K(ω)−1u(ω) = β(ω)u(ω) and v(ω)∗K(ω)−1 = β(ω)v(ω)∗. Then

β(ω) = v(ω)∗K(ω)−1u(ω)(3.8)

and

(v(ω)∗)′u(ω) + v(ω)∗u(ω)′ = 0.(3.9)

Using (3.8) and (3.9), and the fact that (K(ω)−1)′ = −K(ω)−1K(ω)′K(ω)−1, we
obtain

β′(ω) = v(ω)∗
(
K(ω)−1

)′
u(ω) + (v(ω)∗)′K(ω)−1u(ω) + v(ω)∗K(ω)−1u(ω)′

= −v(ω)∗K(ω)−1K(ω)′K(ω)−1u(ω) + β(ω)(v(ω)∗)′u(ω) + β(ω)v(ω)∗u(ω)′

= −v(ω)∗K(ω)−1K(ω)′K(ω)−1u(ω)

= −β(ω)2v(ω)∗K(ω)′u(ω)

= −β(ω)2v(ω)∗Λ1/2Q∗
[
B̃(ω)−1

]′
QΛ1/2u(ω)

= β(ω)2v(ω)∗Λ1/2Q∗B̃(ω)−1B̃(ω)′B̃(ω)−1QΛ1/2u(ω).(3.10)

Algorithm 2. Newton-type method for computing eigenvalues of Ax = ωB̃(ω)x.

Input: Coefficient matrices A (Hermitian), B̃(ω), an initial value ω0, and a stopping
tolerance tol.

Output: An eigenvalue/eigenvector pair (μd,xd).
1: Set k = 0.
2: repeat
3: Compute the eigenvalue β−1

k with the smallest positive real part and the asso-
ciated eigenvector uk of

β−1u = K(ωk)u ≡ (Λ1/2Q∗B̃(ωk)
−1QΛ1/2)u(3.11)

by the JD or SIRA method (see section 4 for details);
4: Compute the left eigenvector vk of (3.11) corresponding to βk;
5: Compute β′(ωk) by

β′(ωk) = β2
kv

∗
kΛ

1/2Q∗B̃(ωk)
−1B̃(ωk)

′B̃(ωk)
−1QΛ1/2uk;

6: Compute ωk+1 by

ωk+1 = ωk −
(
β′(ωk) + ω−2

k

)−1 (
βk − ω−1

k

)
;

7: Set k = k + 1;
8: until |ωk − ωk−1| < tol.
9: Set μd = ωk;

10: Compute the eigenvector xd = B̃(ωk)
−1QΛ1/2uk.

We summarize the Newton-type method in Algorithm 2. For the calculation of
β′(ω) in (3.10) and for solving SEP (3.6), it is required to compute Q∗p̃, Qq̃, and
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B̃(ω)−1d for given vectors p̃, q̃, and d. For computing Q∗p̃ and Qq̃, the matrix Q
itself does not need to be formed explicitly because the matrix-vector products T ∗p
and Tq can be evaluated by the fast Fourier transform efficiently (see Algorithms 5

and 6 in Appendix A.2 for details). On the other hand, if B̃(ω) is as in (2.12), then

B̃(ω) can be represented as

B̃(ω) = ωB(ω) + Y (ω)X∗,

where

Y (ω) = (A− ω2B(ω))XD(ω).

Using the Sherman–Morrison–Woodbury formula [14] we get

B̃(ω)−1 = ω−1
{
I −B(ω)−1Y (ω)

(
ωI +X∗B(ω)−1Y (ω)

)−1
X∗
}
B(ω)−1.(3.12)

By (3.12), to compute B̃(ω)−1d, it is necessary to evaluateB(ω)−1d and B(ω)−1Y (ω).

Because B(ω) is diagonal and Y (ω) is low rank, B̃(ω)−1d can be obtained at low cost.

3.3. Enhanced Newton-type method. It is well known that the convergence
of Newton’s method is heavily dependent on the choice of the initial value. In par-
ticular, when the target roots of the nonlinear equation (3.2) are clustered, i.e., the
NLEVP (2.4) has clustered eigenvalues, then the convergence is very sensitive to the
choice of the initial value ω0. Hence, it is very important to provide a good initial
value to guarantee convergence. There are two problems in the choice of the initial
value ω0: (i) how to detect ω0 which is good enough (i.e., for the case of well-separated
eigenvalues); (ii) how to provide a new better initial value when ω0 is not good enough
(i.e., for the case of clustered eigenvalues).

In the kth Newton step, we need to solve the SEP (3.11). If the eigenvalue problem

Ax = ωB̃(ω)x has clustered eigenvalues which are of interest, then the convergence for
solving (3.11) becomes very slow for a randomly chosen ω0. Based on this observation,
we propose in Algorithm 3 a heuristic strategy to tackle problems (i) and (ii) above.
If the desired eigenvalue of (3.11) converges in a suitable iteration number m, it
means that the provided initial value ω0 is good enough. Otherwise, we switch to the
approximate computation of a new approximate eigenpair (ω0,x0) of NLEVP (2.4)
by the nonlinear eigensolver, e.g., the nonlinear Arnoldi method (see the if-endif

block in lines 5–10 of Algorithm 3), and resolve (3.11) with this new approximate
eigenvalue ω0. We repeat this process until {ωk} converges (see the while-endwhile
block in lines 3–11 of Algorithm 3).

After proposing the Newton-type method it remains to describe the eigenvalue
solvers used in Algorithm 3. This is done in the next section.

4. Eigenvalue solvers. In this section, we present eigenvalue algorithms for
solving the SEP (3.11) in line 3 of Algorithm 2 and (3.13) in line 4 of Algorithm 3.
Recall from section 3 that these SEPs are linearized and deflated variants of the origi-
nal nonlinear eigenproblem Ax = ωB̃(ω)x. We shall also briefly discuss the nonlinear
Arnoldi (NAr) method [48] and the nonlinear Jacobi–Davidson (NJD) method [49] as

competitors for solving Ax = ωB̃(ω)x directly.

4.1. Jacobi–Davidson method for the SEP (3.11). The Jacobi–Davidson
(JD) method [43] is an inexact eigenvalue solver for solving the SEP. In each iteration
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Algorithm 3. Enhanced Newton-type method for computing smallest positive real
part eigenvalues of Ax = ωB̃(ω)x.

Input: Coefficient matrices A (Hermitian), B̃(ω), initial value ω0, shift value σ, max-
imal iteration number m, the stopping tolerances τ0, τa, and tol.

Output: The target eigenvalue/eigenvector pairs (μd,xd).
1: Set k = 0.
2: repeat
3: while ( ‖rh‖ ≥ τk ) do
4: Compute the eigenvalue β−1

k with the smallest positive real part, the associ-
ated eigenvector uk of

β−1u = (Λ1/2Q∗B̃(ωk)
−1QΛ1/2)u,(3.13)

and the corresponding residual vector rh by the JD or SIRA method with
maximal iteration number m and the stopping tolerance τk;

5: if (‖rh‖ ≥ τk) then
6: Use uk to compute an approximate eigenvector x0 of NLEVP (2.4) (refer

to (5.6)).
7: Use the NAr method with initial vector x0 and suitable stopping tolerance

τa to compute the approximate eigenvalue/eigenvector pair (ωa,xa) of the
NLEVP (2.4), where ωa is the closest eigenvalue to σ.

8: Use xa to compute an approximate eigenvector u0 of (3.13) (refer to (5.8)
and (5.9)).

9: Set ωk = ωa. % Use (ωk,u0) as the new initial data to resolve

β−1u = K(ωk)u.
10: end if
11: end while
12: Compute the left eigenvector vk of (3.13) corresponding to βk;
13: Compute β′(ωk) via

β′(ωk) = β2
kv

∗
kΛ

1/2Q∗B̃(ωk)
−1B̃(ωk)

′B̃(ωk)
−1QΛ1/2uk;

14: Compute ωk+1 by

ωk+1 = ωk −
(
β′(ωk) + ω−2

k

)−1 (
βk − ω−1

k

)
;

15: Set k = k + 1 and determine stopping tolerance τk;
16: until |ωk − ωk−1| < tol.

17: Set μd = ωk and compute the eigenvector xd = B̃(ωk)
−1QΛ1/2uk.

of JD, the correction equation

(4.1) (I − uu∗) (K(ωk)− θI) (I − uu∗) t = −r, t⊥u,

is solved approximately by an iterative solver, where K(ωk) is defined as in (3.11),
(θ,u) is the Ritz pair of K(ωk), and r = (K(ωk) − θI)u. Here, t⊥u means that t is
orthogonal to u. In each iteration for solving (4.1) with a given ωk, we need to solve
a linear system of the form

Mpz = d, z⊥u,(4.2)
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where d is a given vector and

Mp ≡ (I − uu∗)MK (I − uu∗) ,

with MK being the preconditioner of K(ωk)− θI.
For the deflated NLEVP (2.8), one has from (3.7) and (3.12) that

K(ωk)− θI =
(
Λ1/2Q∗(ω−1

k B(ωk)
−1)QΛ1/2 − θI

)
− U(ωk)Ψ(ωk)

−1V (ωk)
∗,

where

U(ωk) = ω−1
k Λ1/2Q∗B(ωk)

−1(A− ω2
kB(ωk))X,

V (ωk) =
[
ω−1
k X∗B(ωk)

−1QΛ1/2
]∗

,

Ψ(ωk) = D(ωk)
−1 + ω−1

k X∗B(ωk)
−1(A− ω2

kB(ωk))X.

Therefore, we take as preconditioner

MK =
(
Λ1/2Q∗(αa,kI)QΛ1/2 − θI

)
− U(ωk)Ψ(ωk)

−1V (ωk)
∗

:= Ωk − U(ωk)Ψ(ωk)
−1V (ωk)

∗,(4.3)

where αa,k is the arithmetic average of the diagonal elements of ω−1
k B(ωk)

−1 and

Ωk = Λ1/2Q∗(αa,kI)QΛ1/2 − θI = αa,kΛ− θI

is a complex diagonal matrix. By the Sherman–Morrison–Woodbury formula, we get

M−1
K = Ω−1

k

{
I + U(ωk)

(
Ψ(ωk)− V (ωk)

∗Ω−1
k U(ωk)

)−1
V (ωk)

∗Ω−1
k

}
(4.4)

and the linear system (4.2) can be easily solved via

z = M−1
K d+ ηM−1

K u with η = −u∗M−1
K d

u∗M−1
K u

.

4.2. Shift-invert residual Arnoldi method for the SEP (3.11). The shift-
invert residual Arnoldi (SIRA) method [19, 30, 31] is another inexact eigenvalue solver.
In each iteration of SIRA, the linear residual system

(4.5) (K(ωk)− σI) t = r

is solved approximately by an iterative solver, where r = K(ωk)u− θu is the residual
vector and σ is a fixed shift value. From (3.12), we have

Λ1/2Q∗B̃(ωk)
−1QΛ1/2 = ω−1

k Λ1/2Q∗B(ωk)
−1QΛ1/2 − U(ωk)Ψ(ωk)

−1V (ωk)
∗.

Using the construction of the preconditioner MK in (4.3), we take

MS = (αa,kΛ− σI)− U(ωk)Ψ(ωk)
−1V (ωk)

∗

as a preconditioner and rewrite the linear system (4.5) as

(4.6) AMt = M−1
S r,
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where

AM = M−1
S

[
Λ1/2Q∗B̃(ωk)

−1QΛ1/2 − σI
]

= M−1
S

{
MS + Λ1/2Q∗ [ω−1B(ωk)

−1 − αa,kI
]
QΛ1/2

}
= I +M−1

S Λ1/2Q∗ [ω−1
k B(ωk)

−1 − αa,kI
]
QΛ1/2.

We summarize the JD and SIRA methods for solving the SEP (3.11) in Algo-
rithm 4. Note that, in practice, a restart with search subspace contraction [16] is used
in Algorithm 4.

Algorithm 4. JD/SIRA method for solving Kx = λx.

Input: matrix K, an initial matrix V1, real shift σ, tolerance τ , and maximal number
of iterations maxit. (A restarting scheme is used if it is needed.)

Output: The desired eigenvalue/eigenvector pair (λ,x) of K where λ is closest to σ
and the associated residual vector r.

1: Set “solver” = “JD” or “SIRA.”
2: Set j = 1 and r0 = e1.
3: repeat
4: Compute Wj = KVj and Mj = V∗

jWj .
5: while ( j ≤ maxit and ‖rj−1‖2 ≥ τ ) do
6: Compute the eigenvalue/eigenvector pairs (θi, si) of Mjs = (V∗

jKVj)s = θs
with ‖si‖2 = 1 and |θ1 − σ| ≤ |θ2 − σ| ≤ · · · .

7: Compute uj = Vjs1 and rj = (K − θ1I)uj .
8: if (‖rj‖2 ≥ τ) then
9: if (“solver” = “SIRA”) then

10: Compute (approximate) solution tj for

(K − σI)tj = rj .

11: else if (“solver” = “JD”) then
12: Compute (approximate) solution tj⊥uj for(

I − uju
∗
j

)
(K − θ1I)

(
I − uju

∗
j

)
tj = −rj .

13: end if
14: Orthogonalize tj against Vj ; set vj+1 = tj/‖tj‖.
15: Compute wj+1 = Kvj+1, Mj+1 =

[
Mj V∗

jwj+1

v∗
j+1Wj v∗

j+1wj+1

]
.

16: Expand Vj+1 = [Vj ,vj+1] and Wj+1 = [Wj ,wj+1].
17: end if
18: Set j := j + 1.
19: end while
20: if (‖rj−1‖2 ≥ τ) then
21: Set Vm = Vj−1

[
s1 · · · sm

]
, rm−1 = rj−1, and j = m.

22: end if
23: until desired eigenvalue/eigenvector is convergent
24: Set λ = θ1, x = uj , r = rj , and V1 = Vj [s1, . . . , sp].D
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4.3. Nonlinear eigensolvers for the NLEVP (2.4). The NLEVP (2.4) can
be solved by the NAr or NJD method directly. For a given search subspace V , let (ω̃, z̃)
be an eigenvalue/eigenvector pair of the projected problem V ∗(A − ω2B(ω))V z = 0
and let x̃ = V z̃ be the associated Ritz vector, i.e., the eigenvector lifted to the large
space. The new search direction v in the NAr and NJD methods is chosen as

v =
(
A− σ2B(σ)

)−1
r(4.7)

and (
I − (2ω̃B(ω̃) + ω̃2B(ω̃)′)x̃x̃∗

x̃∗(2ω̃B(ω̃) + ω̃2B(ω̃)′)x̃

)
(A− ω̃2B(ω̃))

(
I − x̃x̃∗

x̃∗x̃

)
v = −r, v⊥x̃,(4.8)

respectively, where r = (A−ω̃2B(ω̃))x̃ is the residual vector for (ω̃, x̃) and σ is a given
shift value. After reorthogonalizing v against V , the vector is appended to V and one
repeats this process until (ω̃, x̃) converges to the desired eigenvalue/eigenvector pair.

The major cost of the NAr (NJD) method arises in solving (4.7) ((4.8)). This
cost can be significantly reduced by using a technique suggested in [19]. Since B(σ)
in (2.4) is diagonal, we employ a preconditioner

M = A− σ2ασI

and

MJ =

(
I − (2ω̃B(ω̃) + ω̃2B(ω̃)′)x̃x̃∗

x̃∗(2ω̃B(ω̃) + ω̃2B(ω̃)′)x̃

)
(A− ω̃2ασI)

(
I − x̃x̃∗

x̃∗x̃

)
for solving (4.7) and (4.8), respectively, where ασ is the arithmetic average of the
diagonal elements of B(σ). The associated linear system with coefficient matrix
(A − γI) can be efficiently solved by applying the spectral decompositions of the
matrices C�, � = 1, 2, 3; see [19] or Appendix A.3. Furthermore, we can apply the
left-preconditioning M−1 to (4.7) and obtain the system[

I + σ2M−1 (ασI −B(σ))
]
v = M−1r,

which only requires computing d+σ2M−1 (ασI −B(σ))d in each iteration for a given
vector d. There is no need to compute a matrix-vector multiplication with A.

5. Practical implementation. Suppose that we want to find � smallest pos-
itive real part eigenvalues μ1, . . . , μ� of the NLEVP (2.4). In previous sections, we
proposed a Newton-type method with nonequivalence deflation to sequentially com-
pute the desired eigenvalues μd, d = 1, . . . , �. Now, we briefly summarize it to further
clarify the relation among the proposed algorithms for the computation of the dth
eigenvalue/eigenvector of (2.4).

In Algorithm 1, sequentially applying the nonequivalence deflation, we formulate
the deflated eigenvalue problems as

Ax = ωB̃(ω)x,(5.1)

which is of the same form as the original eigenvalue problem. The Newton-type
method in Algorithm 2 is then applied to solve (5.1) by successively solving the GEP

βAx = B̃(ω
(d)
k )x for k = 0, 1, 2, . . . .(5.2)
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Each 3n× 3n GEP in (5.2) is reduced into an 2n× 2n SEP

(5.3) u = β
(
Λ1/2Q∗B̃(ω

(d)
k )−1QΛ1/2

)
u

by deflating out all zero eigenvalues of A. When the desired eigenvalues of (5.1) are
clustered, we apply an enhanced Newton-type method in Algorithm 3 by using the
NAr method for finding a good initial guess. The sequence of SEPs is then solved by
JD or SIRA in Algorithm 4.

In the above, we develop a sequence of algorithms (Algorithms 1–4) for solving
the NLEVP (2.4). In this section, we focus on the practical implementations including
(i) the setting of the initial values and vectors, and (ii) the stopping tolerance of the
associated solvers. These practical issues can significantly improve the efficiency and
robustness of our proposed methods.

5.1. Initial value ω0 and initial vector for Algorithms 2 and 4. As above,
for finding the dth eigenpair in line 3 of Algorithm 1, a sequence of SEPs (5.3) arising
from line 3 of Algorithm 2 or line 4 of Algorithm 3 is solved by Algorithm 4. In

solving (5.3) with a given ω
(d)
k , usually more than one Ritz pair is chosen at each jth

iteration. Suppose that (β
(d)
1,j ,u

(d)
1,j ), . . . , (β

(d)
m1,j

,u
(d)
m1,j

) with |(β(d)
1,j )

−1 − σ| ≤ · · · ≤
|(β(d)

m1,j
)−1 − σ| in line 6 of Algorithm 4 are chosen. When {β(d)

1,j } is converging to the

desired eigenvalue of SEP (5.3) at the jkth iteration, β
(d)
1,jk

is applied to compute the

next ω
(d)
k+1, and the subspace span{u(d)

1,jk
, . . . ,u

(d)
m1,jk

} is used as the initial subspace

V1 in Algorithm 4 for solving (5.3) with new ω
(d)
k+1.

After d steps in Algorithm 1, the d eigenvalues/eigenvectors (μi,xi) for i =
1, . . . , d of the original problem Ax = ω2B(ω)x have been computed, and we now
start the (d + 1)st step in Algorithm 1, invoking Algorithm 2 for solving the new
deflated NLEVP

F̃ (ω)x̃ = F (ω)

d∏
i=1

(
I − ω

ω − μi
x̃ix̃

∗
i

)
x̃,(5.4)

where {x̃1, . . . , x̃d} is an orthonormal basis for the subspace span{x1, . . . ,xd}. Ap-

plying the Newton-type method to solve (5.4), we need to give an initial value ω
(d+1)
0 .

Here, we take ω
(d+1)
0 = (β

(d)
2,jkd

)−1, the Ritz value obtained in Algorithm 4 that is

subsequent to the Ritz value (β
(d)
1,jkd

)−1 that has just converged to ω
(d)
kd

≈ μd. For the

given initial ω
(d+1)
0 , it needs to solve the SEP

u = β
(
Λ1/2Q∗B̃(ω

(d+1)
0 )−1QΛ1/2

)
u(5.5)

by Algorithm 4 with a given initial subspace. Now, we propose a method to construct

the initial subspace from {u(d)
2,jkd

, . . . ,u
(d)
m1,jkd

} as follows.

For convenience, we use u
(d)
2,jkd

as an example. Because u
(d)
2,jkd

is a Ritz vector of

u = β
(
Λ1/2Q∗B̃(ω

(d)
kd

)−1QΛ1/2
)
u,

from Theorem 3.3, we define

x̂
(d+1)
0 ≡ B̃(ω

(d)
kd

)−1QΛ1/2u
(d)
2,jkd

= B̃(μd)
−1QΛ1/2u

(d)
2,jkd
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and use it to approximate the eigenvector of Ax = ωB̃(μd)x. From Theorem 2.4, we
set

x
(d+1)
0 :=

d−1∏
i=1

(
I − μd

μd − μi
x̃ix̃

∗
i

)
x̂
(d+1)
0(5.6)

and take the pair (ω
(d+1)
0 ,x

(d+1)
0 ) as an approximate eigenvalue/eigenvector pair of

NLEVP (2.4). The associated residual vector r2 is equal to

r2 = F (ω
(d+1)
0 )x

(d+1)
0 = F̃ (ω

(d+1)
0 )

d∏
i=1

(
I − ω

(d+1)
0

ω
(d+1)
0 − μi

x̃ix̃
∗
i

)−1

x
(d+1)
0

:= F̃ (ω
(d+1)
0 )x̃

(d+1)
0 ,(5.7)

where

x̃
(d+1)
0 =

d∏
i=1

(
I − ω

(d+1)
0

ω
(d+1)
0 − μi

x̃ix̃
∗
i

)−1

x
(d+1)
0 =

d∏
i=1

(
I − ω

(d+1)
0

μi
x̃ix̃

∗
i

)
x
(d+1)
0

= x
(d+1)
0 −

d∑
i=1

ω
(d+1)
0

μi

(
x̃∗
ix

(d+1)
0

)
x̃i.(5.8)

Therefore, we may take (ω
(d+1)
0 , x̃

(d+1)
0 ) as an approximate eigenvalue/eigenvector

pair for (5.4) and use

u
(d+1)
0 = Λ−1/2Q∗B̃(ω

(d+1)
0 )x̃

(d+1)
0(5.9)

as an initial vector for solving (5.5). The numerical results in Figure 6.6 (see section 6)

show that u
(d+1)
0 is a good initial vector if ω

(d+1)
0 is good enough.

5.2. Stopping tolerances. The sequence {ω(d)
k } of index k is constructed by

a sequence of eigenvalues of SEPs (5.3). In the Newton-type method, we need the

accurate eigenvalue/eigenvector pair of (5.3) for each ω
(d)
k . Actually, the concept of

an inexact Newton method [44] can be applied to adaptively control the accuracy
of the eigenvalue/eigenvector pairs to reduce the computational cost. This concept

gives us that the closer ω
(d)
k is to μd, the more accurate the solution of (5.3) that is

needed. Based on this concept, we propose a heuristic strategy for the construction
of the stopping tolerance τk for k > 0, in solving (5.3) of Algorithm 3 with

τk = max

⎧⎨⎩max

⎧⎨⎩5 · 10−12,
104eps

2
√
δ−2
x + δ−2

y + δ−2
z

⎫⎬⎭ ,

min
{
5 · 10−4, 0.1 · |ω(d)

k − ω
(d)
k−1|2

}}
,(5.10)

where δx, δy, and δz denote the grid lengths in the x, y, and z axial directions,

respectively. The stopping tolerance τ0 for ω
(d)
0 is set to be

τ0 =

{
10−3 for d = 1,
min(10−3, 0.1 · ‖r2‖2) for d > 1,

(5.11)
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(a) Schema
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(b) Band structure diagram

Fig. 5.1. (a) A schematic view of a dispersive metallic PC structure with an FCC lattice within
a single primitive cell. (b) The computed band structure diagram of the Drude model with matrix
dimension 3 · 483 = 331, 776. There are 16 eigenvalues in the diagram. The six smallest real part
nonzero eigenvalues μ1, . . . , μ6 are denoted by (red) ×.

where r2 is the residual vector in (5.7).
If a maximal number of JD/SIRA iterations is achieved but the Ritz vector does

not converge, then NAr is applied to obtain a better initial data. In order to get
useful initial data, we determine the stopping tolerance of NAr according to the
concept that the closer we are to the eigenvalue/eigenvector pair of (5.3) for the
Ritz value/vector pair by JD/SIRA, the smaller the stopping tolerance for NAr that
is needed. According to this concept, the stopping tolerance of the residual norm for
NAr at line 7 in Algorithm 3 is taken as

τa = max
{
min

{‖rh‖, 10−3
}
, 5× 10−8

}
,(5.12)

where rh is the residual vector of the approximate eigenvalue/eigenvector of (5.3) at
line 4 in Algorithm 3. The stopping tolerance for solving the linear system (4.7) in
NAr is set to be 10−4. The heuristic strategies in [16] are applied to determine the
maximal iteration number for solving the correction equation in JD and NJD. The
associated stopping tolerance for solving the correction equation is set to 10−3. As
the results in [19] suggested, we set the stopping tolerance as 5 × 10−4 for (4.5) in
SIRA.

6. Numerical results. To study the numerical performance of the described
methods for solving (2.4) arising in the 3D dispersive metallic PCs, we consider the
setup described in [6, 17, 18]. The lattice in Figure 5.1(a) consists of spheres with
a connecting spheroid. The radius r of the spheres is r = 0.08a, and the connecting
spheroid has a minor axis length s = 0.06a with a = 2π. The perimeter of the
irreducible Brillouin zone for the lattice is formed by the corners X = 2π

a Ω[0, 1, 0]�,

U = 2π
a Ω

[
1
4 , 1,

1
4

]�
, L = 2π

a Ω
[
1
2 ,

1
2 ,

1
2

]�
, G = [0, 0, 0]�, W = 2π

a Ω
[
1
2 , 1, 0

]�
, and

K = 2π
a Ω

[
3
4 ,

3
4 , 0
]�

, where

Ω =
1√
2

⎡⎣ 1 1 0
− 1√

3
1√
3

2√
3

2√
6

− 2√
6

2√
6

⎤⎦ .
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Fig. 6.1. CPU times for computing the six smallest real part nonzero eigenvalues (and associ-
ated eigenvectors) denoted by (red) × in Figure 5.1(b). The matrix dimension is 2, 654, 208.

The permittivity εn of the nondispersive material is set to be 1. Parameters in the
Drude and Drude–Lorentz models are ωp = 10π

a , Γp = 2π
14500 , Ω1 = 2π

470 , Ω2 = 2π
325 ,

Γ1 = 2π
1900 , Γ2 = 2π

1060 , ε∞ = 1.54, A1 = 1.27, A2 = 1.1, φ1 = −π
4 , and φ2 = −π

4 [34].
The associated band structure for the Drude model is shown in Figure 5.1(b). The
band structure for the Drude–Lorentz model is similar to Figure 5.1(b).

All computations in this section are carried out in MATLAB 2013b, and some
implementation details are addressed as follows. The MATLAB function bicgstabl

is used to solve the linear systems in Algorithm 4, NJD, and NAr. On the other hand,
the MATLAB functions fft and ifft are applied to compute the products T ∗p and
Tq, respectively.

For the hardware configuration, we use an HP DL360p Gen8 workstation that is
equipped with two Intel Quad-Core Xeon E5-2643 3.33GHz CPUs, 96 GB of main
memory, and the RedHat Enterprise Linux 6 operating system.

6.1. Comparison between Newton-type method and nonlinear eigen-
solvers. We demonstrate the efficiency of the new Newton-type method, NJD, and
NAr in computing the six smallest positive real part eigenvalues μ1, . . . , μ6 of the
Drude model (1.2). The maximal dimension of the search subspace V in NJD and
NAr is set to 35. When the dimension of V is larger than 35, then we take three
Ritz vectors with associated Ritz values that are closest to the shift value as an initial
subspace and restart the iteration.

The real parts of μ1, . . . , μ6 are denoted by (red) × in Figure 5.1(b). As shown
in the figure, these eigenvalues are well-separated so that they can be computed by
the Newton-type method without using NAr to get the initial data. The CPU times
for computing these six eigenvalue/eigenvector pairs by

• JD: Algorithm 1 + Algorithm 2 with solving (5.3) by JD,
• SIRA: Algorithm 1 + Algorithm 2 with solving (5.3) by SIRA,
• NAr: NAr method with fixed shift value σ for solving (2.4), and
• NJD: nonlinear JD method for solving (2.4)

are depicted in Figure 6.1, which shows that NJD obviously outperforms JD, SIRA,
and NAr. Except for NJD, JD is much better than SIRA and NAr. Note that, in

D
ow

nl
oa

de
d 

03
/1

6/
16

 to
 1

31
.1

73
.1

7.
16

1.
 R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
://

w
w

w
.s

ia
m

.o
rg

/jo
ur

na
ls

/o
js

a.
ph

p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

B210 TSUNG-MING HUANG, WEN-WEI LIN, AND VOLKER MEHRMANN

Iteration
0 2 4 6 8 10 12 14R

ea
l p

ar
t o

f R
itz

 v
al

ue
s

0

10

20

30

40

50

60

Iteration
0 2 4 6 8 10 12 14

R
es

id
ua

l

10-2

100

102

104

(a) Using NAr to compute an initial vector
of NJD
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(b) NJD with random initial vector and ini-
tial vector produced by NAr in Figure 6.2(a)

Fig. 6.2. Convergence behavior of NJD using NAr for the initial vector and random initial
vector, respectively, for computing the first desired eigenpair. The matrix dimension is 2, 654, 208.
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Fig. 6.3. Convergence behavior of NAr and NJD for computing the first desired eigenpair
μ1 ≈ 0.6407596− 2.377323× 10−4ı of the Drude–Lorentz model at the wave vector 4

7
X + 3

7
W . The

matrix dimension is 2, 654, 208.

practice, NAr is used to compute the initial vector of NJD for computing the first
desired eigenvalue/eigenvector. If a random initial vector is used, then NJD would
usually not converge for our benchmark problems, as shown in Figure 6.2.

The results in Figure 6.1 show that NAr and NJD can be successfully applied
to compute the well-separated six eigenvalues of the Drude model (1.2). However,
for the Drude–Lorentz model (1.3) whose nonlinearity is more complicated than the
Drude model, Figure 6.3 shows that the Ritz values produced by NAr and NJD cannot
converge to the first eigenvalue/eigenvector satisfying the stopping tolerance 10−10.

Note that some of these Ritz values in Figure 6.3 are dragged toward 0.5 during
the subspace iteration. This effect of dragging is also reflected in the convergence
history of the residual. Figure 6.5 also shows the effect of dragging for the Ritz
values. This effect is produced by the zero eigenvalue of multiplicity n. Due to this
huge nullity, the Ritz vector associated with the Ritz value in Figure 6.3 or 6.5 easily
contains the component of the null vectors. Such component results in dragging the
Ritz value away from the desired eigenvalue, as shown in Figures 6.3 and 6.5.

6.2. Convergence of the Newton-type method. In this subsection, we il-
lustrate the convergence of the Newton-type method in Algorithm 3 without using
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(a) Number of iterations k of the Newton-
type method for computing each eigenvalue
at wave vectors X, U , L, W , and K.
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(b) Average number of iterations of the
Newton-type method for computing six
eigenvalues.

Fig. 6.4. Number of iterations of Newton-type method with JD eigensolver for computing the six
smallest real part nonzero eigenvalues denoted by (red) × in Figure 5.1(b). The matrix dimension
is 2, 654, 208.

Table 6.1

Eigenvalues μ7, . . . , μ14 of (2.4) with the wave vector 3
7
X and the matrix dimension 2, 654, 208.

Drude model Drude–Lorentz model

μ7 1.352760915 − 2.15717754 × 10−4ı 1.326911260 − 2.11350594 × 10−3ı

μ8 1.352771023 − 2.15790978 × 10−4ı 1.326915939 − 2.11375183 × 10−3ı

μ9 1.352771589 − 2.15790991 × 10−4ı 1.326916471 − 2.11375357 × 10−3ı

μ10 1.352774278 − 2.15790186 × 10−4ı 1.326919090 − 2.11375510 × 10−3ı

μ11 1.354710739 − 2.15785421 × 10−4ı 1.328746727 − 2.11897302 × 10−3ı

μ12 1.354711852 − 2.15790561 × 10−4ı 1.328747433 − 2.11899196 × 10−3ı

μ13 1.354711871 − 2.15790691 × 10−4ı 1.328747439 − 2.11899260 × 10−3ı

μ14 1.354711899 − 2.15790684 × 10−4ı 1.328747467 − 2.11899263 × 10−3ı

NAr for the estimation of the initial values of μ1, . . . , μ6 discussed in the previous
subsection. Using JD to solve the eigenvalue problem (3.11), the number of iterations
k for computing each μi at wave vectors X , U , L, W , and K in the FCC lattice is
depicted in Figure 6.4(a). We can see from this figure that only 3 to 7 iterations are
needed for computing each eigenvalue. Figure 6.4(b) shows the average number of
iterations for computing μ1, . . . , μ6 with various wave vectors k. The numerical ex-
perience indicates that the average ranges from 3.6 to 5.2 for all benchmark problems
with the matrix dimension 3× 963 = 2, 654, 208. This convergence behavior coincides
with that of Newton’s method for solving general nonlinear equations.

6.3. Clustered eigenvalues. From the band structure diagram in Figure 5.1(b)
we see that the eigenvalues are clustered near 1.35 and 1.32 for the Drude and Drude–
Lorentz models, respectively. Table 6.1 shows the clustering eigenvalues μ7, . . . , μ14 of
(2.4) (with the wave vector 3

7X) of the Drude and Drude–Lorentz models, respectively.
These clustering eigenvalues not only significantly increase the number of iterations
for the NAr and lead to the nonconvergence of NJD, as shown in Figures 6.5, but
also lead to a challenge for the Newton-type method: how to detect the clustering
eigenvalues. In Figure 6.6, we depict the number of iterations of JD for computing
eigenvalue/eigenvector pairs (βk,uk) of (3.11) in finding each μ1, . . . , μ7 for the Drude
model. For the specific wave vector U , μ1, . . . , μ7 are well-separated. Figure 6.6(a)
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Fig. 6.5. Convergence behavior of the Ritz values (vs. number of iterations), produced by NAr
and NJD, for computing μ7 (at the wave vector 3

7
X) for the Drude model. The matrix dimension

is 2, 654, 208.
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Fig. 6.6. Number of iterations of JD for computing eigenvalue βk of (3.11) in Algorithm 3 at
the wave vector k. The matrix dimension is 2, 654, 208.

shows that all numbers of iterations of the JD method are less than 7. However, for
wave vector 1

7L, μ7 is close to the clustering eigenvalues. The results in Figure 6.6(b)
indicate that the number of iterations for computing β1 in μ7 is 17, which is obviously
larger than that for other eigenvalues. This means that the number of iterations of
the JD method are a crucial indicator for detecting clustering eigenvalues. In this
example, we set the maximal number m of iterations to be 15 in Algorithm 3, and
if JD is not convergent within 15 iterations, then the eigenvalues are regarded to be
clustering and NAr is used to provide good initial data.

6.4. Efficiency of Algorithm 1 combined with Algorithm 3. Combining
Algorithm 1 with the enhanced Newton-type method in Algorithm 3 with m = 15,
the band structure diagram can be produced as in Figure 5.1(b). We consider six
different wave vectors 4

7X + 3
7U , 4

7U + 3
7L,

4
7L,

3
7X , 4

7X + 3
7W , and 4

7W + 3
7K,

and we take n1 = n2 = n3 = 96; i.e., the matrix dimension is 2, 654, 208. For each
wave vector, 16 eigenvalues μ1, . . . , μ16 are computed. For each eigenvalue μi, we
depict the associated number of iterations ki of the Newton-type method and the
number of iterations pi using NAr to get the initial data. The values of (ki, pi) for the
Drude and the Drude–Lorentz models are shown in Figures 6.7(a)–(b) and 6.7(c)–(d),
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(c) Number of iterations of the Newton-type
method.
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Fig. 6.7. Number of iterations of the Newton-type method for computing eigenvalues μ1, . . . ,
μ16, and number of steps of the NAr method for computing the initial value and vector for each
eigenvalue/eigenvector pair at wave vectors 4

7
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W , and 4

7
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The matrix dimension is 3× 963 = 2, 654, 208. (a) and (b) are the results for the Drude model; (c)
and (d) are the results for the Drude–Lorentz model.

respectively. In our proposed method, we not only use NAr to provide an initial datum
for the eigenvalue/eigenvector pair, but we also use the strategies in subsection 5.1
to confirm convergence. Therefore, even if the eigenvalues are strongly clustered, as
shown in Table 6.1, we can still compute the desired eigenvalue/eigenvector pairs
within a reasonable (ki, pi), as shown in Figure 6.7.

7. Conclusions. Solving the nonlinear eigenvalue problem (NLEVP) arising
from Yee’s discretization of a 3D dispersive metallic PC is a computational chal-
lenge. We have proposed a Newton-type method to compute one desired eigen-
value/eigenvector pair of the NLEVP at a time. Once the desired eigenvalue is
converged, it is then transformed to infinity by the proposed nonequivalence deflation
scheme, while all other eigenvalues remain unchanged. The next successive eigenvalue
thus becomes the smallest nonzero real part eigenvalue of the transformed NLEVP
which is then again solved by the Newton-type method. Furthermore, some heuristic
strategies for the determination of initial data and stopping tolerances of the iterative
eigenvalue methods are introduced to accelerate the convergence. In order to compute
the clustering eigenvalues of the NLEVP, we propose a hybrid method by using the
JD or the SIRA method to solve the standard eigenvalue problems in the Newton-type
method and NAr to compute the initial data. The numerical results demonstrate that
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our proposed method is robust and outperforms NAr and NJD for solving both the
well-separated and the clustering eigenvalues of the NLEVP for the Drude–Lorentz
model.

Appendix.

A.1. The matrices Ki, i = 1, 2, 3, in (2.3) are defined as

K1 =
1

δx

⎡⎢⎢⎢⎣
−1 1

. . .
. . .

−1 1
eı2πk·a1 −1

⎤⎥⎥⎥⎦ ∈ C
n1×n1 ,

K2 =
1

δy

⎡⎢⎢⎢⎣
−In1 In1

. . .
. . .

−In1 In1

eı2πk·a2J2 −In1

⎤⎥⎥⎥⎦ ∈ C
(n1n2)×(n1n2),

K3 =
1

δz

⎡⎢⎢⎢⎢⎢⎢⎣
−In1n2 In1n2

. . .
. . .

−In1n2 In1n2

eı2πk·a3J3 −In1n2

⎤⎥⎥⎥⎥⎥⎥⎦ ∈ C
n×n,

with

J2 =

[
0 e−ı2πk·a1In1/2

In1/2 0

]
∈ C

n1×n1 ,

J3 =

[
0 e−ı2πk·a2I 1

3n2
⊗ In1

I 2
3n2

⊗ J2 0

]
∈ C

(n1n2)×(n1n2).

A.2. Unitary matrix T in (3.4) is defined as

T =
1√

n1n2n3

[
T1 T2 · · · Tn1

] ∈ C
n×n

with Ti =
[
Ti,1 Ti,2 · · · Ti,n2

] ∈ Cn×(n2n3) and

Ti,j =
[
zi,j,1 ⊗ yi,j ⊗ xi zi,j,2 ⊗ yi,j ⊗ xi · · · zi,j,n3 ⊗ yi,j ⊗ xi

] ∈ C
n×n3

for i = 1, . . . , n1, j = 1, . . . , n2, and k = 1, . . . , n3, where

xi = Ex

[
1 eθx,i · · · e(n1−1)θx,i

]� ≡ Exux,i,

yi,j = Ey,i

[
1 eθy,j · · · e(n2−1)θy,j

]� ≡ Ey,iuy,j,

zi,j,k = Ez,i+j

[
1 eθz,k · · · e(n3−1)θz,k

]� ≡ Ez,i+juz,k
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and

θi =
ı2πi

n1
+

ı2πk · a1
n1

≡ θx,i + εx,

θi,j =
ı2πj

n2
+

ı2π

n2

{
k ·
(
a2 − 1

2
a1

)
− i

2

}
≡ θy,j + εy,i,

θi,j,k =
ı2πk

n3
+

ı2π

n3

{
k ·
(
a3 − 1

3
(a1 + a2)

)
− 1

3
(i+ j)

}
≡ θz,k + εz,i+j .

Here, Ex = diag
(
1, eεx , . . . , e(n1−1)εx

)
, Ey,i = diag

(
1, eεy,i , · · · , e(n2−1)εy,i

)
, and

Ez,i+j = diag
(
1, eεz,i+j , . . . , e(n3−1)εz,i+j

)
. Denote

Ux =
[
ux,1 ux,2 · · · ux,n1

]
,

Uy =
[
uy,1 uy,2 · · · uy,n2

]
,

Uz =
[
uz,1 uz,2 · · · uz,n3

]
.

Then the matrix-vector products of T ∗p and Tq can be efficiently computed by Al-
gorithms 5 and 6, respectively.

Algorithm 5. Forward FFT-based matrix-vector product T ∗p [17].

Input: Any vector p =
[
p�
1 · · · p�

n3

]� ∈ Cn with pk =
[
p�
1,k · · · p�

n2,k

]�
and

pj,k ∈ Cn1 for j = 1, . . . , n2, k = 1, . . . , n3.
Output: The vector f ≡ T ∗p.
1: for k = 1, . . . , n3 do
2: Compute Px(:, :, k) =

[
p1,k · · · pn2,k

]∗
ExUx.

3: end for
4: for i = 1, . . . , n1 do

5: Compute Py =
[
Px(:, i, 1) Px(:, i, 2) · · · Px(:, i, n3)

]�
Ey,iUy.

6: Compute Pz = U∗
z

[
E∗

z,i+1P̄y(:, 1) E∗
z,i+2P̄y(:, 2) · · · E∗

z,i+n2
P̄y(:, n2)

]
.

7: Set f((i − 1)n2n3 + 1 : in2n3) =
1√

n1n2n3
vec(Pz).

8: end for

Algorithm 6. Backward FFT-based matrix-vector product Tq [17].

Input: Any vector q =
[
q�
1 · · · q�

n1

]� ∈ Cn with qi =
[
q�
i,1 · · · q�

i,n2

]�
and

qi,j ∈ Cn3 for i = 1, . . . , n1, j = 1, . . . , n2.
Output: The vector g ≡ Tq.
1: for i = 1, . . . , n1 do
2: Compute Qz,i = Uz

[
qi,1 qi,2 · · · qi,n2

]
.

3: Update Qz,i :=
[
Ez,i+1Qz,i(:, 1) Ez,i+2Qz,i(:, 2) · · · Ez,i+n2Qz,i(:, n2)

]�
.

4: Compute Qy(:, :, i) = Ey,i (UyQz,i)
5: end for
6: for k = 1, . . . , n3 do

7: Compute Qx = ExUx

[
Qy(:, k, 1) Qy(:, k, 2) · · · Qy(:, k, n1)

]�
.

8: Set g((k − 1)n1n2 + 1 : kn1n2) =
1√

n1n2n3
vec(Qx).

9: end forD
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A.3. Using Theorem 3.1, it holds that

A = I3 ⊗ (G∗G)−GG∗,

where G = [C�
1 , C�

2 , C�
3 ]�. Applying the eigendecompositions of C�’s in Theorem 3.1

and the fact that CG = 0, the solution of the linear system

(A− τI)y = d

can be computed by

(I3 ⊗ Λq − τI) ỹ =

⎛⎝I − τ−1

⎡⎣Λ1

Λ2

Λ3

⎤⎦ [Λ∗
1 Λ∗

2 Λ∗
3

]⎞⎠ (I3 ⊗ T )
∗
d

and
y = (I3 ⊗ T ) ỹ.

Acknowledgment. The authors thank the anonymous referees for their useful
comments and suggestions.

REFERENCES

[1] J. Asakura, T. Sakurai, H. Tadano, T. Ikegami, and K. Kimura, A numerical method for
nonlinear eigenvalue problems using contour integrals, JSIAM Lett., 1 (2009), pp. 52–55,
doi:10.14495/jsiaml.1.52.

[2] Z. Bai, J. Demmel, J. Dongarra, A. Ruhe, and H. van der Vorst, Templates for the
Solution of Algebraic Eigenvalue Problems: A Practical Guide, SIAM, Philadelphia, 2000,
doi:10.1137/1.9780898719581.

[3] C. G. Baker, U. L. Hetmaniuk, R. B. Lehoucq, and H. K. Thornquis, Anasazi software
for the numerical solution of large-scale eigenvalue problems, ACM Trans. Math. Software,
36 (2009), 13, doi:10.1145/1527286.1527287.

[4] W.-J. Beyn, An integral method for solving nonlinear eigenvalue problems, Linear Algebra
Appl., 436 (2012), pp. 3839–3863, doi:10.1016/j.laa.2011.03.030.

[5] W.-J. Beyn, C. Effenberger, and D. Kressner, Continuation of eigenvalues and invariant
pairs for parameterized nonlinear eigenvalue problems, Numer. Math., 119 (2011), pp. 489–
516, doi:10.1007/s00211-011-0392-1.

[6] R.-L. Chern, C.-C. Chang, C.-C. Chang, and R.-R. Hwang, Numerical study of three-
dimensional photonic crystals with large band gaps, J. Phys. Soc. Japan, 73 (2004), pp. 727–
737, doi:10.1143/JPSJ.73.727.

[7] C. Effenberger, Robust Solution Methods for Nonlinear Eigenvalue Problems, Ph.D. thesis,
Ecole polytechnique federale de Lausanne, Lausanne, Switzerland, 2013.

[8] C. Engström, C. Hafner, and K. Schmidt, Computations of lossy Bloch waves in two-
dimensional photonic crystals, J. Comput. Theor. Nanosci., 6 (2009), pp. 1–9, doi:10.
1166/jctn.2009.1108.

[9] C. Engström and M. Wang, Complex dispersion relation calculations with the symmetric
interior penalty method, Internat. J. Numer. Methods Engrg., 84 (2010), pp. 849–863, doi:
10.1002/nme.2926.

[10] P. G. Etchegoin, E. C. Le Ru, and M. Meyer, An analytic model for the optical properties
of gold, J. Chem. Phys., 125 (2006), 164705, doi:10.1063/1.2360270.

[11] P. G. Etchegoin, E. C. Le Ru, and M. Meyer, Erratum: “An analytic model for the optical
properties of gold” [J. Chem. Phys. 125, 164705 (2006)], J. Chem. Phys., 127 (2007),
189901, doi:10.1063/1.2802403.

[12] S. Fan, P. R. Villeneuve, and J. D. Joannopoulos, Large omnidirectional band gaps in
metallodielectric photonic crystals, Phys. Rev. B, 54 (1996), pp. 11245–11251, doi:10.1103/
PhysRevB.54.11245.

[13] I. Gohberg, P. Lancaster, and L. Rodman, Matrix Polynomials, Academic Press, New York,
1982.

[14] G. H. Golub and C. F. Van Loan, Matrix Computations, The Johns Hopkins University
Press, Baltimore, MD, 1996.

D
ow

nl
oa

de
d 

03
/1

6/
16

 to
 1

31
.1

73
.1

7.
16

1.
 R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
://

w
w

w
.s

ia
m

.o
rg

/jo
ur

na
ls

/o
js

a.
ph

p

http://doi.org/10.14495/jsiaml.1.52
http://dx.doi.org/10.1137/1.9780898719581
http://dx.doi.org/10.1145/1527286.1527287
http://dx.doi.org/10.1016/j.laa.2011.03.030
http://dx.doi.org/10.1007/s00211-011-0392-1
http://dx.doi.org/10.1143/JPSJ.73.727
http://dx.doi.org/10.1166/jctn.2009.1108
http://dx.doi.org/10.1166/jctn.2009.1108
http://dx.doi.org/10.1002/nme.2926
http://dx.doi.org/10.1002/nme.2926
http://dx.doi.org/10.1063/1.2360270
http://dx.doi.org/10.1063/1.2802403
http://dx.doi.org/10.1103/PhysRevB.54.11245
http://dx.doi.org/10.1103/PhysRevB.54.11245


 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

EIGENVALUE PROBLEMS IN PHOTONIC CRYSTAL MODELING B217

[15] J.-S. Guo, W.-W. Lin, and C.-S. Wang, Numerical solutions for large sparse quadratic
eigenvalue problems, Linear Algebra Appl., 225 (1995), pp. 57–89, doi:10.1016/
0024-3795(93)00318-T.

[16] T.-M. Huang, W.-J. Chang, Y.-L. Huang, W.-W. Lin, W.-C. Wang, and W. Wang, Precon-
ditioning bandgap eigenvalue problems in three dimensional photonic crystals simulations,
J. Comput. Phys., 229 (2010), pp. 8684–8703, doi:10.1016/j.jcp.2010.08.003.

[17] T.-M. Huang, H.-E. Hsieh, W.-W. Lin, and W. Wang, Eigendecomposition of the discrete
double-curl operator with application to fast eigensolver for three-dimensional photonic
crystals, SIAM J. Matrix Anal. Appl., 34 (2013), pp. 369–391, doi:10.1137/120872486.

[18] T.-M. Huang, H.-E. Hsieh, W.-W. Lin, and W. Wang, Matrix representation of the double-
curl operator for simulating three dimensional photonic crystals, Math. Comput. Mod-
elling, 58 (2013), pp. 379–392, doi:10.1016/j.mcm.2012.11.008.

[19] T.-M. Huang, H.-E. Hsieh, W.-W. Lin, and W. Wang, Eigenvalue solvers for three di-
mensional photonic crystals with face-centered cubic lattice, J. Comput. Appl. Math., 272
(2014), pp. 350–361, doi:10.1016/j.cam.2014.02.016.

[20] T.-M. Huang and W.-W. Lin, A novel deflation technique for solving quadratic eigenvalue
problems, Bull. Inst. Math. Acad. Sin. (N.S.), 9 (2014), pp. 57–84.

[21] F. Hwang, Z. Wei, T.-M. Huang, and W. Wang, A parallel additive Schwarz preconditioned
Jacobi-Davidson algorithm for polynomial eigenvalue problems in quantum dot simulation,
J. Comput. Phys., 229 (2010), pp. 2932–2947, doi:10.1016/j.jcp.2009.12.024.

[22] T.-M. Hwang, W.-W. Lin, J.-L. Liu, and W. Wang, Jacobi–Davidson methods for cubic
eigenvalue problems, Numer. Linear Algebra Appl., 12 (2005), pp. 605–624, doi:10.1002/
nla.423.

[23] T.-M. Hwang, W.-W. Lin, and V. Mehrmann, Numerical solution of quadratic eigenvalue
problems with structure-preserving methods, SIAM J. Sci. Comput., 24 (2003), pp. 1283–
1302, doi:10.1137/S106482750139220X.

[24] T.-M. Hwang, W.-W. Lin, W.-C. Wang, and W. Wang, Numerical simulation of three
dimensional pyramid quantum dot, J. Comput. Phys., 196 (2004), pp. 208–232, doi:10.
1016/j.jcp.2003.10.026.

[25] E. Jarlebring, W. Michiels, and K. Meerbergen, A linear eigenvalue algorithm for
the nonlinear eigenvalue problem, Numer. Math., 122 (2012), pp. 169–195, doi:10.1007/
s00211-012-0453-0.

[26] E. Jarlebring and H. Voss, Rational Krylov for nonlinear eigenvalues, an iterative projection
method, Appl. Math., 50 (2005), pp. 543–554, doi:10.1007/s10492-005-0036-9.

[27] J. D. Joannopoulos, S. G. Johnson, J. N. Winn, and R. D. Meade, Photonic Crystals:
Molding the Flow of Light, Princeton University Press, Princeton, NJ, 2008.

[28] C. Kittel, Introduction to Solid State Physics, Wiley, New York, 2005.
[29] D. Kressner, A block Newton method for nonlinear eigenvalue problems, Numer. Math., 114

(2009), pp. 355–372, doi:10.1007/s00211-009-0259-x.
[30] C. Lee, Residual Arnoldi Method: Theory, Package and Experiments, Ph.D. thesis, TR-4515,

Department of Computer Science, University of Maryland at College Park, College Park,
MD, 2007.

[31] C. Lee and G. W. Stewart, Analysis of the Residual Arnoldi Method, Technical report, TR-
4890, Department of Computer Science, University of Maryland at College Park, College
Park, MD, 2007.

[32] R. B. Lehoucq, D. C. Sorensen, and C. Yang, ARPACK Users’ Guide: Solution of Large-
Scale Eigenvalue Problems with Implicitly Restarted Arnoldi Methods, SIAM, Philadelphia,
1998, doi:10.1137/1.9780898719628.

[33] B.-S. Liao, Z. Bai, L.-Q. Lee, and K. Ko, Nonlinear Rayleigh-Ritz iterative method for solving
large scale nonlinear eigenvalue problems, Taiwanese J. Math., 14 (2010), pp. 869–883.

[34] M. Luo and Q. H. Liu, Three-dimensional dispersive metallic photonic crystals with a bandgap
and a high cutoff frequency, J. Opt. Soc. Am. A Opt. Image Sci. Vis., 27 (2010), pp. 1878–
1884.

[35] D. S. Mackey, N. Mackey, C. Mehl, and V. Mehrmann, Vector spaces of linearizations for
matrix polynomials, SIAM J. Matrix Anal. Appl., 28 (2006), pp. 971–1004, doi:10.1137/
050628350.
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