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SYMPLECTIC INDUCTION AND SEMISIMPLE ORBITS

MENG-KIAT CHUAH

ABSTRACT

Symplectic induction was first introduced by Weinstein as the symplectic analogue of induced
representations, and was further developed by Guillemin and Sternberg. This paper deals with
the case where the symplectic manifold in question is a semisimple coadjoint orbit of a Lie group.
In this case, the construction is generalized by adding a smooth mapping, in order to obtain various
symplectic forms. In particular, when the orbit is elliptic, a study of the complex geometry shows
that quantization commutes with induction.

1. Introduction

The idea of symplectic induction was introduced as the symplectic analogue
of induced representations, where a symplectic manifold M induces another
symplectic manifold Ind(M). It was first formalized by Weinstein [12], and was
further developed by Guillemin and Sternberg [3]. More recent developments are
summarized in [2]. In this paper, we consider the case where M is a semisimple
coadjoint orbit of a Lie group G. We generalize the construction of Ind(M) by
adding a smooth mapping v, and show that the various choices of ¢ lead to different
symplectic forms on Ind(M). When the coadjoint orbit M is elliptic, we study the
complex geometries of M and Ind(M). In particular, if G has a compact Cartan
subgroup, we quantize [8] M and Ind(M) to get the discrete series representations
of G, and we show that quantization commutes with induction.

Let m: E — M be a principal bundle with Lie group H acting along the fibre.
We make use of the convention that the Lie algebra of a Lie group is denoted
by the lower-case Gothic letter, so for instance the Lie algebra of H is h. Let 6
be a connection form for the bundle. We use Q°* to denote differential forms, so
0 € QY(E,b). Let I:h* — b* be the identity mapping. Extend 7, 6, I naturally to
m:Exbh* — M, and 6 € QY(E x h*,b), as well as I: E x h* — b*. Let w be a
symplectic form on M. Define the induced form [4, (40.1); 7]

Ind(w) = 7w + d({I,0) € Q*(E x bh*).

It is certainly closed. It is known to be symplectic (that is, nondegenerate) on an
open subset of E x h*, but not on the entire F x h*. The process w ~» Ind(w) is
known as symplectic induction.

We can replace the identity mapping I with any smooth mapping ¢ : h* — h*,
and define the more general

Indy (w) = 7*w + d(), 0). (1.1)
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The advantage of Ind (w) over Ind(w) is that, for suitable choices of 1, the induced
form may be symplectic on the entire £ x h* and not just on an open set.

In this paper we carry out this idea on the semisimple coadjoint orbit M = G/L
and F = G/L*. Here, L is the centralizer of a subgroup contained in the Cartan
subgroup of G, L*® = (L, L) is the commutator subgroup, and the centre of L acts
on the fibre of 7: E — M.

Let B be a Cartan subgroup of G, so that L is the centralizer of some subgroup
H of B. Taking larger H if necessary, we may assume that H is the centre of L.
Let A C b* be the root system. By the Killing form, we can pair the elements of
b*. Let by, consist of all A € h* in which (a, A) # 0 whenever (a, §*) # 0, so b,
is a union of open cones in h*.

There certainly exist G-invariant symplectic forms on M, for instance the
Kirillov—Kostant symplectic form. Since G is semisimple, these symplectic forms are
Hamiltonian [4, Theorem 26.1], with moment map ®: M — g*. Let e € M denote
the identity coset. The moment map helps to classify the G-invariant symplectic
forms on M.

THEOREM 1.1. There is a one-one correspondence between by, and the
G-invariant symplectic forms on M, given by ®(e) € byo,-

This result is an extension of [1, Theorem 5|, which deals with compact B and
elliptic coadjoint orbit M.

Let w be a G-invariant symplectic form on M, with moment map ®. Since H
commutes with L% it has a right action on £ = G/L*® and hence on E x h*. There
exists a unique G x H-invariant connection form 6 (Proposition 3.3) on E — M.
We use it to construct Indy, (w) by (1.1), so Indy(w) is always G x H-invariant. The
next theorem gives the conditions for Indy(w) to be symplectic. Let Im()) C h*
denote the image set of 1.

THEOREM 1.2. The 2-form Indy(w) is symplectic if and only if ¢ is a local
diffeomorphism and Im(3)) + ®(e) C by,-

Suppose from now on that M = G/L is an elliptic coadjoint orbit. This
assumption is in contrast to the case in [9], which deals with the hyperbolic
coadjoint orbits. Since M is elliptic, there exists a G-invariant complex structure on
M. We shall see that E x h* also has a G x H-invariant complex structure. We can
study the conditions for Indy(w) to be pseudo-Kéhler. By a pseudo-Kéhler form,
we mean a symplectic form which is preserved by the complex structure; that is, it
satisfies all except the positivity of a Kahler form.

THEOREM 1.3. The symplectic form Indy(w) is pseudo-Kéhler if and only if 1
is a gradient function f’. In this case Indy(w) = 2¢/—100F for F(x) = f(x)+(\, ).
Conversely, every G x H-invariant pseudo-Kéhler form on E x y* is given by Ind,(w)
for some w and .

Here f:h* — R and its gradient function is f’:§* — b = b*, where h =
h* is given by the Killing form of g. Observe that if Indy(w) is pseudo-Kéhler,
then Theorem 1.2 says that 1y = f’ is a local diffeomorphism, or equivalently the
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Hessian matrix f” is nonsingular everywhere. If in particular f” is positive definite
everywhere, we say that f is strictly convex. We shall see that this is closely related
to the condition for Indy (w) to be Kéhler.

For Indy (w) to be K&hler, it is convenient that L be compact (see Proposition 5.1
and [13, §5.2]). Since H C B C L, this implies that H and B are compact. We
assume from now on that G is a linear semisimple Lie group with compact Cartan
subgroup B. Compactness of B implies that the roots A are divided into the
compact roots A, and noncompact roots A,. Let AT and Ay denote the positive
compact roots and negative noncompact roots, respectively. Let 7 be the positive
roots that do not annihilate h*. Then bh¥,, consists of A € h* in which (7, A) # 0.
Define

*
reg

S={lebl: (ATUAL)NT,A) >0} (1.2)
Observe that X is either an open cone in by, or an empty set. For instance, if
AT U A, is another positive system, then X is not empty. Recall that ® is the
moment map of w.

THEOREM 1.4. Suppose that L is compact, and Indy(w) is pseudo-Kéahler (so
¢ = f'). Then Indy(w) is Kéahler if and only if f is strictly convex and Im(¢)) +
Oe) C .

The Kahler condition in Theorem 1.4 requires X to be nonempty, so if 3 = &,
then F x h* simply has no G-invariant Kahler structure. We suppose from now on
that the conditions in Theorem 1.4 are satisfied, so that E x h* has G x H-invariant
Kéhler form. Also, by the compactness of the Cartan subgroup B, G has a nonempty
discrete series [6]. We also assume that G is linear, so that we can utilize Schmid’s
construction [10] of the discrete series representation from the elliptic orbit M. As
in [1], we use Harish-Chandra’s notation ©,., to denote the discrete series, where
v are the integral weights in h* and p is half the sum of positive roots.

Symplectic induction was originally motivated by being the classical analogue
of induced representation. In representation theory, Ind:Indg converts an H-
representation to a G-representation. In (6.1), we also extend Ind to Indy
on the representations. An important bridge between symplectic geometry and
representation theory is supplied by geometric quantization [8]. We denote this by
‘H; in other words, H transforms a symplectic manifold to a representation. We shall
explain Ind, and H in more detail in Section 6. Recall that an integral symplectic
form w (or equivalently, a holomorphic hermitian line bundle) on M leads to a
discrete series representation of G [10, 11]. Further, E x h* is a fibration over M.
Therefore, we can expect a symplectic form Indy(w) on E x h* to lead to several
discrete series representations of G at once. We denote such a representation by
H - Indy(w) in the next theorem. The next theorem shows that Ind, on manifolds
and on representations are analogous to each other. In other words, ‘geometric
quantization commutes with induction’.

THEOREM 1.5. Suppose that w and Indy(w) are G-invariant Kéhler forms on
M and E x h* respectively. Then, as unitary G-representations, H - Indy(w) =
Indy - H(w). The discrete series ©,4, occurs in these representations if and only if
v € Im(v) + \. In that case it occurs with multiplicity one.
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As explained in Section 4, M has the complex structure of a domain in the
complex flag manifold of the complex group G€, so the above theorem is the complex
analogue of [9, (4.6)], which quantizes the real flag manifolds and obtains the real
parabolically induced representations in H.

Let H denote these isomorphic representations. To demonstrate an application of
Theorems 1.4 and 1.5, we obtain an example where ©,,4, occurs in H for all v € X.

This paper is organized as follows. In Section 2, we set up some notations on
Lie algebras and prove Theorem 1.1. In Section 3, we construct Indy(w), study
the conditions for it to be symplectic, and prove Theorem 1.2. In Section 4, we
consider the case when M is an elliptic orbit, describe its complex structure, and
prove Theorem 1.3 for Indy(w) to be pseudo-Kéhler. In Section 5, we study the
possibility for Indy(w) to be Kéhler, and we prove Theorem 1.4. In Section 6, we
define Ind, on the representations and show that it commutes with H to prove
Theorem 1.5. We also obtain the representation H as mentioned above.

2. Lie algebras

In this section we prove Theorem 1.1. We first review some basic facts and set
up the notations on Lie algebras. A superscript ¢ on Lie groups and Lie algebras
denotes complexification, for example g¢ = g+ /—1g. Let g¢ = b° + >, (g%)a be
the root space decomposition, with root system A. We may restrict the roots to b
and write A C b*. Let AT be a positive system. For each oo € AT, let

0o =8N ((8%a + (8%)-a)-

Then g = b+ > A+ ga- Each g, is a real subspace of dimension 2.
Let A® C AT be the simple roots. The subalgebra § C b can be described by a
subset 7 of A®, where b lies in all the kernels of A®\7. Equivalently, we define

r={acA®: (a,h) #0}, T={acAt: (a,h) #0}. (2.1)
The regular elements of h* are given by
Breg = 1A EDH": (, ) #0 for all a € T} (2.2)

Let [ be the centralizer of f in g, so [ =b + ZA+\% Ja-
A positive root o € b* is identified with the coroot V,, € b by the Killing form.
Write

{Vatas € b, {va}as Cb*, (2.3)

where {vq}as C b* is the dual basis of {V,}as C b. A basis of §* is given by {v,}-.
The Killing form of g is nondegenerate, so it leads to inclusions of dual spaces of
Lie algebras. For instance h* C g*, and so on. The distinct subspaces b, {g, }a+ are
mutually orthogonal with respect to the Killing form, so for example h* annihilates
each g,.

For any closed subgroup Z C G, the G-invariant ¢-forms on G/Z can be identified
with the subspace of A7 g* defined by

q

q
N3 = {a e N\g*: adfa=1(§a=0forall 5}.

Here ad¢ : \?g* — A’ g" is the natural extension of the coadjoint representation,
while o(€): A%g* — A? ' g* is the interior product. Let d: A?g* — AT g* be
the exterior derivative.
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PROPOSITION 2.1.  We have db* C A\*(g,1)*. In particular, if X € Breg, then dA
is a symplectic form on G/L with moment map satisfying ®(e) = .
Proof: Let A € h*. We need to show that, given £ € [
(i) adgdA =0, (i) ¢(§)d\ = 0. (2.4)

Since b is the centre of [, adZ)\ = 0. Let n,v € g. By the Jacobi identity,

(adgdA)(n, v) = (dN)([€; ], v) + (dA)(n, €, v])
A&, nl,v] + [0, [, V1)

= (A& [ v]])
= (adg, [n,v]) = 0.
This proves (2.4)(i). For all ¢ € [ and n € g, we get («(&)d\,n) = (dN)(&,n) =
(adgA,m) = 0. This proves (2.4)(ii), and so dh* C A (g, D)*.

It remains to show that each A € b, defines a symplectic form d\ on M = G//L
with moment map ®(e) = A, where e € G/L is the identity coset.

Let X € b}.,, and we check that dX is nondegenerate. Note that g/l = >"_g,. Let

pig—h (2.5)

be the orthogonal projection induced by the Killing form. Given o € 7 and
§ € ga, there exists n € g, such that p[¢,n] = V,. Since X is regular, 0 #
(M Va) = (M€ m]) = (dV)(E,n), so dX is nondegenerate, and hence is symplectic.
Let ®: M — g* be the moment map of w = dA. Since g is semisimple, up to
linear combination, an element of g can be written as [£,7n] € g, where &, € g. The
G-action on M produces infinitesimal vector fields &%, n* on M, and evaluation at
the identity coset e € M gives ¢8,nf € T.M = g/I. They are the same as the images
of &, n under the natural projection g — g/I. Therefore, since we have identified
dX\ € A*(g,1)* with the G-invariant 2-form w on M, we get w(&, 7). = (dA)(€, 7).
However, w(&f, n%). = (®(e), [¢,n]) and (dN\)(&,1) = (N, [£,71]). We conclude that
®(e) = A. This proves the proposition. O

*
reg’

Proof of Theorem 1.1. Part of the proof follows from Proposition 2.1. To com-
plete the proof, let w be a G-invariant symplectic form on M. We want to show
that its moment map satisfies ®(e) € Breg- Since @ is G-equivariant, for all x € L,
Ad;®(e) = (ze) = ®(e). Therefore, D(e) € h*.

Let p be the projection (2.5). Since ®(e) € bh*,

w(&,m) = (2(e), & nl) = (®(e), pl¢; n]) (2.6)

for all £,n € g.

We want to show that ®(e) is regular. Suppose otherwise, namely that (®(e), a) =
0 for some root a which does not annihilate h. Then (2.6) says that for all £ € g,
and 1 € g, w(&,n) = 0 because p[gq, 9] C R(V,). This implies that ¢(§)w = 0, which
contradicts the fact that w is nondegenerate. We conclude that ®(e) is regular.

Finally, suppose that the moment maps of wy,ws satisfy ®;(e) = Pa(e). Setting
&,min (2.6) to be a basis of go, we get wi|g, = walg, - If a # 0, then p[ga, 93] = 0,
and (2.6) says that w;(ga,83) = 0. We conclude that w; = wy. This completes the
proof of the theorem. a
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3. Symplectic induction

In this section, we prove Theorem 1.2. The idea is to express w,# and ¥ in terms
of the v, and V, of (2.3), so that we can compute Indy(w). We start with the
following property of v,. Recall from (2.1) that 7 and 7 are respectively the simple
and positive roots that do not annihilate h. Also, v, € h* for all a € 7.

PROPOSITION 3.1. Ifa € 7, then v, € \' (g, )"

Proof: Let a € 7, and consider v, € h*. We need to show that for all £ € %]

(i) adgve =0, (i) (va,&) = 0. (3.1)
Write
E=&+ Y &ebt+ > gp=I" n=n+> npch+> gg=ag.
AR\T A+\7 A+ At

The projection p of (2.5) annihilates all the g,, so plh,g.] = 0, and p[ga, gs] = 0
for distinct «, 3. Then

('Ua, [fﬂ?]) = (U&7p[§an]) since (Uavgﬂ) =0
= (UaapZAJr\'F[fﬂ?nﬁ]) (3.2)
= (Va; ZA+\% c¢sVs)
for some coefficients cg. Since a differs from all the § € AT\7 in (3.2), we get
(va,Vp) = 0 and (3.2) vanishes. This proves that adgv, = 0, and (3.1)(i) follows.
We next prove (3.1)(ii). Since I*® is semisimple, up to linear combination, we
can write §{ = [n,v] € I*® for some n,v € [*. By (3.1)(i), adjv, = 0, and so
(Va,§) = (Va, [1,v]) = (adjva,v) = 0. This proves (3.1)(ii). We have shown that if
« € 7, then v, € /\1(9, [%%)*. The proposition follows. a

Fix a G-invariant symplectic form w on M. By Theorem 1.1, it is determined by

its moment map via ®(e) = A € b},,. We next give a formula for w.

PROPOSITION 3.2. The symplectic form is given by w = d ) _(\, Va)va.

Proof. Here, w € A\*(g,1)*. By Proposition 2.1, dy (N Va)va € A (g,D)*, so it
makes sense to compare it with w. By Theorem 1.1, w = dA. For all £, € g,

w(&mn) = (A [€n)
= (X, (A Va)va, [€,7])
= (3, (\ Va)va ) (€, m).

This completes the proof. O

The fibration 7: E — M leads to an injective map 7*:Q%(M) — Q?(E). If
we restrict it to the G-invariant forms, then 7* is simply the inclusion /\2(9, NH* C
/\2(g7 (55)*. By Proposition 3.1, v € A\'(g, [)*, so Proposition 3.2 also says that
7w is exact. By extending 7 to E X h*, we see that Indy(w) is exact too.

Let a € 7. In the next proposition, we use v, € A'(g,)* € Q'(E) to describe
the connection form 6 of the H-bundle £ — M.
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PrOPOSITION 3.3. There exists a unique G x H-invariant connection for the
principal bundle E — M, given by the connection form 6 =3 _v,®V, € h*®h C
Q'(E. ).

Proof. Let 6 be a G x H-invariant connection form for the bundle. By definition,
0 is a 1-form on E with values in h. Note that F = G/L*, and the only component

in (g/1*%)* = b* + > . g} which is invariant under the coadJ01nt representation ady
is h*. Thus bh* is the only component in Q!(E) which is G x H-invariant. Therefore,
0eh*®h. (3.3)

Since H commutes with L% there is a right H-action on E = G/L*, so each
& € b leads to an infinitesimal vector field {" on E. Given p € E, let E, C E
denote the fibre in the bundle E — M which contains p. The tangent space of
p € E, is a vertical subspace T, I, in the bundle. Each p determines an isomorphism
Jpih — Tp,E, by J,(§) = €. The definition of the connection form requires
0pJp(§) = &. This becomes 0,(£)) = §. Therefore, the connection form (3.3) has to
have the expression § = > _v, ® V,,. This proves the proposition. g

To prove Theorem 1.2, we set up some notations for the differential forms on
E x b*. Let a € 7. By Proposition 3.1, write

1
va €0 C (g, 1%)" C Q1(E) C QY(E x b*). (3.4)
By Proposition 2.1,

2 2
dva € N\(g.0* € \(g.1%)" € Q*(E) € Q*(E x b7). (3.5)

Let ¥ :h* — b* be a smooth mapping, and let ¥, = (¥, V,) € C*°(h*) for all
a € 7. Extending 1, to C*°(E x §*), we have

Yo = (¥, Va) € C®(h*) C OF(E x b*), (3.6)
dip € 1 (h*) C QL(E x b*). '

Note that 1) = Y _1hav4. Extend 6 to Q'(E x h*,h). Then by Proposition 3.3,
= Z Vo a. (3.7)

Proof of Theorem 1.2. It is clear that Indy(w) is closed, and in fact Propo-
sition 3.2 shows that it is exact, so the main issue is whether it is nondegenerate.
Here

Indy(w) = m*w + d(¥, 0)
= d (A Vy )va +d) Yava by Prop. 3.2, (3.7)
= 5% (0 + O3, Vi) + 5, i A v
€ C=() @ A (g.1®)" +C=(0") @ A*(h @ b)" by (3.4), (3.5), (3.6)
C Q*(E x b*).

(3.8)
Since Indy (w) is G-invariant, it suffices to check the nondegenerate condition on
T €ex h* CE xb* where e is the identity coset. The tangent space at z is

T.(E % b”) SSNZga (h @ b*) (3.9)
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By (3.8) and (3.9), Indy(w) is nondegenerate at € e x h* if and only if the
expressions

D (Walz) + (A Va))dve  and Y dipa(x) A v,
are nondegenerate when restricted to > . g and h @ h* respectively. By Propo-
sition 2.1, > (¢a(x) + (A, Va))dv, is nondegenerate if and only if > _(va(x) +
(A Va))va € bleg, or equivalently (z)+ A€ by, The second expression,
> » dho () A v, is nondegenerate if and only if {di), ()}, are linearly independent,
which is equivalent to ¢ = >~ _ 1,0, being a local diffeomorphism at x. This proves
Theorem 1.2. ]

4. Elliptic orbits

Suppose from now on that M is an elliptic coadjoint orbit (compare this with [3,
Theorem 5.7], which treats hyperbolic coadjoint orbits). It is then well known that
M has a G-invariant complex structure. In this section, we show that this induces
a G X H-invariant complex structure on F x h* as a holomorphic fibration over M.
We also consider the condition for existence of pseudo-Kéhler structure on E x h*,
and prove Theorem 1.3.

To say that M = G/L is an elliptic orbit means that L is the centralizer of some
torus. We may assume that H is a torus and L is the centralizer of H. A positive
system AT C b* leads to a complex parabolic subalgebra p = [€ 4+ u¢, where u€ are
the root spaces of 7 of (2.1). The natural mappings G — G — G°/P then lead
to the imbedding G/L < G€¢/P as an open domain. In this way M is complex. It
is known as the flag domain, and in particular M = G¢/P is the flag manifold if G
is compact.

Let (P,P) be the commutator subgroup, and consider the natural mapping
7:G°/(P,P) — G°/P. Then

7 (M) = G/L* x exp(v/—1b) (4.1)
is a G x H-invariant complex submanifold of G°¢/(P, P). By the covering h* =
V—1h — exp(v/—1bh), it follows from (4.1) that E x h* is a covering of 7~ 1(M).
This equips F x h* with a G x H-invariant complex structure.

We shall consider when Ind(w) is pseudo-Kéhler under this complex structure
on E x h*. Some arguments in the next two propositions will rely on [1], which
deals with the special case where the Cartan subgroup B is compact. In that case
the covering v/—1h — exp(y/—1b) is just a diffeomorphism. However, many of its
results are still valid in the present situation.

PROPOSITION 4.1.  Every G x H-invariant real closed (1,1)-form on E x h* has
the expression /—100F .

Proof. The arguments resemble [1, Propositions 3.2, 3.3 and 3.4]. We consider
the deRham cohomology HZ(E x h*) and the Dolbeault cohomology Hg}q(E x b*),
with subscripts G and GH indicating G- and G x H-invariance respectively. Here

HZ(ExbH*)=0 (4.2)
follows from the arguments of [1, Proposition 3.2].
The arguments for
Hyp (B x b*) =0 (4.3)
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follow almost similarly as in [1, Proposition 3.3], but since H is not necessarily
compact here, we shall make sure that the H-invariant subcomplex of the Dolbeault
complex of the Stein manifold H x h* is trivial at degree (0,1). Let ¢ be a closed
G x H-invariant (0,1)-form on E x h*. As pointed out in [1, Proposition 3.3], the
component A*' > - g% is not right H-invariant, so we get

0,1
sec=b) e \beb) =4, (E xb7).

In this way it is an H-invariant (0,1)-form on H x h*. Let x, be the linear
coordinates on h* with respect to the basis {v,},. Together with the invariant
coordinates y, on H, we get holomorphic coordinates z, = x4 ++v/—1yo on H x h*.
Write § = fadZ. Here fo = fo(x) because ¢ is H-invariant. Since
= 7] 1 9]
0=05=>_ a—J;:ng NdZo =3 a—j:‘;dzﬁ A dZq,
ap af

we get 0fa/0xg = 0fg/0xq. Each fo(x) is just a function on h*, so there exists
h € C>=(h*) such that Oh/0x, = fa. One checks that 9(2h) = a. This proves (4.3).

Let o be a G x H-invariant real closed (1,1)-form on E x h*. We apply (4.2) and
(4.3), and we follow the arguments of [1, Proposition 3.4] to get o = /—190F.
This proves the proposition. O

Just like the above proposition, the next proposition can be proved by many
ideas in [1]. Whenever appropriate, we shall apply them without giving separate
arguments.

PROPOSITION 4.2.  The 2-form Indy(w) is of type (1,1) if and only if ¢ is a
gradient function f’. In this case Indy(w) = 2/—100F for F(z) = f(z) + (A, x).

Proof. Suppose that 1 is a gradient function. Write ¢» = f’. Let xz,, be the linear
coordinates on h* with respect to the basis {v,}, C h*. Define F' € C*°(h*) by
F(z)=f(x)+ Xz = f(x)+> (A Va)za. Then F'(z) = (x) + A; or equivalently

oF

o — Ya )‘a Va ) 4.4

G = ala) + (V) (14)
where 9, = (¥, Va). Extend F' to C*°(E x h*) by G-invariance. We claim that
Indy(w) = 24/—100F. By G-invariance, it suffices to check that

(Indy (w))z = (2V/—100F), (4.5)

forx €ex h* C E x b*.

By (3.9), {ga}s and h @ b* are subspaces of the tangent space T,.(E x §*). In
fact, they are complex subspaces. By (3.8), these complex subspaces are mutually
orthocomplementary with respect to Indy(w). Similarly, by [1, Proposition 3.5],
they are mutually orthocomplementary with respect to 2v/—100F. Therefore, to
prove (4.5), it suffices to show that they agree on the complex subspaces g, and
h @ b*; in other words, that

(1)) (Indy(w))s|ga = (2v/=100F), | gas

| 9a I (4.6)
(ii) (Indy(w))z|(h+b*) = (2v=100F), | (h & b*). '
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We first prove (4.6)(i). By (3.8),

(Indy (w))z [ ga = (Ya (@) + (A, Va))dva.
By (4.4), this simplifies to (0F/0x4)dv,. Then [1, (3.21)] says that
STFCZUQ = (2/=100F), | ga-

This proves (4.6)(i).

Let y, be the left invariant coordinates on H such that, together with the
coordinates z, on h*, we have the holomorphic coordinates v/—1y, + T, on the
complex submanifold H x h* C E x h*. Note that dy, = v,. We now prove (4.6)(ii).
By (3.8),

(Indy (@))z | (h @ H*) Zdwama

By (4.4), this simplifies to Y. _(0?F/0z,0z5)dxs A dy,. Then [1, (3.20)] says that

F _

. o0z dzg A dye = (2V/—109F), | (h + b*).
This proves (4.6)(ii).

We have proved (4.6). This leads to (4.5), and so Ind, (w) = 2y/—190F.

Conversely, suppose that Ind, (w) is of type (1,1). By Proposition 4.1, there exists
F € C>=(bh*) such that Indy(w) = 2¢/—199F. In particular, they satisfy (4.6)(i).
By a computation similar to the arguments for (4.6)(i), we get ¥ (z) + (\,z) =
F'(x), or equivalently 1 is the gradient function of F(z) — (A, ). This proves the
proposition. O

Proof of Theorem 1.3. Since a pseudo-Kéhler form is a symplectic form of type
(1,1), the first part of the theorem follows from Proposition 4.2. It remains to show
that every G x H-invariant pseudo-Kéhler form on F x h* can be constructed via
symplectic induction. By Proposition 4.1, such a form has the expression 2v/—1. 5‘3F
where F' € C*°(h*). By [1, Theorem 1], Im(F’) C by, Pick any A € b, B
Theorem 1.1, it determines a G-invariant symplectic form w on M with moment map
®(e) = \. Define ¢:h* — b* by () = F'(z) — A. Then Indy(w) = 2¢/—199F.
Theorem 1.3 follows. |

5. Kahler induction

Finally, we give the condition for Indy(w) to be Ké&hler, and we prove Theo-
rem 1.4. We start with the following proposition on the existence of Kahler
structures.

PropoOsSITION 5.1. If Indy(w) is Kéhler, then M has G-invariant Kéhler
structures.

Proof. Suppose that Indy (w) is a Kéhler form on E x h*. Recall from (3.8) that
Indy(w) = Y (o + (A Va))dva + Y diba Ava.

T
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For each z € e x b* C E x b*, Y _(va(z) + (A, Va))dv, is positive on ). gq.
By Proposition 2.1, dv, € A*(g,1)*. Therefore, Yo (a(x) + (N, V,))dvu, defines a
G-invariant Kahler form on M. O

This proposition says that an obstruction to Indy (w) being Kéhler is the absence
of Kéhler structures on M, for instance if L is not compact [13, §5.2]. For
convenience, we assume from now on that L is compact. Since H C B C L, this
implies that H and B are compact too. Then the roots A take on imaginary values
on b. Recall that the complex structure comes from a choice of positive system
AT. We can choose AT to be stable under a Cartan involution, whose Cartan
decomposition is written as g = € + q. For each a € AT, we say that +a are
compact or noncompact depending on whether g, C ¢ or go C gq. We use the
notation A, and A, accordingly. Let Al and A, denote the positive compact
roots and negative noncompact roots respectively.

Recall that 7 is defined in (2.1), b, is defined in (2.2), and the open cone ¥ C by,
is defined in (1.2).

Proof of Theorem 1.4. Suppose that Indy (w) is pseudo-Kéhler. By Theorem 1.3,
Indy (w) = 2v/—190F, where ¢ = f’ and F(z) = f(z) + (A, x). Since F and f have
the same Hessian matrices, clearly F' is strictly convex if and only if f is. Also,
F'(x) = f'(z) + \. By [1, Theorem 1], 2y/—100F is Kéhler if and only if F' is
strictly convex and Im(F’) € ¥. This is equivalent to f being strictly convex and
Im(¢)) + X € 3. The theorem follows. O

6. Geometric quantization

In this section, we show an analogy between induction in symplectic geometry
and in representation theory. We prove that ‘quantization commutes with induction’
in Theorem 1.5. This principle is shown for the real flag manifolds in [9, (4.6)],
which construct the real parabolically induced representation, but since we deal
with the complex flag domains (that is, elliptic orbits) here, the corresponding
representations are the discrete series representations. We shall apply Schmid’s
construction [10] of the discrete series representations, so that Theorems 1.4 and
1.5 lead to a unitary G-representation where all the discrete series ©,., with v € X
occur in H, and ¥ is the open cone in (1.2).

We assume that G is a linear semisimple Lie group with compact Cartan subgroup
B, so that it has nonempty discrete series [6]. We also assume that the conditions
in Theorem 1.4 are satisfied, so that F x h* has G x H-invariant Kéhler forms. By
Proposition 5.1, M has G-invariant Kahler form w. Given a G-invariant Kahler form
o on E x h*, we use the language of geometric quantization [8] to express a unitary
G-representation H(o) [1, (1.8)]. We say that o leads to a holomorphic hermitian
line bundle over E x h*, and H(o) consists of its holomorphic sections which are
square-integrable with respect to the G x h*-invariant measure on E x h*. Then H (o)
is a unitary G-representation. We shall of course be concerned with H(Indy (w)).

Recall that Theorem 1.1 gives a bijection

*

H : {G-invariant symplectic forms on M} — by,

where H(w) = ®(e) and ® is the moment map of w.
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If v € h* is integral, then it is the differential of a multiplicative homomorphism
x:H — S'. We shall always identify x with its differential v. The H-represen-
tation y induces a G-representation Ind$(v) = Ind(r). One way to realize
Ind(v) is to consider the following homogeneous line bundle. Extend x holomorphi-
cally to x: H® — C*. Since H€ is the centre of L€, x extends to the complex
parabolic subgroup P = LCU€ given in Section 4, where it acts trivially on
(L°, L®) and U°®. Let (G° x C)/v — G/ P be the homogeneous line bundle, where
[gp, z] = [g,x(p)z] for all g € G°, p € P and z € C. Restrict it to M C G°/P;
then Ind(\) consists of its holomorphic sections over M. It either vanishes or is
an irreducible G-representation in the discrete series [5]. From ¢ :h* — h* and
A€ b, let

Indy(A) = > Ind(v). (6.1)

veZ(Im(4)+X)

Here, Z(Im(t)) + A\) denotes the integral weights in Im(v)) + A.
We now prove that if w is a G-invariant Kéhler form on M, then H - Indy (w) =
Indy, - H(w) as G-representations.

Proof of Theorem 1.5. Let p denote half the sum of positive roots. We para-
metrize the holomorphic discrete series representations of G by Harish-Chandra’s
notation ©x4,, where A € h* are the integral weights in 3.

Let w be a G-invariant Kéhler form on M, with H(w) = A. Suppose that Indy (w)
is Kéahler, so that by Theorem 1.4, Im(¢)) + A C ¥. By Theorem 1.3, Indy(w) =
2¢/—100F, where F'(x) = 1(z)+ . By [1, Theorem 2], H-Indy(w) contains all the
©,.+, with integral weights v in Im(F”) = Im(¢) + A, each of which has multiplicity
one. By (6.1), this is exactly the case for Ind,, - H(w). This proves the theorem. O

Let {)\;} be the dominant fundamental weights of X. That is, all the weights in
¥ are of the form ), ¢;\;, where ¢; are positive integers. Let w be a G-invariant
symplectic form on M, with corresponding A = ®(e) € Breg @s given in Theorem 1.1.
Let

f:p—R, f(z)= (Ze)"’m> — Ax).

Then f'(z) = (3, €@ \;) — A, and so Im(f') + A = £. Also, f is strictly convex.
Let ¢ = f’. It follows from Theorem 1.4 that Indy(w) is Kéhler. By Theorem 1.5,
all the discrete series representations ©,., with v € ¥ occur in H - Indy (w).
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