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Abstract. An accelerometer with concise structure having a resonant
microbeam to measure 2-D acceleration is proposed. This structure is
configured with a central proof mass suspended by four symmetrical and
orthogonal high-aspect-ratio �HAR� microbeams. This dual-axis design is
able to decouple a two-axis signal from a 2-D acceleration. An analytical
model relating the linear relationship between the acceleration and the
associated resonant frequency shift of microbeam is derived, and a finite
element analysis �FEA� is also performed to confirm this model. The FEA
result also shows that there is little cross talk between x and y directions
of measurement, meaning that this structure is able to decouple a planar
2-D acceleration into two independent acceleration components, and
therefore the 1-D analytical model can be used to evaluate the 2-D ac-
celeration on the x-y plane. In addition, the model is verified by testing
results of one conventional dual-axis natural frequency shifted microac-
celerometer �DFSM�. The simulation result also shows that the sensitiv-
ity of the proposed HAR accelerometer is triple that of a conventional
DFSM.
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1 Introduction

Due to remarkable sensitivity and linear response, many
microsensors based on the frequency shift principle have
been developed, including microaccelerometers.1–8 In these
accelerometers, the resonant frequency of the accelerom-
eter structure or its substructure, e.g., vibrating beam, will
be shifted by the variations of structure strain, stress,1–6 or
rigidity.7,8 However, most of the previous microaccelerom-
eters using the frequency shift principle were only capable
of measuring 1-D acceleration, except Chang’s design,6 a
dual-axis natural frequency shifted microaccelerometer
�DFSM�, which could successfully decouple a two-axis sig-
nal and detect 2-D acceleration. However, the rigidity of its
microbridge fabricated by surface micromachining was too
weak to resist deflection caused by the connected proof
mass, and thus additional constraint bridges were required
to support the proof mass, leading to a complex structure.
This not only complicated the model derivation and fabri-
cation process, but also reduced the acceleration measure-
ment sensitivity. Also, due to the inherent limitation result-
ing from surface micromachining, the available area
underneath the microbridge for forming capacitors to re-
spectively drive and detect vibration was difficult to en-
large.

Here, a high-aspect-ratio �HAR� resonant microbeam ac-
celerometer to detect a planar 2-D acceleration is proposed,
which can be fabricated by various novel micromachining
techniques, such as Deep Reactive Ion Etch �DRIE�,9
Lithographie Galvanoformung Abformung �LIGA�,10 and
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LIGA-like processes.11–13 In contrast to the conventional
DFSM design,6 the proposed accelerometer is configured
with a suspending proof mass supported by just four iden-
tical, orthogonal, and HAR microbeams, requiring no con-
straint bridges, since the HAR feature can enhance rigidity
along the gravitational direction to support the proof mass
without sacrificing the structural compliance in-plane. In
addition, compared to the limited capacitor area formed
underneath the supporting microbridges in conventional
DFSM, the capacitors in the proposed design are placed at
two sides of the microbeams; thus the area of the capacitors
can be enlarged by the HAR structure. Also, a thicker and
heavier proof mass can be obtained without using a com-
plex leverage mechanism1–3 to increase sensitivity.

An analytical model is first derived to relate the natural
frequency shift of the microbeam and the applied accelera-
tion by following the classic mechanics and vibration
theory.14,15 Finite element analysis �FEA� and experimental
data from previous literature6 are also used to confirm the
analytical model and show the sensitivity improvement of
the proposed design.

2 Structure Design and Operation Principle
The structure of the proposed high-aspect-ratio dual-axis
frequency-shifted microaccelerometer is shown in Fig. 1.
This microaccelerometer is operated using electrostatic
force, and two respective electrode pads Gd and Gs adja-
cent to the two sidewalls of each microbeam are placed to
form two capacitors to drive and sense the transverse vibra-

tion of the microbeams A, B, C, and D. To distinguish the
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term of “microbridge” in conventional DFSM design,6 “mi-
crobeam” is adopted here to describe the HAR beam in the
current design with larger thickness.

Figure 2 shows the microaccelerometer under accelera-
tion along the y direction. The inertial effect of the proof
mass M applies a tensile and a compression on microbeams
A and B, respectively, which shifts the natural frequencies
of the two microbeams, as shown in Fig. 3. To detect such
y-directional acceleration, the driving electrode pads Gd
shown in Fig. 1 generate the variable electrostatic forces to
respectively actuate microbeams A and B to vibrate at their
natural frequencies.

On the other side, the sensing electrode pads Gs respec-
tively sense the natural frequency variations of the excited
microbeams A and B. Thus, if a relationship between the
acceleration and the shifted natural frequency of the micro-
beam subject to the axial load is realized, the y-directional
acceleration can be evaluated by the natural frequency
shift. Similarly, the x-directional acceleration can also be
evaluated in the same way using microbeams C and D.

3 Analytical Modeling
A model based on the Euler-Bernoulli beam theory is de-
rived to estimate the natural frequency shift of the micro-

Fig. 2 The exaggerated deformation tendency of the microbeams

Fig. 1 The proposed HAR 2-D resonant microbe
due to y-directional acceleration.
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beam. Compared to the proof mass, the inertial effect of the
microbeam is negligible, and thus is ignored in this deriva-
tion.

3.1 Analytical Model of the Microbeam
To estimate the frequency shift of the microbeams A, B, C,
and D, as shown in Figs. 1 and 3, the continuous system
theory in Ref. 14 depicting the transverse vibration of the
elastic beam subject to an axial force T, with a clamped-
clamped boundary condition, is used.

The governing equation is

EI
�4y

�x4 + T
�2y

�x2 + �A
�2y

�t2 = 0. �1�

The clamped-clamped boundary condition is expressed as

�y�x,t��x=0 = 0, � �y�x,t�
�x

�
x=0

= 0,

�y�x,t��x=l = 0, � �y�x,t�
�x

�
x=l

= 0.

To evaluate the fundamental natural frequency of the
microbeam, the assumed mode method is used to solve Eq.
�1�. The first mode shape function of the microbeam is
derived and shown as

�1 = C1 cosh�anx� + C2 sinh�anx� + C3 cos�bnx�

+ C4 sin�bnx� , �2�

where

an = �1

2
�−

Tl2

EI
+ ��Tl2

EI
�2

+
4m�n

2l4

EI
	1/2
�1/2

, �3�

Fig. 3 The primary vibration mode of the clamped-clamped micro-

celerometer: �a� top view and �b� elevated view.
am ac
beam B subject to an axial load.
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bn = �1

2
�Tl2

EI
+ ��Tl2

EI
�2

+
4m�n

2l4

EI
	1/2
�1/2

, �4�

and m=�A.
By substituting the clamped-clamped boundary condi-

tion into Eq. �2� to solve the undetermined constant coeffi-
cients C1, C2, C3, and C4, the characteristic equation can be
obtained as

�an
2 − bn

2�sinh�an�sin�bn� + 2anbn�1 − cosh�an�cos�bn�� = 0.

�5�

From Eq. �5�, the shifted natural frequency of the micro-
beam subject to an axial load T can be calculated. However,
when the axial load on the microbeam is zero, the funda-
mental natural frequency of the microbeam becomes

�1 = 22.4 EI

ml4 . �6�

3.2 Load Analysis of Microbeams
The boundary constraints of each microbeam A, B, C, or D
can be considered as one end fixed on the anchor frame,
and the other one clamped on the movable proof mass ac-
celerated along the y direction, as shown in Fig. 4, by tak-
ing microbeam C as an example. It can be seen that the
deflection on the movable clamped end of microbeam C is
caused by a concentrated force P and a moment Mo at the
end due to the proof mass under acceleration. Thus, the
resultant deflection of the microbeam C due to the assumed
concentrated force P, together with the moment loading
Mo, is

� =
Pl3

12EI
. �7�

Based on the structural continuity, the bending deflections
of microbeams C and D, as shown in Fig. 4, must equal the
elongation of microbeam A and the shrinkage of micro-
beam B, respectively, due to the axial tension TA and the
compression TB. Therefore,

� =
TAl

EA
= −

TBl

EA
. �8�

As shown in Fig. 5, in equilibrium, the forces P, TA, and TB
exerted on the proof mass M under acceleration a must

Fig. 4 The boundary of microbeam C comprising a fixed clamped
end and a movable clamped end.
satisfy following relation
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TA + TB + 2P − Ma = 0. �9�

Combining Eqs. �7�, �8�, and �9�, the relation between P,
TA, and TB of each microbeam in terms of acceleration can
be obtained.

P =
6MaI

Al2 + 12I
, �10�

TA = − TB = Ma�1

2
−

6I

Al2 + 12I
� . �11�

When the axial loads in Eq. �11� due to 1-D acceleration
are substituted into Eqs. �3�, �4�, and �5�, the corresponding
natural frequency shift for the stressed microbeams can be
calculated. Thus, the relationship between acceleration and
shifted natural frequency is established.

3.3 Buckling Analysis for Proof Mass
When a microbeam is buckled due to axial compression, its
vibration frequency is zero, from Eqs. �3�, �4�, and �5�.
Thus, a buckling analysis is necessary to determine the
maximum measurable acceleration for the compressed
clamped-clamped microbeam. The allowable maximum
axial compression TB max occurring on microbeam B, as
shown in Fig. 6, has to be less than the ultimate buckling
load,16 i.e.,

Fig. 5 Free body diagram of the proof mass M under acceleration a,
subject to axial forces TA and TB from the microbeams A and B, and
two reactions P, respectively, from the beams C and D.

Fig. 6 Buckling of the clamped-clamped microbeam B subject to

the axial load TB under maximum acceleration.
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TB max � Tcr =
4�2EI

l2 . �12�

For determining the proof mass dimension, the bulking
load limitation of Eqs. �11� and �12� are used. It is found
that

TB max �
M

2
amax. �13�

Thus, from Eqs. �12� and �13�, the width L of proof mass M
can be determined by specifying the length l of the micro-
beam and the maximum detectable acceleration amax.

3.4 Calculation of 2-D Acceleration
If the proposed structure design can decouple the signals
from two axes coupled 2-D acceleration, the 1-D analytical
model can be used to estimate a planar 2-D acceleration,
shown in Fig. 7. Using Eqs. �3�–�5� and �11� to calculate
the shifted natural frequencies for microbeams A, B, C, and
D under axial loads, the x and y acceleration components ax

Table 1 Geometry parameters and mechanical properties in simu-
lations.

Material Ni

Dimension and property

Length of the microbeam l ��m� 1000

Width of the microbeam w ��m� 5

Thickness of the beam and the proof
mass h ��m�

20

First mode natural frequency fo �kHz�
of theclamped-clamped microbeam

25.107

Assigned maximum detectable
acceleration �G�

10

Young’s modulus E �GPa� 210

Mass density � �kg/m3� 8800

Mass of the proof mass M �kg� 3.521�10−5

Width of the proof mass L ��m� 14144.9

Fig. 7 The exaggerated deformation tendency of the microbeams
under a planar acceleration a.
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and ay can be evaluated, respectively, and then the vector
sum of these two components represents the planar accel-
eration a.

4 Simulation
The material properties of nickel and the geometry param-
eters of the microaccelerometer listed in Table 1 are used
for analytical and FEA simulation. Figure 8 shows that the
characteristic dimension L is the width of the square proof
mass, while l and w are the length and the width of the
microbeam, respectively. The analytical simulation results
are shown in Fig. 9, and the symbols Ta, Ca, Da, Tf, Cf,
and Df are explained in Table 2, in which the capital letters
T and C respectively represent the frequency shift due to
tension and compression, D is the frequency difference be-
tween these two frequency shifts, and the index a and f
represent the results from analytical simulation and finite
element analysis, respectively. The conditions for analytical
or FEA simulations are listed in Table 3.

4.1 1-D Analytical Simulation
Figure 9 shows that the natural frequency shifts of micro-
beams under tension and compression are all quite linear
with respect to the applied accelerations below 8 G, and the
detecting sensitivity of Da is about 2400 Hz/G. By buck-

Fig. 8 The characteristic dimension of the accelerometer; the thick-
ness of the proof mass and that of the microbeam are identical,
indicated by h as shown in Fig. 1�b�.

Fig. 9 The frequency shift of the microbeam of the proposed accel-

erometer at the F1-8 condition.
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ling analysis, the microbeam subject to axial compression
buckles at 10 G, and the corresponding resonant frequency
becomes zero; thus the difference of the frequency shift
increases abruptly at 10 G.

4.2 Finite Element Analysis
To realize the dynamic effect of the suspended proof mass,
the inertia effect of the microbeam, and the structural cross
talk, which are ignored in the analytical model, the FEA
software ANSYS® is employed to verify the analytical re-
sults. FEA elements shell 63 and beam 4 are respectively
adopted to depict the behaviors of the proof mass in accel-
eration detecting and the microbeams in natural frequency
shifting, respectively. The imposed boundary condition on
the position of the microbeam connected to the anchor
frame is clamped and stationary. The boundary condition
on the other end of the microbeam connected to the proof
mass is a movable clamped end, and only translations along
x, y, and z directions are allowed. Through static and pre-
stressed modal analysis of FEA, the natural frequency shift
of the microbeam responding to the acceleration is ob-
tained.

In Table 3, the condition F1-8 means an external 1-D
acceleration from 0 to 8 G in the y direction with an incre-
ment of 1 G in simulations, and the case F2-8 means an
external 2-D acceleration comprised by a y-directional ac-
celeration changing from 0 to 8 G by increments of 1 G in
the y direction and a constant acceleration of 8 G in the x
direction. To verify the capability of the structure to de-
couple a planar 2-D acceleration into two independent com-
ponents ax and ay and validate the 1-D analytical model to
evaluate the acceleration components, both analytical
model and FEA simulations are performed for cases F1-8
and F2-8.

Table 2 Symbols used in the simulation results.

Simulation object

Symbol
for analytical

simulation

Symbols
for FEA

simulation

Natural frequency shift
due to tension

Ta Tf

Natural frequency shift
due to compression

Ca Cf

Difference of two above
natural frequencies shifts

Da=Ta–Ca Df=Tf–Cf

Table 3 Analytical and FEA simulation conditions.

Simulation
conditions Acc. dim.

Direction

x
direction �G�

y direction �G�

Start End Inc

F1-8 1-D acceleration 0 0 8 1

F2-8 2-D acceleration 8 0 8 1
J. Microlith., Microfab., Microsyst. 033009-
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The deviation of simulation results between the analyti-
cal model and FEA is shown in Fig. 10. The solid line
Ta-Tf �F1-8� in Fig. 10 is less than 1.1 Hz, indicating that
the mass of microbeam ignored in the analytical model
causes little deviation to the FEA result. On the other side,
the dash-dot line Ta-Tf �F2-8� is less than 1 Hz, meaning
that there is little deviation when using the 1-D derived
model to do a 2-D simulation. Lines Ca-Cf �F1-8� and
Ca-Cf �F2-8� also have the same results. In addition, the
maximum shrinkage of microbeam with length 1000 �m
before buckling is less than 0.007 �m, as shown in Fig. 10.
It indicates that not only the cross talk of the proposed
microaccelerometer is very small and negligible, but also
the assumption of the clamped-clamped boundary condition
in the analytical model has very little influence on the simu-
lation result. The result verifies that the derived 1-D ana-
lytical model is able to estimate two independent accelera-
tion components of a 2-D acceleration, decoupled by the
proposed structure.

Table 4 Experimental data in Ref. 6.

Material Polysilicon

Young’s modulus E �GPa� 100

Mass density � �kg/m3� 2300

Proof mass �mg� 1.45

Effective proof mass �mg�
�due to eight constraint bridges�

0.4186

Dimension of microbridge
��m�

Length l: 250
Width w: 100

Thickness h: 1.6

Maximum detectable acceleration 1050 G

Natural frequency �kHz� 173

Sensitivity �Hz/G� 160

Fig. 10 The frequency shift difference between the analytical model
and FEA at F1-8 and F2-8 conditions.
Jul–Sep 2005/Vol. 4�3�5
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5 Comparison with Previous Design
The experimental data listed in Table 4 from conventional
DFSM microbridge design6 are used to verify our analyti-
cal model. By substituting the material properties and geo-
metrical parameters in Table 4 into our analytical model,
the natural frequency shift under different accelerations can
be obtained, as shown in Fig. 11. It shows that the calcu-
lated sensitivity, natural frequency difference of 160 Hz/G,
agrees with the experimental results well, which further
verifies our analytical model.

The calculation result also shows that the constraint
bridges used to alleviate the displacement in Z directional

Fig. 11 Frequency evaluation of the DFSM6 using the derived
model; the sensitivity is 160 Hz/G.
Fig. 12 The FEA simulation shows that the maximum z-directional dis
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acceleration, e.g., gravitation for the proof mass of the
DFSM, also reduces the inertia effect of the proof mass
from 1.45 to 0.4186 mg. However, in our proposed HAR
microbeam design, the constraint microbridges are no
longer needed; the effective proof mass will not be degen-
erated. In addition, the exciting and sensing electrodes are
placed at two sides of microbeams instead of placing them
on the substrate beneath the microbridge,6 thus the capaci-
tor area can be enlarged.

To identify the enhancement of the proposed design,
Table 5 compares the performance between the current de-
sign having a microbeam with dimensions of 250 �m long,
1.6 �m wide, and 100 �m thick, and the previous DFSM
design having a microbridge with dimensions of 250 �m
long, 100 �m wide, and 1.6 �m thick,6 by using the same
proof mass of 1.45 mg. It can be found that the capacitor
area is three times larger, and the sensitivity of the pro-
posed 2-D frequency-shift microaccelerometer with HAR
resonant microbeams is 3.46 times higher than that of

Table 5 Performance comparison between DFSM design6 and the
current design.

Results of DFSM Current design

Capacitor area 1/3�250�100 �m2 250�100 �m2

Structural rigidity
�displacement in z
direction at 1 G�

1 �m 0.507�10−3 �m

Sensitivity 160 Hz/G 555 Hz/G

−9
placement of the proof mass under 1G is about 0.507�10 m.
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DFSM. Also, the displacement of proof mass due to z di-
rectional gravitation can be reduced from 1 �m to 0.507
�10−3 �m, as shown in Fig. 12. It is evident that the pro-
posed HAR microbeam design is effective in enhancing
sensitivity and rigidity over the conventional constraint
bridges design.

6 Conclusion
A HAR 2-D resonant microbeam accelerometer is proposed
and analyzed. The simulation shows that the proposed
structure is able to decouple a planar 2-D acceleration into
two independent acceleration components, and the estab-
lished analytical model is able to evaluate 1-D acceleration.
FEA for 1-D and 2-D acceleration simulations are also per-
formed to validate this analytical model, and the agreement
between the analytical results and FEA simulation implies
not only that the cross talk is negligible, but also the as-
sumed fixed boundary condition influences the simulation
result very little, meaning that the proposed structure is able
to decouple a 2-D acceleration, and the derived 1-D ana-
lytical model therefore can be used to evaluate 2-D accel-
eration. In addition, the experimental results from the con-
ventional microbridge design further verify the accuracy of
the current model. From our simulation results, the pro-
posed 2-D resonant microbeam accelerometer is more sen-
sitive and also more rigid than the conventional constraint
bridge design. It also reveals that the dimension arrange-
ment has a direct influence on natural frequency shifting as
well as the detecting sensitivity. Hence, the dimensions of
the proof mass and the microbeams can be further opti-
mized.
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