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ABSTRACT — Let T be a completely non-unitary (c.n.u.) weak contraction (in
the sense of Sz.-Nagy and Folas). We show that T is gquasi-similar to the di-
rect sumof its C, part and Cll part. As a corollary, two c.n.u. weak contrac-
tions are guasi-similar to &@ach other if and only if <their Cy parts and Cqpy
parts are quasi-similar to each other, respectively. We also completely deter-
mine when c.n.u. weak contractions and Co, contractions are guasi-similar to
normal operators.

Recall that a contraction T ona Hilbert space H is called a weak contrac-
tion if its spectrum 0 (T) does not fill the open unit disc D and 1-T*T is of

finite trace. Contained in this class are all contractions T with finite de-

fect index dTEdim Range I[l--T"‘T};'i and with lT)#D (cf. [8] , p. 323).

Assume that T is a weak contraction which is also completely non-unitary
(e.n.u.), that is, T has no non-trivial reducing subspace on which T is a uni-
tary cperator. For such a contraction, Sz.-Nagy and .Foiag obtained a Co_cll
decomposition and then found a wvariety of invariant subspaces which furnish
its spectral decomposition (cf. [8], chap. VIII). In this note we are going
to supplement other interesting properties of such 'ccntractions. We show that
a c.n.u. weak contraction is guasi-similar to the direct sum of its Co part
and cll part. Although the proof is not difficult, some of its interesting
applications justify the elaboration here. An immediate corollary is that two
such contractions are quasi-similar to each other if and only if their CO parts
are gquasi-similar and their Cll parts are quasi-similar to each other. This
is in term used to show that two guasi-similar weak contractions have egual

spectra. Another interesting consequence is that a c.n.u. weak contraction is

* This research was done while the author was visiting Indiana University during the summer
of 1976.
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quasi-similar to a normal operator if and only if its C, part is. The latter
can be shown to be equivalent to the condition that its minimal function is a
Blaschke product with simple =zeros, thus completely settling the question of,

when a c.n.u, weak contraction is guasi-similar to a normal operator.

Before we start to prove our main theorem, we provide some background work

for our notations and terminologies. The main reference is [8].

Let T be an arbitrary contraction on H. Let Ho={hEH:Tnh+0], 6={hEH:T*nh

+0}, H!=HPH_ and H.=HPH'. Note thatH and H' are invariant for T and T*, res-
1 o 1 (s} o o

pectively. Consider the triangulations of T with respect to the orthogonal
144 e ' - T
decompositions H Hoeﬂl and H HISHO.
TO X Tl b 4
T= and T=
L} L]
0 Tl 0 i
. C * C 4 A '
The triangulations are of type s and " , respectively (cf. [8],
0 c 0 c
1. .0

p. 73). Recall thatacontractionTis of class ¢ (resp. C ) if ™h+0 (resp.
T*"1+0) as n+efor all h and T is of class ¢y (resp. C l) if Th o0 (resp .

n & P N
T* " his0)as n+ofor all h#0. T is of class Coo if TeCc, NC and of class C11 if

Tecl nc 1 A c.n.u. contraction T is said to be of class Co if there exists

a non-zero function ueH” such that u(T)=0. In this case we can choose u to bef
a minimal inner function in the sense that u is an inner function such that
u(T)=0 andudivides (in H ) every other function veH for which v(T)=0. Such
a function is called a minimal function for T and is denoted by M, . 7, i) ol -
a c.n.u. weak contraction, then in the previous triangulations '1‘0 is of class
Co and Tl is of class Cll’ 1
p. 331). Note that in this case we have HOVH1=H and Hoﬂ Hl={0] ct. 8], p.

called the Co part and the C 1 part of T (cf. [8],
332). For arbitrary operators T, T' on H, H', respectively, T<T'denotes that
T is a guasi-affine transform of T', that is, there exists a linear, one-to-
cne and continuous transformation S from H onto a dense linear manifold in H'
(called guasi-affinity) such that ST=T'S. T and T' are guasi-similar if T<T'

and T'<T.
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Our main theorem is the following

THEOREM 1. Let T be a c.n.u. weak contractiononH. Let To and T. be the

1
Co part and Cll part of T. Then T is quasi-similar to T 8T, .
Proof: Let S:-Hoeﬁl

continuous linear transformation. Since HOVH1=H and Hon H1={D}, it is easily

+H be defined by S(homhl)=ho+hl. Certainly T is a

seen that 8 is a gquasi-affinity such that S(TOET1)=TS. Thus T0$T1<T. Note

that T* is also a c.n.u. weak contraction and Té* and.Ti* are the Co and C11
parts of T* (cf. [8], p. 332). As above, we have Té*aTi*<T*. Hence T<T69T‘,

and TOQT <T<Té$Ti. Let V be the quasi-affinity from HOQH to HéeH' such that

1 1 1

eT,)=(T'8T!)V. Si a - i '
V(To 1) (TomTl)v Since 'I'o nd Tl are of class Co. and Cl.,respectlvely, it

is easily seen that VE cH!. Say,

is the corresponding triangulation. An easy calculation shows that 2T =Téz.

1

Since T, is of class C and Té is ofclasscoo,Wenmst have Z=0. Thus Vo and

1 11

= initi i i =7 VP =TIV, . i 2
Vl are guasi-affinities satisfying VbTo TOVO and 17 lvl Hence To To and

T1<Ti. It follows from the unigueness of the Jordan model for Co contractions

that T0 and Té are gquasi-similar to each other (cf. [2]). To show that Tl is

quasi-similar to Ti, note that T1

similar to unitary operators, say Ul and Ui, respectively. We have U1<Ui, By

and Ti, being Cll contractions, are guasi-

a theorem of Douglas [4], U, and U; are unitarily equivalent. Hence T, is

gquasi-similar to T,

: R Py e, .
17 and T is guasi-similar to T 8T

An immediate corollary of Theorem 1 is

COROLLARY 1. Let T and T, be c¢.n.u. weak contractions. Then T, and T,
are quasi-similar to each other if and only if their Co parts are guasi-similar

and their C11 parts are guasi-similar to each other.

Proof: The sufficiency follows immediately from Theorem 1. .The necessity

can be proved by a similar argument as in Theorem 1.

In particular, for c.n.u. contractions with scalar-valued characteristic

functions, we have
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COROLLARY 2. For j=1,2, let Tj be a c.n.u. contraction with the scalar-

valued characteristic function wjzo. Let wj=mji¢je be the canonical factori-

zation into the product of its inner part wji and outer part wje' and letE=
¢ AR o
3L =3

e, ®
be the triangulation of type o3 '
0 sz 0 £

{eit:|¢j(eit)|<lh Let Tj=

J=1,2. Then the following are.equivalent to each other:

o
(ii) T11 is gquasi-similar to T21 and rlz-ls unitarily

(i) T, is quasi-similar to T

equivalent to Tzz:
(1ii) V137V and E, and E, differ by a set of zero

Lebesque measure.

Proof: Since Tl and T2 are c.,n.u. weak contractions, the equivalence of
(i) and (ii) follows from Corollary 1. Note that le is quasi-similar to the
multiplication by eit on the space thEj) and sz is unitarily equivalent to
the compression of the shift S(;pji} on H29¢ji32' j=1,2. Thus the equivalence
of (ii) and (iii) follows immediately.

The equivalence of (i) and (iii) in Corollary 2 is compatible with the re-

¥y ¥

sult of Kriete [6] that T, is similar to T, if and only if —, —= ¢H and E
T 2 Uy Ty 38R

and E, differ by a set of zero Lebesque measure.

COROLLARY 3. Let T1 and '1‘2 bec.n.u. weak contractions. If Tl and '1‘2 are

gquasi-similar to each other, then o (T1)=0(T,).

Proog: For j=1,2, let Tjo and le be the C, part and Cll part of Tj' By
Corollary 1, '1'10 and Tll are quasi-similar to T20 and T21, respectively. Since
the sgectruml of a co contraction is completely determined by its minimal funec-
tion (cf. [B8], p. 126), and T10 and T,o have the same minimal function, we have
9Ty ) =0(Tpyq) +

To show that g(Tll)=c[T21) ¢ let Uj be the residual part of the minimal
unitary dilation of le, j=1,2 (ef. [8], p. 6l). Note that le is quasi-simi~-
lar to Uj and c(le) lies entirely on the unit circle (cf. [8], p. 75 and p.
328). It follows that G{Tj1)=010j) et B P 311-3}2] . By Douglas' theorem
[4], Ul and U'2 are quasi-similar implies that they are unitarily equivalent.

Thus G(Tll)=U(U1)=G(UZ)=0(T21). Since U(Tj)=U{Tj°}U c(le) ([8], p. 332), we
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have c(Tl)=5(T2) , completing the proof.

We remark that the proof can be modified to show that gquasi-similar work
contractions (not necessarily c.n.u.) have equal spectra. This result is not
new. It also follows from the facts that weak contractions are decomposable
[5] and quasi-similar decomposable operators have equal spectra [3]. However

our proof seems more direct.

In the remaining part of this note we are concerned with the question of
when a c.n.u. weak contracrion is quasi-similar to a normal operator. The next

theorem reduces the problem to the CO part of the e¢.n.u. weak contraction.

THEOREM 2. Let T beac.n.u. weak contractiononH. Let T, be the Co part
of T acting on the subspace HO‘C._ H. Then T is gquasi-similar to a normal operator

if and only if = is.

Proof: The sufficiency follows trivially from Theorem h To prove the
necessity, we may assume that T is quasi-similar to a normal operator N on the
space K with ||N|[<|ir|[<1 (ef. [1], Proof of the sufficiency part of Theorem).
Let K=K.®K., be the direct sum of reducing subspaces for N such that N

i Brjg-] 1
is c.n.u. and 1\12'—.'N|K2 is unitary. Let Sbe the quasi-affinity from H to K such

=lel

that ST=NS. Since T is of class C_ and N, is of class Cll' it is easily

seen that SH C K,. Note that Eﬁg is an invariant subspace for Nl' Let Ni=Nl|

- = -|_ . + -_— v - -, 1
SHO. Then 81:S |Ho is a quasi-affinity from Ho to SHc satisfying SlTo Nl Sl.

Since TO is of class Co' so is Ni (c£. [8], p. 125). By the uniqueness of the

Jordan model for Co contractions, we have that 'I’O is guasi-similar to Ni (ef,
[2]). since Nj is subnormal and o(Nj) has planar area zero (cf. [8], p. 126),
it follows from Putpam's theorem [7] that Ni is normal. This completes the
proof.

Notice that Theorem 2 is compatible with the result that T is similar to
a normal operator if and only if TO is similar to a normal operator and T]‘_ is

similar toa unitary operator. This is true even for an arbitrary c.n.u. con-

traction (cf. [9], Theorem 3).

Since the C_ part of a ¢c.n.u., weak contraction is a Co contraction, the

next theorem furnishes the complete solution to the previously posed question.
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THEOREM 3. Let Thea C0 contraction on the space H with the minimal func-
tion My Then T is qguasi-similar to a normal operator if and only if m, is a
Blaschke product with simple zeros.

Proof: Necessity. LetTbe guasi-similar to the normal operator N on the
space K and let S be the quasi-affinity from H to K such that ST=NS. As before
we may assume that |[N||<|lrl[<1 (cf. [1]). Now we show that N must be c.n.u.
Indeed, for any keK and €>0, let heHbe such that ||k-Sh||<e. Since ST"h=N"Sh-0
as n+o,we have || N"sh|| < € for all n>N_. Hence||N k]| <||N"k-N"sh|| +||¥"sh]| <||n]|
|lk-shi|+|N"Sh|| < e+e=2¢ for all n>N_. This shows that N"k+0 for all keK and
hence N is c.n.u. Since N is quasi+~similar to a Co contraction,N is also a C0
contraction with the same minimal function m =, tef. 18]y ps 125) . Tiek m=Bs,

J\i )\i-J\ n,

where B(})=m =) * ja.a Blaschke product and s is a singular function.
& 3

Note that Ai is a characteristic value of N with index ny (c€s [B]; pe. 235).
Since N is a normal operator, ni=1 for all i, that is, each Ai is an eigenvalue
of N. Let K. be the corresponding eigenspace. Then YKi reduces N and the nor-
mal operator N =N | (VK ] has no eigenvalue. Hence tl;e minimal function of the
Cq contraction Nl must be s (cf. [8], p. 129). It follows that G(Nl) is con-
tained in the unit circle, and thus N, is a unitary operator. Since N is
c.n.u., we must have {Y‘K.]J'={{J} and K=\:l'rKi. Hence mT=B is a Blaschke product
with simple zeros (cf.l [8]; ‘ps"135).

Sugficiency. Assume that m, is a Blaschke product with simple zeros, say,

X A

111.1.(,1)=E m _l-l = where the distinct ), 's satisfy |AJ< 1 and ?i[l-l At I)<=n
For each i let H ={heH:(T- ki)h=0}. Then TlHi is a normal operator and the sys:

tem {H;} “ of invariant subspaces satisfies
i=1

H=Hi+ V Hj for each i,
J#i
and

n (v Hy)={0}
i j>i

(o€ [Bls px 135 and Py 133)... That ds, {Hi} ® is a basic systemof invariant
i=1
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subspaces for T. By a result of Apostol [l1], T is guasi-similar to a normal

operator, completing the proof.
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