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Abstract. A maximum packing of any A-fold complete multipartite graph (where there are
4 edges between any two vertices in different parts) with edge-disjoint 4-cycles is obtained
and the size of each minimum leave is given. Moreover, when A=2, maximum 4-cycle
packings are found for all possible leaves.

1. Introduction and Preliminaries

A k-cycle packing of a graph G is a set C of edge-disjoint k-cycles in G. Such a
packing is maximum if |C| > |C’| for all other k-cycle packings C' of G. The leave L
of a packing is the set of edges of G that occur in no k-cycle of the packing; we
also refer to the subgraph induced by the edges in L as the leave. The leave of a
maximum packing is referred to as a minimum leave. A k-cycle system of G is a
k-cycle packing of G with leave L = (.

Let K(vy,v2,...,v,) denote the complete multipartite graph with vertex set V
partitioned into n parts V; of size v; for 1 <i < n, and edge set consisting of all
edges between all vertices in ¥; and ¥}, for 1 <i < j <n, but no edges between
any two vertices in the same part. The complete bipartite graph K(v;,v;) is also
denoted by the more common K, ,,. If G denotes a simple graph (with no
loops or multiple edges), then AG denotes the multigraph obtained from G by
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replicating each edge of G precisely A times. The term ““A-fold” graph is also
used.

The existence problem for k-cycle systems of complete graphs K, has been
actively studied over the past 35 years, and this recently resulted in a complete
solution of the problem by Alspach, Gavlas, and gajna [1,12] that was partially
based on some work of Hoffman, Lindner and Rodger [7]. Maximum packings
of K, were also found in [1,12] in all cases where the leave is a I-factor (this
restricts the possible values of n), and have been found for all values of n when
k€{3,4,5,6} [6,8,9,11,13]. For a survey, see [10].

The existence problem for k-cycle systems of complete multipartite graphs,
even when k& =3, is proving to be an extremely difficult problem to solve,
partly because so many different kinds of graphs have to be considered. For
example, one excellent paper deals exclusively with the case where £ = 3 and
all parts except one have the same size [5]. However, it turns out that this
myriad of complete multipartite graphs can be handled when looking for
4-cycle systems [4]. Furthermore, perhaps surprisingly, the existence problem
for maximum 4-cycle packings of complete multipartite graphs was also
completely solved [3], producing the following result.

Theorem 1.1. Let G be a complete multipartite graph with n vertices of odd degree
and v vertices in the largest part containing vertices of odd degree (if such a part
exists). If C is a 4-cycle packing of G with leave L then C is a maximum 4-cycle
packing if and only if

(i) max{n/2,v} <|L| < max{n/2+3,v+ 3}, or
(it) G has an odd number of parts, n, all of odd size, withn =5 or 7 (mod 8), in
which case |L| = 6 or 5 respectively.

In this paper we extend this work to the case of any /A-fold complete multi-
partite graph. That is, we solve the problem of finding a maximum 4-cycle
packing of any A-fold complete multipartite graph, for all 4 > 1. Moreover, in
the case 4 =2, we exhibit not just a single minimum leave, but all possible
minimum leaves.

The graph theoretic notation not defined here can be found in [15]. Sets in
this paper are considered to be multisets, and the union of sets requires each
element to occur the the number of times equal to the sum of the numbers of
times it occurs in the sets themselves. If G and H are two vertex-disjoint
graphs, then GV H is formed from the union of G and H by joining each
vertex in G to each vertex in H with exactly one edge. It will cause no con-
fusion if we also refer to a k-cycle packing C as an ordered pair (V,C), where
V is the set of vertices on which the cycles in C are defined.

Section 2 deals with the case 4 = 2, while Section 3 deals with A = 3. Then
Section 4 completes all remaining values of 4. We may summarise our results as
follows (see Theorems 1.1, 2.7, 3.4, and 4.10).
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Main Theorem Let G be a complete multipartite graph. Let n(1) be the number of
vertices of odd degree in AG, and let v(1) be the number of vertices in the largest part
of AG containing vertices of odd degree. There exists a maximum 4-cycle packing of
AG with some leave L) satisfying |L;| = 1 if and only if

(i) if G=K(l,n) or K(1,1,1), then L, = E(1G),
(ii) if G=K(1,1,n) and n > 1 then
I — {/U(z VK, if nand A are odd, and
47 ) K, otherwise,

(iii) if (1) =0, |[E(AG)| = 1 (mod 4), and G # K(1,1,n), then |L;| =5,
(iv) if 5(2) =0, |[E(AG)| =2 (mod 4), and L =1, then |L;| = 6, and otherwise
(v) lis the unique integer satisfying

(1) max{n(2)/2,v(A)} <1 < max{n(1)/2 + 3,v(1) + 3}, and
(2) 4 divides |[E(AG)| — 1.

The following result addresses the necessity of the conditions (i)—(v) for the
existence of a maximum 4-cycle packing of AG in the Main Theorem.

Given that the lower bound in condition (v)(1) and condition (v)(2) are
proved below to be necessary conditions for the existence of a maximum packing,
it is clear that any 4-cycle packing which also satisfies the upper bound in con-
dition (v)(1) must be a maximum 4-cycle packing.

Lemma 1.2. [f there exists a maximum 4-cycle packing C of .G then, (referring to
conditions in the Main Theorem above), C satisifies conditions (i) and (ii), C has a
leave L; which must satisfy |L;| > 5 or 6 in conditions (iii) and (iv) respectively, and
C satisfies the lower bound in condition (v(1)) and condition (v(2)) of the Main
Theorem.

Proof. Let C be a maximum 4-cycle packing of AG, and let L be its leave. Each
4-cycle in C accounts for either 0 or 2 edges incident with each vertex in /G,
and therefore each vertex of odd degree in /G must have odd degree in L.
Therefore |L| > n(4)/2, and since clearly L contains no edge joining two ver-
tices in the same part of AG, the condition |L| > v(4) also follows. Therefore
|L] > max{n(4)/2,v(1)}. Also, each 4-cycle in C accounts for four edges in 1G,
so clearly 4 divides |E(AG)| — |L|. So the lower bound in condition (v(1)) is
necessary, as is condition (v(2)).

If G=K(1,n) or G =K(1,1,1) = K5 then AG contains no 4-cycles, so C = ) is
the only 4-cycle packing of G. So condition (i) is necessary.

Similarly, if G = K(1, 1,n) then AG contains no 4-cycles which contain an edge
joining the vertices in ¥} U V4. So since 4 divides |E(L1G)| — |L], it follows that
condition (if) is necessary.

If all vertices in L have even degree, then clearly |L| # 1. So if [E(AG)| =
1 (mod 4) then |L| > 5 since |L| = |E(AG)| (mod 4). So condition (iii) is necessary.
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Similarly, if all vertices in L have even degree and A = 1, then |L| # 2 (since G
contains no multiple edges). So if |[E(AG)|= 2 (mod 4) then |L| > 6 since
|L| = |[E(AG)| (mod 4). So condition (iv) is necessary. O

There is one further result that we need.
Lemma 1.3. There exists a 4-cycle system of JK., if and only if min{x,y} > 2, Jx
and Ay are even, and 4 divides /xy.
Proof. This is easy to prove, and also follows from a more general result of
Sotteau [14]. O

We shall use Lemma 1.3 often, so we adopt the following notation. Let
B;(X,Y) denote a 4-cycle system of 1K, , with bipartition {X, Y} of the vertex set,
where x = |[X| and y = |Y|. Often the value of A will be clear from the context, in
which case we shall simply use B(X,7Y).

Subsequently we also use the existence of a 4-cycle decomposition of 1K, for
appropriate A and v; see [2].

2. The Case A =2

We begin with some useful lemmas.

Lemma 2.1. There exists a 4-cycle packing of 2K(1,1,1,2) with leave {{uy,us},
{ur,u}} in each of the following cases:

(a) uy € V1 and uy € V5, and
(b) uy € Vi and u, € V.

Proof. Let V; = {i} for 1 <i<3 and V3 ={4,5}. Then ({1,2,3,4,5},B) is the
required packing, where in case (a),

B = {(]7372’4)7 (]737275)5 (1a4a 3, 5); (2141 3, 5)}7

and in case (b),

B=1{(1,2,4,3),(1,2,3,5),(1,3,2,5),(2,4,3,5)}.
[

Lemma 2.2. There exists a 4-cycle packing of 2K(1,1,2,2) with leave {{u,u},
{ur,ur}} in each of the following cases:

(a) uy € Vi and uy € V3,
(b) uy € Vi and uy € Vs, and
(¢c) uy € V3 and uy € Vj.
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Proof. Let 1 = {1}, o = {2}, V3 = {3,4} and ¥, = {5,6}. Then ({1,2,3,4,5,6},
B) is the required packing, where in case (a),

B={(1,3,2,4),(1,3,2,4),(1,5,2,6),(1,5,2,6),(3,5,4,6),(3,5,4,6)},
in case (b),

B=1{(1,2,3,5),(1,2,5,4),(1,4,2,6),(1,5,4,6),(2,3,6,4),(2,5,3,6)},
and in case (¢),

B=1{(1,2,3,6),(1,2,6,3),(1,3,2,4),(1,4,2,5),(1,5,4,6),(2,5,4,6)}.

]
Lemma 2.3. There exists a 4-cycle packing of 2K(3,3) with leave 2K(1,1).
Proof. A suitable packing is given by (({1,2,3}U{4,5,6}),B) where
B=1{(1,5,2,6),(1,5,3,6),(2,4,3,5),(2,4,3,6)}.
The leave here is {{1,4},{1,4}}. O

Lemma 2.4. There exists a 4-cycle packing of 2K(1,3,2) with leave {{ui,u»},
{ur,u2}} in each of the following cases:

(a) uy € V1 and uy € V5, and
(b) uy € ¥, and up € ;.

Proof. Let 1 = {1}, V5 ={2,3,4} and V5 = {5,6}. Then ({1,2,3,4,5,6},B) is
the required packing, where in case (a),
B=1{(1,3,5,4),(1,3,6,4),(1,5,2,6),(1,5,3,6),(2,5,4,6)},

and in case (b),

B:{(1727673)7(1727674)7(1’3’5’ )’(1)5’3’ )’(175’4’6)}'
O

Lemma 2.5. There exists a 4-cycle packing of 2K(3,3,2) with leave {{ui,u»},
{u1,u2}} in each of the following cases:

(a) uy € Vi and uy € V,, and
(b) uy € V1 and uy € V3.

Proof. Let )y ={1,2,3}, V5 ={4,5,6} and V3 = {7,8}. Then ({1,2,...,8},B) is
the required packing, where in case (a), B =B UB(VyUT,V;), where
(M U T4, By) is a 4-cycle packing of 2K(3,3) (see Lemma 2.3), and in case (b),
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B=B,UB({5,6},V1 UV;) where ((V1,{4},V5),B2) is a 4-cycle packing of
2K(3,1,2) (see Lemma 2.4(b)). O

Lemma 2.6. There exists a 4-cycle packing of 2K(1,3,3) with leave {{u1,us},
{ur,ur}} in each of the following cases:

(a) uy € V1 and u, € V3, and
(b) uy € Vs and uy € V3.

Proof. Let Vi = {1}, V5 ={2,3,4} and V5 = {5,6,7}. Then ({1,2,...,7},B) is the
required packing, where in case (a),

B = {(1’ 3’ 5’4)’ (173’6’4)7 (1757276)7 (1’ 57 377)’ (1)6)4)7)) (2) 5)4)7)) (276) 3)7)}7

and in case (b),

B = {(1727673)7(1727774)7(1’37574)’(1’5’3’7)’(175’4’6)7(1767377)7(2767477)}'
O

Theorem 2.7. Let G = 2K (vy, 03, . .., Usy) be the 2-fold complete multipartite graph
with parts Vi, Vs, ..., Virs, where v; = |Vi| is odd for 1 <i<t and is even for
S+t

t+1<i<s+t Let V= U Vi and v = |V|. There exists a 4-cycle packing of G

i=1
with leave L that is a maximum packing if and only if

(a) L=E(G)if G = K(1,n) or G = K(1,1,1), and otherwise
(b) ift=0or 1 (mod4) then L =0, and
(¢) ift=2o0r3 (mod4) then L = {{uy,ur},{ui,uz}}, where
(i) if G = K(1,1,n) then each of uy and u, is in a part of size 1;
(ii) if G = K(1, 2n+1, 2) then exactly one of uy or uy occurs in the part of
size 2n+1; and
(iii) for all other G, u; and uy occur in any two different parts.

Proof. We begin by showing that no 4-cycle packings of G with smaller leaves
exist, and that if |L| = 2 then no other choices for u; and u, are possible.

If t=2 or 3 (mod 4) then |E(G)| =2 (mod 4), so necessarily |L| > 2. If
G =K(l,n) or G=K(1,1,1), then G contains no 4-cycles, so clearly L = E(G). If
|L| = 2 then since each vertex in G has even degree, L = {{u,us}, {u;,ur}} for
some vertices u#; and u, which, being adjacent vertices, must occur in different
parts.

If G=K(1,1,n) and n> 1 with ¥} = {u;} and V5 = {ux} then no 4-cycle
contains an edge joining u; to uy. So L = {{u1,ur}, {u1,ur}}, since |L| = 2.

If G=K(1,2n+ 1,2) with say V; = {u;} and V5 = {uz,z} then there is no 4-
cycle in G\ {{uj,u2},{u1,uz}} that contains an edge {u;,z}. But this cannot
happen since |L| = 2. So one of u; and u; must occur in 5.
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So we now turn to the construction of a maximum 4-cycle packing of G with
leave L that satisfies conditions (a),(b) and (c). Clearly we can assume that
s+t>2, and by (b) we can assume that v >4 and that if s+¢=2 then
min{vy,v2} > 1. We consider various situations in turn.

Case 1. Suppose that t =0 or 1 (mod 4).

For 1 <i <t let W; C V; with || =1; fort4+ 1 <i <s+titis convenient to
define W, = (. Let W = U W;, and let (W,B;) be a 4-cycle system of 2K,. For

1 <i<s+t, clearly we have that |V;\ W;| is even (possibly zero), and if

s+t i—1
Xi=( U V;)u (U W;), then |X;| > 2 (by the assumptions on s, ¢ and v). There-
=it =1

fore, by Lemma 1.3, we can define the set of 4-cycles

s+t

=JBW\ W, X)),

i=1

(where we take B((, X;) = 0). Then (V, B; U By) is the required 4-cycle system of G.
Case 2. Suppose that t =2 or 3 (mod 4).

Let u; € V,, for 1 <i < 2; since it only matters if o; is in a part of even or odd
size, we can assume that (o, 00) € {(1,2),(1,£4+1),(¢+ 1,7+ 2)} for notational
convenience; so in particular o; < oy. In each of the following cases, let By be as
defined in Case 1, where the sets W, are defined below. Also, as in Case 1, we
assume that W; = () unless otherwise defined.

(a) Suppose that either t > 4, ort =3 and s > 1. For 1 <i < tlet W; C V; with
|W;| = 1, where for 1 < j <2 we choose W; = {u;} if o; < t. Let W = Ji_, W;. We
consider three cases in turn.

Suppose o, < ¢ and ¢t > 4. Let (W, B;) be a 4-cycle packing of 2K, with leave
{{ur,ur}, {u1,uz}}. It follows that (V,B; UBy) is the required maximum 4-cycle
packing of G.

Suppose a; < tand oy > t,oray; <tandt=3.Sincet —2 =0or 1 (mod 4), let
(U§:3 W;,B1) be a 4-cycle system of 2K, ,. Since oy > ¢ or t = 3, we know that
s> 1, so choose Wy C Vi with W] =2 and with up € Wy if op > ¢ Let
(M, W, W5, W;41),B2) be a 4-cycle packing of 2K(1,1,1,2) with leave
{{ur,uz}, {u1,uz}} (see Lemma 2.1 (a) or (b) if uy € V5 or uy € V4 respectively).
Then (V,By UBy UByUB(W U Wy U Wy, Uiy W)) is a maximum 4-cycle pack-
ing of G with leave {{u;,us}, {u1,u2}}.

Finally, suppose that o; > ¢. Let (U;a W, B)) be a 4-cycle system of K;_,. For
1 <j<2 choose Wy ;CVy; with |W, ;=2 and with wu; € W, Let
(M, W, Wi1, Wii), Ba) be a 4-cycle packing of 2K (1, 1,2,2) with leave {{u;,us},
{ul,uz}} (see Lemma 2.2(c)). Now (V,B,UB;UByUB(W;UW, U WU

W.a, U 4 W;)) is the required 4-cycle packing of G.
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(b) Suppose that t =3 and s = 0. If two of the parts have size 1, then by
(c)(i), Vi UVs ={u,uz}, so (V,B(V; UV, V3)) is the required maximum 4-cycle
packing of G. Otherwise at most one of vy, v, or v3 is 1. Therefore we can select
three vertices from each of two parts and one vertex from the third part, ensuring
that u; and u, are among the selected vertices; for 1 < i < 3 let W; be the set of
vertices selected from V.. Let ((W, W, W;),B;) be a 4-cycle packing of
2K (||, | W, |W5]) with leave {{u1,ux}, {u1,uz}} (see Lemma 2.6 (a) or (b)). Then
(V,B1 UBy) is the required 4-cycle packing of G.

(c) Finally, suppose that t = 2. If s = 0 then min{vy,v,} > 3, so for  <i <2
let W; C V; with w; € W; and |W;| = 3. Let (W}, W2),B;) be a 4-cycle packing of
2K (3,3) with leave {{u1,u2},{u1,u2}} (see Lemma 2.3). Then (V,B; UBy) is the
required maximum 4-cycle packing.

If s > 2 then for 1 <i<4let W; CV; with |W|=|W| =1, |W| = |Wi| =2,
and {u,up} C U?:l W;. By Lemma 2.2(a), (b) or (c) there exists a 4-cycle packing
(M, W, W3, Wy),By) of 2K(1,1,2,2) with leave {{uj,us},{u;,ur}}. Then
(V,B1 UBy) is the required maximum 4-cycle packing.

Finally, suppose that s = 1. If G = 2K (1, 1,n) then condition (¢)(i) requires
u; and u, to be in the parts of size 1, so (V,B({u,u2}, V' \ {u1,uz})) is the required
maximum 4-cycle packing.

Otherwise, we now assume that v, > 3. If uy € V; and up € V5, orifu; € V5 and
uy € V3, then let W) C 1] with |Wj| =1, W, C V5 with |W5| = 3, and W3 C 15 with
|W5| = 2, where {u;,uy} C Ule W;. By Lemma 2.4 (a) or (b), there exists a 4-cycle
packing ((W;, W, W5),B;) of 2K(1,3,2) with leave {{uj,uz},{u1,uz}}, so
(V,B1 UBy) is the required maximum 4-cycle packing. It remains to consider the
possibility of u; € ¥} and u; € V3, in which case v; > 3 by condition (¢)(ii). For
1 <i<3let W; CV; with |W;|] =2 or 3if i =3 or i <2 respectively. By Lemma
2.5(b) there exists a 4-cycle packing ((Wi, Wh, W5),B;) of 2K(3,3,2) with leave
{{ur,u2}, {u1,u2}}, so (V,B) UBy) is the required maximum 4-cycle packing. []

3. The Case 1 =3

In this section we shall use the following notation. A maximum 4-cycle packing of
the complete multipartite graph AG with vertex set ¥ will be denoted by (V, 4%;),
with leave L), for 2 =1,2,3.

We shall also refer to the graph D where V(D) = {a1,a2,u,u»,u3,us} and
E(D) = {{al ) aZ}a {al ) uz}v {al ) u4}7 {aza uj }7 {aza u3}} as D(al yd2, U, Uz, U3, u4)'
This graph is sometimes a subgraph of a leave L;.

We begin with three lemmas.

Lemma 3.1. If there exists a 4-cycle packing (V, %)) of a complete multipartite
graph G with leave Ly such that D C Ly, and if there exists a 4-cycle packing (V, %,)
of 2G with leave {{uy,ur},{u1,uz}}, then there exists a 4-cycle packing of 3G with
leave Ly where |L3| = |Li| — 2.
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Proof. Let %3 = B, U %, U {(a1,az,u1,u2)}, so that

Ly = (L \ E(D)) U {{a1,us}, {az,us}, {ur,u}} and |Ls| = |L,| - 2.
(]

Lemma 3.2. If there exists a 4-cycle packing (V, %)) of a complete multipartite
graph G with leave L such that

(i) Q= {{us,ur}, {us,un}, {us,us}, {us,us}} C Ly and

(ii) b= (uy,up,uz,usq) € B4,

and if there exists a 4-cycle packing (V, %) of 2G with leave {{(u1,u2}, {(u1,u2}},
then there exists a 4-cycle packing of 3G with leave Ly where |Ls3| = |Li| — 2.

Proof. Let B3 = (%, \ {b}) U B, U {(u1,uz,u3,us), (uy,uz,us,us)}. Then L3 =
L\ QU {{ur,uz}, {us, us}}. O

Lemma 3.3. Let H(1,2,...,12) be the graph with vertex set {1,2,...,12} and edge
set E(H) = {{6,10},{6,10},{1,2},{1,3}}U{{i,j} |3<i<6, T<j<12}U
{{i,j} | 7<i<10, 11 <j <12} U{{2,j} |4 <j < 12}. There exists a 4-cycle
packing B(H(1,2,...,12)) of H(L,2,...,12) with leave the matching
L={{3,11},{4,8},{5,9},{6,10},{7,12}} saturating the vertices of odd degree.

Proof. The 4-cycles in {(1,2,8,3), (2,4,9.6), (2,5,11,7), (2,9,11,10), (2,11,3,12),
(3,7,4,12), (3,9,12,10), (4,10,6,11), (5,7,6,8), (5,10,6,12)} provide the required
4-cycle packing. O

Theorem 3.4. Let G be a complete multipartite graph with parts Vi, Va, ..., Viis,
where v; = |V;| is odd for 1 <i <t and is even for t+1 <i<s+t. Let n be the
number of vertices of odd degree and v be the size of the largest part having vertices
of odd degree. There exists a maximum 4-cycle packing of 3G with leave Ly where:

(i) if n =0 then |Ls;| € {0,2,3,5}, and in particular if G = K(1,1,n) then

I — 3K, when n is even ,
3T\ 3K, VK, when nis odd, and

(ii) ifn > 1 then |Ls| < max{n/2 +3,v+ 3}, except if G =K;3 or G =K(1,n), in
which cases Ly = E(3G).

Remark. Note that |L3| is completely determined by (i) and (ii), since if L' is the
leave of any 4-cycle packing of 3G, then clearly |L'| > max{n/2,v} and |L'| — |Ls]
is divisible by 4.

Proof. (1) Sporadic Cases. If G=K; or if G=K(l,n) then 3G contains no
4-cycles, so clearly Ly = E(3G) in the only 4-cycle packing of 3G.
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If G=K(1,2n+ 1,2), then the union of a maximum 4-cycle packing of G
(which has leave of size v = 2n + 1) and a maximum 4-cycle packing of 2G (which
has leave of size 2) produces a maximum 4-cycle packing of 3G with leave Lj,
where |L3| = v+ 2.

If G=K(1,1,n), then the union of a maximum 4-cycle packing of G (which
has leave of size 1 if n is even and 3 if n is odd) and a maximum 4-cycle packing of
2G (which has leave of size 2) produces a maximum 4-cycle packing of 3G with
leave L3, where |L3| = 3 if n is even and |L3| = 5 if n is odd (so n = 0).

Therefore, by Theorem 2.7, throughout the rest of the proof we can assume
that for any {u;,us} € E(G), if the number of edges in 2G is congruent to 2 (mod
4), then there exists a 4-cycle packing of 2G with leave {{u;,us}, {u1,u2}}.

(2)t=0o0r1 (mod4). In this case, when /. = 2 the leave is (), and so a maximum
4-cycle packing in which the leave when 4 = 3 is exactly the same as when A =1,
so the result follows from Theorem 1.1.

(3)t=2or 3 (mod 4). Let M =max{v,n/2}. If |[L;| <M + 1, we can add the
repeated edge leave L,, and the new leave Lj satisfies (ii), so is a minimum leave as
required. So henceforth we assume that |L;| € {M +2,M + 3}.

We shall follow the order of the sections and adopt the notation used in [3].

| The bipartite case |

Both parts must have odd size since t = 2 or 3 (mod 4). Let v; > v,. If v, = 1 (mod
4) then |L1| = vy =M. If v, =3 (mod 4), then we can use Lemma 3.1 since L,
contains D; L is shown in Fig. 1 of [3]. So in this case, we have |L;| = v; + 2 and
|L3| = |L1| —-2= 1.

|An odd number of parts, all of odd size‘

We must have ¢t = 3 (mod 4). We have two cases.

If = 3 (mod 8) then let (¥, %)) be a maximum 4-cycle packing of G with leave
Ly = K3, and let (V, %,) be a maximum 4-cycle packing of 2G with leave L, = C;.
(Here C, denotes a pair of vertices joined by two edges.) Then (V, %, U %,) isa 4-
cycle packing of 3G with leave L; = K3 U C; of size 5 as required.

If t = 7 (mod 8), then let (¥, %) be a 4-cycle packing of G with minimum leave
the 5-cycle Ly = (uy,us, u3,uz,us), and let (V, %,) be a 4-cycle packing of 2G with
leave L, = {{ul,MQ}, {ul,uz}}. Then (V,fﬁ] U%, U {(ul,ug,m, u4)}) is a 4-cycle
packing of 3G with leave L3 = {(u;,us,us)} = K3, so |L3| = 3.

|An even number of parts, all of odd size|

We refer the reader to Fig. 5 of [3], where the possibilities for the leave L; of
(V,B,) are listed.

Case (i).

In this case, |Li| € {v; + 2,v; + 3}, so 2 or 3 copies of K, in L; do not contain a
vertex in V; let {uj,us} and {up,us} induce 2 such copies. Also, since
|Li| > /242, in L; there are 4 vertices in Vj, say us,us,u7, and ug that have a
common neighbour, say a, € V5. So we have:
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O = {{ur,u3},{ur,ua}, {az, us},{az, ug}, {az,ur}, {az,us } } C Ly.
Also, the partition on the last line in page 115 in [3] ensures that
Tl = {(uh Us,us, u6)7 (u27 Us,uUyq, u())? (UI, u7z, us, u8)7 <u27 uz,usg, Mg)} g e@1-

Let (V,4%>) be a 4-cycle packing of 2G with Ly = {{u,u2}, {u1,u2}}.

Also let TZ = {(u37u57u47u6)7(u17u27u87u3)7(u17u27u47u7)7(a27u57u27u7)7
(az,ug, uy,ug)}. Then (V, (%, \T1) U%, UTh)) is a 4-cycle packing of 3G with
leave Ly = (L1 \ Q) U {{us,ui1a} | 1 <i<4}. So |Ls| = |Ly] — 2.

Cases (ii) and (iv.3).

We can use Lemma 3.1 in this case, since L; contains D, and since B; contains a 4-
cycle that uses 4 edges joining the vertices of degree 1 in D (see the first sentence
on page 115 of [3]).

Cases (iii) and (iv.1-2).

Here, L; contains two copies of K| 3 (in Case (iii), this follows as described in Case
(i) since again |L;| > /2 + 2, so in L, there are 3 vertices of degree 1 in V] that
have a common neighbour). Furthermore, each such copy of K 3 contains a pair
of vertices of degree 1, say p; = {u,us} and p» = {us, us} respectively, such that
%, contains the 4-cycle (uj,us,us,us). Now use Lemma 3.2.

[Parts of both even and odd sizes|

In this case we refer constantly to Section 5 of [3], adopting the notation defined
therein. In particular, S is a set of pairs of vertices, each pair containing two
vertices from the same part; and if two such pairs contain vertices that occur in
different parts, then %, contains the 4-cycle induced by these pairs. Moreover,
there exists a vertex z such that {z,u} € L, for each vertex u in each pair in S.

As remarked in the second paragraph of Section 5 in [3], if ¢ is even then the
leave is identical to the leave formed if all vertices in parts of even size are deleted.
So the result follows from the previous case (an even number of parts, all of odd
size). So we can assume that ¢ is odd, so therefore ¢t = 3 (mod 4).

Following the cases in [3], we obtain the following.
s =1 (page 120 of [3])
If + =3 (mod 8) then L; contains the edges {z,u;},{z,us}, {z,us}, and {us,us},
where {z,up,u3} C O and {u;} C E. So choose Ly = {{u,uz},{u1,ur}} and let
B3 = By UBy U{(a,u1,uz,u3)}. Then |Ls3| = |Li| — 2, so (V,B3) provides the re-
quired 4-cycle packing.

If t =7 (mod 8) then we can simply use B, U B, since |L;| = v+ 1, so then
|L3| = v+ 3 as required.
s# 1 and ¢t = 3 (mod 8)
If |S| = 0 then L; contains a copy of K3 (see the last line on page 121 of [3]) with
vertex z joined to a vertex u; € E, so the result follows here by using exactly the
same argument in the case where s = 1, = 3 (mod 8).




180 E.J. Billington et al.

If S contains two pairs from different parts, then

L = n/2+1S|—1 if S| € {2,3}, and
U7 o +1 if |S| > 4.

So we can assume |S| = 3. Then by (ai) on page 121 of [3], all three pairs in S, say
{ur,us}, {uz,us}, and {us, us}, occur in different parts.
Let 71 = {(u1 , U, Us, u4), (u17u3, us, ué)} C %;. And let

Ty = {(u1,u2,z,ug), (u1,u2,us, z), (z,u3, us, us) }.

Let (V,4%,) be a 4-cycle packing of 2G with leave Ly = {{uj,u2}, {u1,u2}}. Then
(V, %) is a 4-cycle packing of 3G where 83 = (%4, \ 1) U %, U > with

Ly = (Li\ {{zu} [ 1 <i<6}) U {{ur,ui} [ 2 <i <4}, {us, ug}}.

Now suppose all pairs in S belong to one part. Then page 123 of [3] details two

cases. One results in the leave described in equation (1) of [3] in which
|Li| = /2 = M so has already been considered (just take B; U B;), and the other has
leave L consisting of a copy of K3 containing a vertex z joined to a vertex u; € E, so
this again reverts to the case where s = 1 and ¢ = 3 (mod 8), handled above.
s=# 1 and ¢t =7 (mod 8)
If |S| =2 or |S| > 4 and S contains two pairs from two different parts (see page
124 of [3]), instead of applying Lemma 5.6 of [3] to the graph formed from K;; by
deleting the two disjoint edges joining vertices in p; and p,, with vertex set
{z: | 1 <i<7}Up Upy, to form B}, we supplement the set B of 4-cycles defined
so far, in the following way.

Let p; = {u,u3} and py = {up,us}. Let ({z; | | <i <7} U{u,uz}, T1) be a 4-
cycle system of Ko, let (({z; | 2 <i < 7},{us,us}), T») be a 4-cycle system of K¢ >,
and let T3 = {(uy, uz,u3, u4)}.

Let (V,%,) be a 4-cycle packing of 2G with leave Ly = {{uy,us}, {u1,u}}.
Then (V,El UTi UTh UT;U%,) is a 4-cycle packing of 3G with leave

Ly = (U'\ {{z1, 22}, {21, 23}, {22, 23}, {3, ua} }) U {{z1, 13}, {21, ua} }.

So |Ls;] = |L'| — 2. (See Fig. 1).

If |S] # 3 then let (V,4;) be the 4-cycle packing of G with leave L; where
{{m,22},{»m,21},{z1,22}} C L;. Then since we are assuming that |L;| > M + 2, it
follows from the top of page 125 in [3] that |S| = 1, say S = {p}, and one of the

sets Sy, ...,S;, say S, contains at most one pair that is in the same part as p. Then
Ky
Ug K - - - -=- == \
ulo e Kee e e oe) o @eesees
O , P
e .

Fig. 1.
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we may let p = {y;,»»} and S| = {p; = {Mmir1,0242} | | <i <4}, named so that
possibly p and p; occur in the same part, possibly p» and p; occur in the same part,
but no other two pairs occur in the same part. If p and p; occur in the same or
different parts then let 5; = 0 or {(y1,3,12,4)} respectively, if p, or p3 occur in
the same or different parts then let 5, = () or {(ys,y7,¥6,15)} respectively, and in
any case let b3 = {(y1, y2is1,22, M2142) | 2 <i < 4}. On page 122 of [3], conditions
(1-2) show that b, U b, U b3 C 4,. Also in [3], the second last paragraph on page
121 shows that By C 4, is a maximum 4-cycle packing of K (4,4, 1) with partition
we can name {p; U ps, pr Ups, {z1}}. Also, let (V, %) be a 4-cycle packing of 2G
with leave L, = {{y4,yg}, {y4,yg}}.

If B is a set of 4-cycles, then let E(B) denote the multiset of all edges occuring
in the 4-cycles in B. Then one can check that, using the graph H(1,...,12) defined
in 3.3, E(H(z2,21, y1,V2,---,%10)) = E(B1UbyUbyUb3)UL; UL, (see Fig. 2).
Lemma 3.3 can now be used to form a 4-cycle packing T of H(z2,z1, y1,2,---,¥10)
with leave consisting of 5 independent edges.

Therefore, we can replace B; U by U b, U b3 in 4 with T to produce a 4-cycle
packing of 3G with leave L3, where |L;| = /2.

Finally, suppose |S| = 3. By our assumptions, there are two pairs in ¥} and a
third pair in another part. Instead of applying Lemma 5.6 to the graph formed
from K, by deleting the two disjoint edges joining vertices in p; and p,, repeat the
process described at the start of this subsection, when |S| =2 or |S| > 4. O

4. The Cases 4 > 4

We first deal with one exceptional case.

If G=K(1,1,n), then let 1 = {u1}, Vo ={uz}, and V3 ={u; | 3<i<n+2}.
Clearly the edges joining u; to u; are in no 4-cycle in 4G, so these edges must occur
in L,. Simply take the union of |1/2] copies of a maximum 4-cycle packing of 2G
with leave {{uj,ur},{u1,uz}} together with, if A is odd, a maximum 4-cycle

K (4,4,1); By covered these edges ” | >|22
/,\ 77777777 .

(o o)

ﬁ :
[ ¥ j ®lys
L Y (@ ®)ys ;
T~ Lo
yr (o] @yg ' is then added.
! |
ys f Y10



182 E.J. Billington et al.

packing of G with leave either {u;,uy} (if nis even) or {{uy,uz}, {uz, us}, {us,u; }}
(if n is odd).

Next consider the case 4 = 4, for G # K (1, 1,n) or K(1,n). We shall show that
there is a maximum packing of 4G with 4-cycles having leave (). Despite the fact
that the case 2 = 2 (in all but two exceptional cases) has leave either 2K5 or ), in
order to obtain an empty leave when 1 = 4, we have some work to do!

First, note that if G contains no parts of size 1, then by [14], since 1 = 4, we can
take all pairs of parts and pack each bipartite subgraph with 4-cycles with empty
leave.

So now suppose that G contains at least one part of size 1.

If G contains one part of size 1, since G # K(1,n), it must contain at least three
parts. If G contains precisely three parts altogether, the other two parts are both
of size greater than 1 (since G # K (1, 1,n)). We deal first with some small cases, in
the following seven lemmas. These small cases have three or four parts, and at
least one part of size 1.

Lemma 4.1. There is a 4-cycle system of 4K(1, 2, 2).

Proof. Let Vy = {1}, V5 ={2,3} and V5 = {4,5}. Take each of the following 4-
cycles twice:

(1,2,4,3), (1,2,5,3), (1,4,3,5), (1,4,2,5).

Lemma 4.2. There is a 4-cycle system of 4K(1, 2, 3).

Proof. Let Vi = {1}, Vo ={2,3} and V5 = {4,5,6}. Then (¥}, V5, V3; B) is a 4-cycle
system, where

B=1{(1,2,53),(1,2,4,3),(1,2,4,3),(1,2,6,3),(1,5,2,6),(1,5,3,6),
(174727 5)7 (1747276)7 (1’4’37 5)? (1747376)7 (27 57376)}

Lemma 4.3. There is a 4-cycle system of 4K(1, 3, 3).

required 4-cycle system.

]
Lemma 4.4. There is a 4-cycle system of 4 K(1,1,1,1).

Proof. Since K(1,1,1,1) = Ky, this is trivial. O
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Lemma 4.5. There is a 4-cycle system of 4K(1,1,1,2).

Proof. Let 1 = {1}, V» ={2}, V3 = {3} and Vs = {4,5}. Then ((V1, V2, V3, Vi), B)
is a 4-cycle system, where B={(1,2,3,4),(1,2,4,3),(1,2,3,5),(1,2,5,3),
(1747273)7(1,4,27 5)’(1,4,3,5)’(1757273)7 (374727 5)'} D

Lemma 4.6. There is a 4-cycle system of 4K(1,1,2,2).

Proof. Let V) = {1}, Vo = {2}, V3 ={3,4} and V4 = {5,6}. Then (W, V5, V4, Va),
B) is a 4-cycle system, where

B = {(1727573)7 (1727375)7 (1’27376)’ (1727475>7 (1737674)7 (1737275)7 (1737674)7
(1747 27 6)7 (1747 27 6)7 (17 5727 6)7 (27 37 574)7 (27 5747 6)7 (37 5747 6)}'

Lemma 4.7. There is a 4-cycle system of 4K(1,2,2,2).

Proof. Let |Vi| =1 and |W3| = |W3] = | V4| = 2. Take 4-cycle systems of 2K(1,2,2)
on: {N, W, W}, {Vi,V,Va}, {",Vs,Va}, and 4-cycle systems of 2K(2,2) on:
(", 3}, AV, Vab A5, Vad O

We can now deal with 4-fold complete multipartite graphs.

Theorem 4.8. Let G be a complete multipartite graph. There exists a maximum
4-cycle packing of 4G with leave L where

(a) if G=K(1,n) or K(1,1,1), then L= E(4G),
(b) ifn>1and G=K(1,1,n), then L = 4K,, and
(c) L =10 otherwise.

Proof. Clearly K(1,n) and K(1,1,1) have no 4-cycles. Also, if G=K(1,1,n)
where n > 1 then the result follows by taking 2 copies of a 2-fold maximum 4-
cycle packing.

Otherwise, first suppose that G has n > 4 parts. For 1 <i < 4 let W; C V; with
[Wi| =1 or 2 if |V;| #2 or |V;| =2 respectively. Let (W, W, W5, Wy),T) be a 4-
cycle system of 4K(|Wi|, |W5|,| W5, |[W4|) (see Lemmas 4.4-4.7). Then
(v, TU (Ui, 4B(V; \ W, (U;;ll W) U (Uj=iz1 7)) is a 4-cycle system of 4G.

Suppose that G has three parts. Unless G =K(1,2,3) or K(1,3,3), for
1 <i < 3 we can choose W, C V; such that

(a) two of W, W5 and W have size 2 and one has size 1, and
) [\ W] #2.

A 4-cycle system of 4G is provided in these two exceptional cases in Lemmas 4.2
and 4.3. So in each other case, let ((W, W5, W3),T) be a 4-cycle system of
K(|Wi|, W, [W3]) (see Lemma 4.1). Then (V,TU (UL, 4B(V; \ W, (U} W)U
(U};‘:m V;)))) is a 4-cycle system of 4G. ‘ ]
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Corollary 4.9. Let G be a complete multipartite graph. There exists a 4-cycle system
of 4G if and only if G # K(1,n) and G # K(1,1,n).

For higher values of 1 =4a + b where 0 < b < 4, we may simply combine a
maximum packing with A =5 (see Theorems 1.1, 2.7 and 3.4) together with a
copies when 4 = 4 (see Theorem 4.8).

We may summarise this as follows.

Theorem 4.10. Let 2 > 4 and let G be a complete multipartite graph. Let n(1) be the
number of vertices of odd degree in AG, and let v(1) be the number of vertices in the
largest part of AG containing vertices of odd degree. There exists a maximum 4-cycle
packing of .G with some leave L, satisfying |L;| < max{n(2)/ 2+ 3,v(%) + 3},
except if

(i) G=K(1,n) or K(1,1,1), in which case L, = E(AG);
(ii) G=K(1,1,n) with n > 1, in which case

AK> V Ky if nand J. are odd, and
AK> otherwise;

(iii) n(4) =0, |[E(AG)| = 1 (mod 4), and G # K(1,1,n), in which case |L,| = 5.

L=

5. Conclusion
We now can summarise our work as follows.

Main Theorem. Let G be a complete multipartite graph. Let n(1) be the number of
vertices of odd degree in AG, and let v(A) be the number of vertices in the largest part
of 7.G containing vertices of odd degree. There exists a maximum 4-cycle packing of
AG with some leave L) satisfying |L;| =1 if and only if

(i) if G=(1,n) or K(1,1,1), then L, = E(AG),
(ii) if G=K(1,1,n) and n > 1 then

AL NV Ky if nand L are odd, and
L, = .
AK; otherwise,

(iii) if n(2) =0, |[E(AG)| =1 (mod 4), and G # K(1,1,n), then |L,;| =5,
(iv) if y(2) =0, |E(AG)| =2 (mod 4), and A =1, then |L,| = 6, and otherwise
(v) lis the unique integer satisfying

(1) max{n(1)/2,v(2)} <1 < max{n(4)/2 + 3,v(2) + 3}, and

(2) 4 divides |E(1.G)| — .

Proof. The necessity of conditions (i)—(v) was dealt with in Lemma 1.2. The
sufficiency follows from Theorem 1.1 for A = 1, Theorem 2.7 for 4 = 2, Theorem
3.4 for A =3, and Theorem 4.10 for 1 > 4. O
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Clearly this research raises several interesting related questions. The method of

attack used here suggests that finding all possible leaves of maximum packings
may well be possible, although it is probably a lot of work, and perhaps not so
easy to display. Moreover, the the minimum covering problem is a natural fol-
lowup; it is likely that such problems can be attacked by using the results in this
paper.
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