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ABSTRACT =—— In this paper, we establish a lower bound as_well as an upper

bound for the error of the (n-{,n)-th Pade approximant to e = Moreover, we
find 'a condition under which {R (x)} ® can not converge geometrically to
e"Z on [0, +). vl el

I. Introduction

It has been proved in [2, Prop. 2.4| that there exist positive constants
A A,in n

Al and 32 such that for all n>1, ?]‘ and - serve as lower and upper bounds
respectively for the error term nn-l,n of the (n-1,n)-th Pade approximant *o
A

Al Azf.n n

n—nn-l,ni e for all n>1.

In this paper we shall improve and generalize the above result by showing that
for v fixed and 0<v<n, there exist positive constants A and B such that
A n B

<
v—="n-v, n""n\.'

=]

saff and Varga have also establishea in [2] a sufficient condition for the

jeometric convergence of a sequence of Pade approximants to e * on [0,+») in
the uniform norm. We, however, shall give a sufficient condition under which

the Pade approximants {Rn-—u n}n:]. cannot converge geometrically in the uni-
r

-X
form norm to e “.

Il. Results and Discussion

Let m denote the set of all complex polynomials in the variable z with de-

gree at most m, and let A denote the set of all complex rational functions

r
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n'?)
R“'n[z] of the form R (z} ——th—T-. where Q (z)ewu, Pv’nﬂﬂ and P (0} =1
For any function f(z]— kZO xZ k analytxc in a nelghborhood of z=0, and for any
nonnegative integers v and n, the (v,n)-th Padé approximant to £(z) is defined

as the element Rv'ne n“,n for which

£(z)-R, (2)=0(|z|™ (1)

as |z|+0 is valid for the largest integer m. In[1], it is known that for f£(z)
—_— - Q (z’
=g z, its (v,n)-th Pade approximant R (z) u————Thf is given explicitly by

= ¥ (u+n-—k)lv1(—z)k
Qv,n(z)_kig (v+n) Ik ! (v=k] I %)

and

' k
(vin-k) Inlz
0B 5 Es BRI T (3)

We shall denote sup |R (x)-e *| by n Qur object is to find a

O<x<40 DU (n) ,n n-p(n) ,n°
lower bound for n _ ...  with the condition iigiﬁi%ll_ =0 imposed on v (n) .
We first state a few 1emmas.
m-1
LEMMA 1. For n>m, T (1~1~)— (ntm-1) In
il n2 (n-m) !
Proog : mgl{l—lT) ”fﬁrmﬂlrn -5 2,
j=0 n i=0
1 m-1
=75 41 (n=1) (n+3)
n
=—%ﬁtn—m+l)-..(n—l).n.n.(n+1)...(n+m—1]
n

1 (n+m-1)1!n

an (n-m) !

- 2 (n+m) !
LEMMA 2. For “3m+1*j21(1'154‘ o ; -
n n .n.(n-l-m)!

Proog: A similar argument as in the proof of Lemma 1 yields the desired re-

sult.

LEMMA 3. Ifm is a fixed non-negative integer, and u(n) is finite, then

lim (n-=m) ! (n+m)
P+ -

(n-py(n)-m)! n
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Proof: This follows directly from the fact that 1im§§i =1 for any fixed j

o ]
and p(n) finite.
2
LEMMA 4. If m is a fixed positiwve integer, 11m31§l-0; and lim.u(n)==,
nee N o

(n=m) ! (n+m) S

then lim TSN =

n+» (n=-y(n)-m)!n

Proof: It is not difficult to derive the following inequality:

(u(n)+m) u (n)

n+m (n-m) ! (n+m) n yH(n)
e wmer = 1 wm )

T (n-p(n)-m)n

2
Now since m is a fixed positive integer and limﬂiﬁl——-=0, by basic proper-
N+
ties of logarithm, we have that
(u (n) +m) . i (n) iy

lim (1- 2 Tolhiay 4= ¥

N-co H {n}
Together with limEEE = 1, we have lim (n—m)!(n+mi‘n)+1 =1 as desired.

n-+o n+e (n=-p (n) =m) In
It is straight forward to establish the following:

2
LEMMA 5. If limy-u(-ﬁ}— =0, then given any e>0, there exists an integer N
N+
such that for all n»N,

-1
S &
m=0 m!l<€'

Rl p(n)=1 m 2
5 (n-p (n)+m) In T (1_j’)_
= (n+m-1) 1m} ) n

Similarly, we have

LEMMA 6. If lim—ﬂéﬂl =0, then given ¢>0, there exists an N such that
N-co
for all n>N,

n-u(n)
m=0

m-1 2
(-1)™ —(n=m) { (nim) T (ledg)on " ce .
(n—u(n)»mﬁn"{n)+lml =0 if ]

From (3),

n
(2n-p(n) -m) tn! 0

Pn-u(n],n(x)=m£0 (2n-u(n) !m! (n-m) !

n
nl r 2n-uyn)-m)! n
(2n-y(n)) I m=0 m! (n-m)1 X -

Letting k=n-m, the above equation becomes

n
9 tiya. 202" 3 _{n-p(m)+m) !
o

= n-pm) T m=0 n-m) Im! - (4)

n-u(n) ,n
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Similarly, we have from (2) that

n;:u(n}
Cn-un) (0", 2,

‘_1, k (21‘1"11(1'1) _k’ ! (n_u(n} } i k
Zo~u(m Ik (h-p(m) -k T X

- 53;:?1:)1” LR -H(n) DEU(H) (_1}1‘1 {n+m) ! (5)

m=0 (n=p(n)-m) tmtx™

where m=n-k-u(n). Thus if we devide (5) by (4), we obtain

n-y(n) o (n+m) !
Qn-k(n) ;n(xl - (n-u(n)) t meg  $~1) (n=p(n) -m) Im! x®
Fa-u(n) ,n n1 x4 (n) mzﬂ (n—u(n)+m;l
(n-m) Im!x
Now, replacing x by nz,
. n-y (n) ;
2 (nepin))s E - (1y® —_tmim)
Q- (n).n(nz} = Wil . (n-p (n) -m imin"™
2u(n) n (n-u (n)+m) !
B (™) nl n 5 )
n=u (n) ,n m=0 (n-m) Im!n
(n=u (n)) In—; (n) (-1)™ (n-m) ! (n+m) +n. (n+m-1) !
-, m=0 (n=y (n) =m) !m!n- (n-m) !n:”m
nin2¥ (n) E (n=i (n) +m) In. (n+m-1) !
m=0 (n+m-1) !m!n- (n-m) ln2111
(6)
Lemmas 1 and 2 permits us to write (6) as
n=u (n) ; ( -_n 2
_13® _(n-m) ! (n+m) ! e
%y a2 PO g DT R T T U-dp)

- i
2y 2u{n) N (nu (ny+¥m) T m-1 2
Pa(n),n(®) nin m§=0 (nto-1) tmin I, (1=%)
j=0 n

n-u (n) ( | ) n-1 2
(h-p(o))t £ (-0 D) tioe T o(1-1)
m__‘o ( (?_u (n) __m} lnu {n} +l J_O I'.I.2
5 n p(n)=1 m-1 2 E
{n-p (n)+m) In %
B e B Y jmo (1 if’

By Lemmas 5 and 6, given >0, there exists an N such that for all n>N,

oo

2 : m 1

Q -y (n) ,n ™ % (n-u(n)) ! Qs 72 ==e)
7, = = X

T ) ’n(n ) nl (NEO w1 *E)
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Hence given an arbitrary € with f% >e>0,

Q. _ (x) &
[| QA=pin),n iy [0c4=) s n E(n}zi'!
n-u(n) ,n % 4nle
u(n) ?
as N>N, providing 1imT =0. We have proved the following Theorem.
n-+o 2
THEOREM 7, For any u(n) with 0<u(n)<n and lim Hi%l_ =0, M-y (n) ,n
N s
BHEI! for all a sufficiently large.
dnle
COROLLARY 8. If p is a fixed non-negative integer, then

A

"n=u,nZ al
where A is a positive constant.
Proof: This is an immediate consequence of Thm. 7.
Combining Corollary 8 and [3; Thm. 1] , we have established the follow-:
ing result.

THEOREM 9. For any u fixed with 0<u<n, there exist positive constants

A and B such that

-&. i n _ i..B; "
nlJ n=yg,n nl-' 2
THEOREM 10. If 0<u(n)<n and lim Hiﬁl— =0, then . the sequence of Padé
@’ N+
approximants, {Rn—u[n) n(x)}n_l » cannot converge geometrically to e ™ on [0
g =
i 11 0 2 - 1
1im Ru.
nﬂ(nn-u (n) ,n} 1

Proof: From [3, Thm. 1] , we know that n <l. Hence it is enough

n-yu (n) ,n=
to show that

lim(n

n + n=-u(n) ,n o

By Theorem 7, it suffices to show that

1
if: (iE:Hi%lll)n >k,

n! e
Application of stirling's formula directly gives the desired result.
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