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ABSTRACT—The paper presents a detailed study of a discrete time

common control delay gueuing system. The system considered in the
paper has a single server and single common control operator. Cus-
tomers arrive followinga binomial distribution, both the operating
time of the common control service and service time of server are
independent random processes with general probability distribution.
Queue discipline is first-come first-served. The generating func-
tions of the stationary state probabilities of the system on the
regeneration points being defined and of the waiting time probabi-
lities are presented. The mean gueue length and mean waiting time
are also obtained.

1. Introduction

. The study of the congestion phenomenon in a crossbar switching
system [1] used in modern telephone system, in which a number of

common control circuits are employed to control several link“Hevices,
formed the subject of the common control queuing system. A common
control gqueuing system differs from the ordinary queuing system in
that every customer first goes to the common control operator and
then to a server. There is no queue between the common control ope-
rator and the server, Another important application of the common
control queuing system is the so-called No. 1 ESS system[2] where a
digital computer is employed as common central processor. Two dif-
ferent types of common control loss system were studied by Jacbbaeus
[3] and Rodenburg[4]. While Syski[5] made a systematic and compre-
hensive presentation of a delay common control queuing system. Re-
cently, Chen and his co-workers have considered a combined delay and
loss common control queuing system [6]. All the previous works on
common control queuing system are essentially concerned with the
continuous time situation in which the Poisson input process and ne-
gative exponential operating time of the common control service and
service time of the server were employed. However, discrete time
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22 Hwang: Discrete Common Control Queue

I1l. The Equations of the System

To describe the system quatitatively, let the random variables,
Nq(t), Ns(t), Nc(t) denote the number of customers who are waiting
in queue, served by server, served by common control device, respec-
tively, at time t. Bince only the single common control device, sin-
gle server queuing system is considered, both of N (t) and N (t) are
binary random functions. Moreover, it is impossible that boty Ng(t)
and N,(t) are equal to 1 at any time t.

Let

Poo (£)=Prop {Ng (£)=0, N, (t)=0, Ng(t)=0}
Py (£)=Pp o {Ny (£)=1, N (£)=0, N (t)=1} i=0,1,2,....
Qy(£)=Ppop{Ny (t)=j, No(t)=1, Ng(t)=0} j=0,1,2,....

whiech are subjeect, for all time t, to the normalizing condition:

P (t)+ L P,(t)+ 2 Q (£)=1 (4)
o j=0 1~ g=0 J

Now, let Tek» Tgk Pe the time instants when the service of the opera-
ting time, and service time, respectively, of the kth customer is
completed. Of course, all the times Tok and Tgk are on some discrete
time instant considered. 1In fact, these departure epoches {(Tck-«O.
‘rsk—O) |k=1,2, ....} constitute a sequence of regeneration points, that
is, on these departure epoches, the system states form a Markov chain.
Thus, we can employ the imbedded Markov chain method to solve the
state probability distribution of the system on these regeneration
points. It is clear that, on these regeneration points,

POO ( Tek —'0}=P1 ( Tck-—o )=POO( Tsk-ﬂ )=Qi ( Tsk—0)=0

for all i and k.
Thus, on these regeneration points, the normalizing condition, equa-
tion (4) becomes

E Pi(TSk-O)=1

i=0 (5)

o

and jEOQj(Tck—O)=1

Considering any two successive regeneration points as shown in Figure
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Tsk-1. = gk __...;Esk R fkﬂ_--tskn
"'"“gk _"'"Cck fﬁm Tckn :

(a) The k+lst customer arrives before the departure of
the kth customer

Tsu-q s T
1k — Tsk . -:—?kn —a sk+1 il
fk =T )k#TT Teka 2
(b) The k+lst customer arrives after the departure of

the kth customer

Figure 2: Regeneration Points of the Discrete Time Common
Control Delay Queuing System

1. If at time Tck—O,
service time of the kth customer, there are i customer arrivals.

the system is in the state Qj and during the

Then the system becomes in the state Pi+j at time Tg-0.

2. If at time 1,-0, the system is in the state P, and during the
operating time of the k+lth customer, there are j customer arrivals.
Then the system becomes in the state Q4 at time T p41-0-

3. If at time T . -0, the system is in the state Pj with i # 0 and
during the operating time of the k+1th customer, there are j custo-
mer arrivals. Then the system becomes in the state Qi+j-1 at time

Tck+1‘0‘
Concluding the only possible transitions of the system states
shown in above, we get the state equations of the system:

*
P (Tgx=0)=b,"Q (T—0)
pl(rak—0)=b1"‘q0(Tck-0)+bc*qlcxck-d)
PZ(T_sk_o)=b2*Qo(Tck_o)+b1*Q1(Tck_0)+bo*Q2(Tck_o)
Py (70773 *Q (T =0)+by %0y (Tom0)+ .. +By7Q5 ; (Te

~0)#D*Q; (1g~0)

----------
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* * &
Qo(Tck+1-O)=co Po(Tsk"0)+co Pl(Tsk 2

- * *
Ql(TCk+1_O)_c1 PO(TSk—0)+Cl Pl(rsk—0)+co P2(Tsk_0)
* * *.
Qz(Tck+1_0)_c2 PO(TSK—0)+CZ Pl(rsk-0)+c1 Pz(TSkvﬂ)

*
+c_ P

o B(Tsk_o}

Qj(Tch*1—0)=cj*P0(Tsk—0)+cj*P1(Tsk—0)+cj_1*P2(Tsk—0)

* * .,

and these state equations (6) are subject to the normalizing condi-
tion equations (5).

Now consider » the steady state, since the service times are
identical independent random process, the system states Pi(t) and
Qj(t) will be independent of k.

Let :
Pi=Pi (Tax~0)
fox Bdl 1, . and k.
a,=Q, (7, ~0)

Then the state equations (6) and normalizing condition equations (5)

become
*
po_bo 95
p1 b1 qo+bo q
* * *
p2-h2 qo+bl q1+bO %3 (7)
* * *
BB, LY P Gy P,
and



The Journal of Nutional Chiao Tung University, Vol I, April 1976 . 25

*
p ;-c p +c P +co P (8)

-----

= potThl 4 *arg de Tpliat®
C; Po*ey by €41 Pot...tey py¥e Dy,

- L = , E
piul and .=0qj 1 (9)

IV. The Stationary State Probability Distribution

To solve the stationary state probabilities of the queuing sys-

tem, let us first define the following generating functions:

oo
(i) (x)= & DX

i

i=0

- -]

@ (x)-~ b q1

i=0

B(x)= £ b, x>

C(x)= & ¢.x
B*(x):

C*¥(x)= L c; X

i=0 1

3
3

i=0

L
i p.¢
0

IIMB

i

8

* i
i=0

It is clear that

¢p(1)=¢q(1)=B(1)=C(l)=B*(1)=C*(1)=1 (10)

Now, multiplying x

1 to the ith equation of equations (7) and then

summing all the results, we get

¢p(x)=B*(x)¢q(x) (11)

Multiplying x

L

to the ith equation of equations (8) and then summing
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all the results, we get
¢ (x)=C*(x)[ % + 3 ]
q po-- 2 p(X) (12)

X

Substituding equation (11) into equation (12), we get

6 (x)= = C*(x) 3
) B T Nt

By equation (10), we get

x-1 *
¢ (1)=1=1im p_C (x)
q x+1 x-B¥(x)C¥*(x) °

p
- o

1Bt (1)-C* (1)

or

1 1
Po=1—B* (1H-C* (1) (14)
Substituding equation (2) into the definition of B¥*(x), we get

DI
B*(x)= I b,x
i=0

=% (?)aifl-a)m_ibmxi
1=0 m=0

= 5T (?)(ax)l(l—a)m'ibm
m=0 i=0

o0
=1I (ax+(1-a))mbm
m=0

=B(ax+(1l-a)) (15)
By the same procedure, substituding equation (3) into the definition
of C*(x), we get
c*(x)=C(ax+(1l-a)) (16)
It follows from equations (15) and (16), that
B*' (x)=aB' (ax+(1-2a))
B*"(x)=a2B"(ax+(1~a))
{17)
C*'(x)=aC'(ax+(l-a))
c*" (x)=a%C" (ax+(1-2))

By the definitions of B(x) and C(x), it is clear that
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B'(1)= #zE(z]
C'(1)= Lg[E]
At
B*'(1)= &E[L]
C* ()= ZE[E]
4
B'(1)= —5E[z(z-4t)]
At
" l
C"(1)m=—5E[£(E-4t)]
At
" az
B* (1)= ~—gilrCc=at)]
.

" 2
c* (1)= =5E[£(£-4t)]
At

(18)

Applying equations (17) and (18) to equation (14), we get

DO=1—D
where

p=A(E[Z]+E[E])
and

-

Substituding equation (19) into equation (13), we get

(x-1)C(ax+(1-a))

¢q(x}=(l—o}

Substituding equation (20) into equation (11), we get
J(x-1)C(ax+(1l-a))B(ax+(1l-a))

x-B(ax+(l-a))C(ax+(1l-a))

¢p(x}=(1_p’x—-B(ax+(1—a)C(ax+(1—a))

Equations (20) and (21) give the explicit forms of the

(19)

(20)

(21)

generating

functions of the stationary state probabilities on those regenera-

tion points. To get the state probabilities on those

points, one can easily obtain by the formulas:

1 a&*

P = = — & (x)]|__
k
1 4
= o — ¢ _(x)|__
kE ki dxk q x=0

regeneration

The mean queue length of the system on those regeneration points can

be obtained by taking the derivative of @Q(x) and Qp(x) as x equals
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to 1%

d
Lp= dax Qp(x)[x=l

—os AAB[r(z-0t)|+E[E(E-A)]+2E[C]E[E])
2(1-p)

R
Ly~ @ cbq(x)lx=1 (22)

2
). A2{E[z(r-At) ]+E[£(E-At)]+2E[E]E ]}
AE[E]+ 2(1-0)

Note that the state probabilities obtained above are only on the re-

generation points even in Markovian processes,

V. Waiting Time Probability Distribution Function

To find the waiting time distribution function, 1let w be the
random variable denoting the waiting time of a certain customer,
Also let § be the random variable denoting the completion time of
the customer, that is, the time from his arrival to his departure.

It is clear that

S=w+E+L (23)
Define the waiting time probability distribution

wn=PrDb{m=nﬁt}
and the completion time probability distribution

d =P . {6=nit}

Let Ay be the random variable denoting the number of arrivals during
the completion time of the customer and define the probability dis-
tribution

*— =
dn ‘Prob{Ad ?}
Then it follows from equation (1)

dy =m£0pr0b{Am=n}Prob{6=mat}

=3 (Ha(1-2)""a, (24)
m=0

Defining the generating function as follows:
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Y(x)= I mnxn

n=0
n

dnx

a8

D(x)=

n=0

o n
D*(x)= I dn*x
n=0

However, the number of arrivals during the completion time of
the kth customer is equal to the number of customers waiting in que-
ue at the time instant Tsk-o. Thus we get

d =P
n n (25)

D*(x)=¢ (%)

Applying equations (25) and (24) to the definitions of D(x) and
D*(x), we get

?_(x)=D* i ; ; e Tl 5 0 3, o s 3
p( ) (x) 50 m=0(n ( n

=D(ax+(1-a)) (26)

Rewrite equation (21) as

g;i&%:&l:l B(ax+(1-a))C(ax+(1-a))
ép(X)=(1—p}ax+(1-a)-(1—a) o
a

-B(ax+(1l-a))C(ax+(1l-a))

Comparing equations (26) and (27), we get

Eil B(x)C(x)
D(x)=(1-P) x-(1-8) _pexyc(x)
a

=(1-p) 2 ey (28)

Applying equations (23) to the definition of D(x), we get

D(x)=¥(x) B(x) C(x) - (29)
Substituding equation (28) into equation (29), we get

i (1-p)(x-1) '
(X)= =T)+a (L-B(x) CX)) 02

Equation (30) gives the explicit form of the generating function of
the waiting time probability distribution. One can then obtain the
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waiting time probability distribution by the formula:

wp=(a%/ax" ¥ (x) | o

The mean waiting time can be obtained by taking the derivative of
¥(x) as x equals to 1 and multiplied by At

=at-L
W=Atge ¥(x) |, _,

-y 2[B'(1)+2B' (1) C' (1)+C"(1)]

2(1-p)
By equation (18), we get
- A{E[E(c—ﬂt)];%ﬂgl)lﬂ[E]+E[C(E—6t)]} (31)

where o and A are defined in equations (19).

V1. Special Cases

The results obtained in equations (19), (20), (21), (22) and
(30), (31) may be regarded as an extension of some previous works in

the literature:

Case 1. Suppose that the operating times of all customers are

equal to zero, that is,

¢, ~ElE]=E[E(E-At)]=0 n>0
c0=C(x)=C*(x)=1
Then egquations (19), (20), (22) and (30), (31) reduce to
p0=1_p
p=AE[Z]
i
\= 1%

=1%B +(1-
¢p(x)=(1-p) (xx-%(éif(i-aﬁg)

2
end LB[rle-0t)]
Lp=et =30

_ _(l-p)(x-1)
O(%)= HID)*a(1-B(X)
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w= ME[E(z-8t)]
2(1-0)

These results were reported by Meisling[7] as the solution of
ordinary queuing system.

Moreover, it follows from equations (21) and (22) that

(x-1)
x-B(ax+(1l-a))

@q(x)=(1-p)

2
_ A°E[z(z-At)]
R )

These are the generating function of the stationary state pro-
babilities of the system and the mean gueue length of the system at
the beginning of the service of a certain customer. Note that Lq is
less than Lp by p which is mean number of customers arrived during
the service of a customer, since during the service of a customer,
all the arrivals must join into queue.

If we let the service time be zero instead of the operating time,
then the system also becomes the ordinary queuing system, the same
results will be obtained except that in this case:

Since in this case, B and Toi are at the same instant.
Case 2. Suppose that both of the operating time and service time
have independent geometric distribution, that is,

b, =(1-p)u”
n=0,1,2,

e n

cnw(l-n)n

It is clear that

B(x)= {%ﬁ%l

ceo= $5532

E[z]=pat/(1-p)
E[g]=nat/(1-p)

E[z(z-0t)]1=2028¢2/ (1-p)%=2E (2 ]?
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E[g(g-at)]=2n2at2/(1-p)2=2E[£] 2
Thus equations (22) and (31) become

p=A{E[2]+E[£]= {10 2un]

L o+ Asz[;12+§£glE[aJ+E[512}

az{ u? . Hn 2 n2 }
cpt —(1-1)2 (A-w)(A-n)  (1-n)?
1-p
3 \2{E[g]12+E[c]E[£]+E[£]%)
Lq—AE[g]+ T (32)
a2 uz 5 + un + n?
RS T S 4 Ve el s U 1 T O LY
1-n 1-p
w= MEIz]1%+E[c]E[]+E[£]%)
(1-p)
2 2
a&t{ IJ 2 + Uﬂ + n 2
- (1-u) (1-p)(1-n) (1-n)
1-p
And equations (20), (21), and (30) become
o (%)= (1-p)(1-n)[l-p+ap-aux]
1 (1-u)(1-n)-a[p(1l-n)+n(1-p)+aun]x+aZunx?
¢p(x)= (1-p)(1—l-i)(1-n) (33)

(1—u)(1—n)—a[u(1-n)+n(1—u)+aun]x+a2unx

- (1-p)(1-px)(l-nx)
Pl P
l-a(p+n)+aun+[apn-(u+n)lx+unx

Expanding equations (33) as the infinite series of x, we get

i 0
Ha~ay

417 (1‘£%E3;-“1){(1‘”+a“)(“21+1"“11+1)—au(a21_a11)}
i+#0
e s ((poitl_g i+l -
1™ TT=alwn)+amm) (By—fp) t (F2™ " =817 ) (34)
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-(un)(By-8 Ly+un(s, 1o T

| v
=

- 1-p
o 1l-a(u+n)+apn

W

where oy are the roots of the characteristic equation:
(1-u}(1-n)uz—a[u(l—n)+n(l—u)+aun]u+a2un=0

and Bi are the roots of the characteristic equation:
[1-a(u+n)+aun] B2+ [aun-(u+n)1B+un=0

As u=0, then .

ul=81=0

P
It
=
I
|‘o

3 p =
%= rIoey = arioey At

PR B!

o 1l-an

W =(1-p)a(rm) i i>0
i I-an

These are the result of ordinary queuing system with binomial input
process and geometric service reported by Meisling [7].

Case 3. Suppose that both the operating time and service time

are fixed constants NAt and MAt, respectively, that is

b;=0
i# M

3N
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chl

It is clear that
B(x)=xM
C(x)=x"
E[L]=MAt
E[E]=NAt
E[z(z-At)]=M(M-1)At?
E[£(E-At)]=N(N-1)At?

Thus equations (19), (22) and (31) reduce to
P =lep
p=a (N+M)

= D§2—p-a§
Lp -p
[ = 2aN+pa[M-N-1]

q 2(1-p)

w= BMIN-1) A,
2(1-p)

If M=0, then
p=aN

L:L:M
p a 2(1-p)

_ P(N-1) ,
We aCi-p)

These are the results of ordinary queuing system with binomial input

process and constant service time reported by Meisling [7].

Case 4. Suppose that the operating time is constant and the ser-
vice time is geometric. That is

ci=0
i#N
cN=1
and
by=(1-u)nd i =0,1,2,

It is clear that
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C(x)=xN

Elz]= %%%

E[£]=NAt
E[r(z-at) 12028t/ (1-w)2=2E (212
E[£(E-At)]=N(N-1)at?
Thus equations (19), (22) and (31) reduce to

p,=1-p

- SR
p=a (N+ l—u)
ol a2(2E[c]2+2NE[C]+N(N-1)}
p P 2(1-p)

2 2

. a?(2E[g]%+2NE[Z]+N(N-1)}

Pgy=al* 5(1-0)

a{2E[2]2+2NE[L]+N(N-1)}
2(1-p)

w =

Case 5. Suppose that the operating time ig geometric and service
time is constant MAt; that is

b.=0
y i#M
bM=1
and ,
ch(l"n)nJ j = 0!1)2)

It is clear that
B(x)=xM

coom 55

E[z]=MAt

L, n
E[E]= 10 At
Elc(z-At)]=M(M-1)At?
E[E(E—ﬁt)]=2n2&t2/(l—n)2=2E[£]2

Thus equations (19), (22) and (31) reduce to

P,=1-p
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=a (1
p a(l—n +M)

Lk a2{2E[£]%+2ME[£]+M(M-1)}
P 2(1-p)

T
g a“{2E[E]“+2ME[E ]+M(M-1)}
Lq aM+ 5(T=p)

w = al2E[g]®+oMm e ] mM-1)} ,
2(1-p)

VII. Conclusion and Suggestions for Further Research

A discrete tine common control delay queuing system with bino-
mial distribution input, first-come first-served queue discipline,
general distributions of both operating time and service time, sin-
gle common control operator and single server is studied. The imbed-
ded Markov chain technique is generalized to apply a set of regene-
ration points in which different types of events were included for
this study. It is shown that some résults of the mean queue length
and mean waiting time reported in an ordinary queuing system can be
obtained as special cases from that obtained in this paper.

For the single common control single server discrete time de-
lay systems, the studies of the system with general input process,
the system with priority queue have not yet been explored. Common
control queuing systems with multiple servers for both continue time
and discrete time situations are also deserved for further investi-
gation.
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List of symbols

tk discrete time epoch
At

( tg, tyyq), small fixed time interval

probability of an arrival in the system at each t;
random variable denoting the operating time of the common
control service

Uha
]

t = random variable denoting the service time of the server
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{b}
{eyt

fy

{b,*}
T Wna
N, (t)

N, (t)

Ng(t)
Poo(t)
P, (t)
Qj(t)

Tck

Tsk

sk

[}

(]

service time distribution
operating time distribution

random variable denoting the number of customers arrived
in the system in a semi-open time interval of length
1At

random variable denoting the number of customers arrived
in the system during the service time of a certain cus-
tomer :

random variable denoting the number of customers arrived
in the system during the operating time of a certain cus-
tomer

probability distribution of Ag

probability distribution of A,

random variable denoting the number of waiting customers
in the queue at time t

random variable denoting ‘the state of common control
operator at time t

random variable denoting the state of server at time t

Prob{Nq(t)=0, N.(t)=0, Ns(t)=0}

Prob{Nq(t}=i, N,(t)=0, Ns(t)=1}

Prob{Nq(t)=j, N, (t)=1, Ns(t)=0}

The time instant when the service of common control the
operating of the kth customer is completed

The time instant when the service of server of the kth
customer is completed. This is the departure time of the

kth customer.

-0)|k=1,2, ....} : regeneration points
Pi(Tsk—O)

Qj(Tck_O)

. i

L ps:Xx
i=0 *
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C(x)
B*(x)

c* (x)

= O

{wyl
{a,}
{a,*}
¥ (x)

D(x)

D*(x)

NAt
MAt

Iiwang. Discrete Common Control Queue

1-x(E[E]+E[z])

&

At

mean queue length on the departure time L

mean queue length on the time Vit

random variable denoting the waiting time

w+E+Z, random variable denoting the completion time
random variable denoting the number of arrivals during
the completion time of a certain customer

probability distribution of waiting time w

probability distribution of &

probability distribution of Ad

; dn*xn

n=0
mean waiting time
probability of the completion of operating time of the
customer béing served by common control operator at each
7

probability of the completion of service time of the cus-
tomer being served by server at each ty

constant operating time

constant service time
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ABSTRACT—This paper defines a new kind c

is called CHITAL — CHInese table TAbula!
purpose of the CHITAL is used for descr:
Chinese characters. The purpose of this

that a fairly complicate table and even a
cribed. In addition to defining the lang
bes the implementation of an interpretes
illustrated results.

I. Introduction

Three main problems exist in the de
processing system. They are (1) input o
data processing of Chinese characters, and
racters. There are two alternative appro
The first method uses a graphic-display
characters. This device can be a storage
tronix 4010) or a non-storage display CR
Using a graphic-display device, a hard c
by taking picture directly from the ser
print' hard copy machine. Alternatively,
used to plot the Chinese characters. A sui
this job is the Versatec Matrix electrost
quality of the electrostatic plotter is be
phic-display device. In this paper, a Vers:
will be chosen as output device for Chine
has a nib density of 1600 dots with 160 d

Usually, the final product of a Chins
system is in the form of a table. The CI
arranged inside the table. Between these

rizontal or vertical lines of various wid:

ches to generate a table. The first appros:

41




