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ABSTRACT — Sensitivity study is essential in the design of opti-
mal control system with inaccessible state variables which must be
estimated from noisy incomplete data. In this paper, the sensitivi-
ties of such systems given in the author's previous results and of
the Kalman type optimal state feedback systems are investigated and
compared.

l. Introduction

The optimal control law for a linear system with a quadratic
performance index requires feedback of each and every state variable.
Due to difficulty in practice of measuring every state variable,
the practical usefulness of optimal control law is restricted. In
these cases, either the method must be abandoned or a reasonable sub-
stitute for the state variables must be found.

Several recent papers have discussed the determination of the
optimal control of the state system which cannot be measured comple-
tely [1-11]1. The author [1] has presented two methods of obtaining
optimal dynamic controllers when some of the state variables are not
available for continuous measurements. Method A is based on the fact
that the optimal control law can be differentiated a number of times
and combined appropriately to obtain an equivalent control law re-
guiring only those state variables which are measurable. Method B,
on the other hand, is based on the idea that a model can be con-
structed to generate an approximation to the unknown state vector
using the available outputs and the control inputs. One can then
use a suitable transformation on the states of the model to obtain
the optimal eontrol law in terms of the output alone.

The main problem of optimal control with inaccessible state

variables is that of estimating the state variables from noisy incom-

91




92 Liou: Output Control Sensitivity

plete data. Therefore, a sensitivity analysis must be performed
to account for the possible errors in the change of 'initial condi-
tions ;nd system parameters. _

Recently, it has been demonstrated that forasiﬁgle input 1i-
near time-invariant controllable n-th order system the sensitivity
functions (or parameter influence coefficients) of the state with
respect to any number of system parameters can be generated by an n-
th order sensitivity model in addition to a system mode [12] . 1In
this paper, we use the method of Kokotovic and Rutman [13,14], to ge-
nerate the sensitivity functions for the optimal systems obtained in
one of the author's previous publications. Only the second order
systems are considered. The results are compared with that obtained
for the Kalman type optimal state feedback systems by means of an
example.

11. Sensitivity Analysis for Kalman Type Optimal State Feedback Systems

Consider the standard second-order system and quadratic perfor-
mance index,

1 2
X, = "a % - a,X, +u (1)
Y | Xy

and
J

T 1,7 2
fo 5(x Qx+Pu®)dt
The optimal control is

u = —-klxl - k2x2
By elimination, the system may now be reduced to:

Wy St

%, —{al+kl)x1—(a2+k2)x2 (2)

The optimal system response may be found by selving Equation

(2) and is given by

B
x*(t}= e-i ¢ {(cos rt+—— sin rt) 41 o
1 37 X109t Sin rt xzo}
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* __'Et B, B :
xz{t)— e {—E51n rt Xqq +[cos rt -5 sin rtlxzo} (3)
where
A = al + kl
B = a, + k2
and 2

B
I'—A—Z'

The performance index may be written in the form

7=3 f: (“1x§+“2x1x2+“3x§)dt i
where
1 =0 +°k§
@, = 2012+20klk2
i By sz+pk§

Substituting Equation (3) into Equation (4) we obtain

| =

e—Bt(Blcoszrt+325in2rt+EBSinzrt)dt

where
B, = : [a, (Bx, ,+2% )2—0-(2Ax +Bx ){éx +2%nn)
2 2 1 10 20 z 10 2n 10 20

+ Qg (2A%, 4 +BX 23

101BX5)

3 2 2
83—-f;[alxlothlo+2x20]+a2(x20-Ax10)
—a3x20{2nxln+3x20)]

Setting B8=rt and A=§ , we deduce immediately that the per-

formance is given by

J*= o - fme_AS(B cosze+8 sin28+5 sin26)ds
2r Yo 1 2 3

X 2 2 2
= S {(rR"+2r )Bl+ZI 82+2rBBB} (5)
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Substituting Bi into Equation (5), yields
! - g 2 2
I*= gap— {[(A+B")a, -ABa,+A%a5]%) )
F2B 0, Xy n Xt (0 A0, ) X2} (6)
1710720 ) 3L 00

From the mathematics view-point, J*=J(al,a2,xln,x20}, the

change of performance index, AJ, can be written as

aJ* aJ* aJg* agT*
AJ= Aa.+ Aa,+ AX o o F——— AX (7)
aal i 8a2 2 5;{10 10 szo 20
Then
20%
&3 10 2. 2 2
T g WA g B i g ay kR Xy % g3 0y
Misiie 1 B 3 i g M ) A ek V1P a2 e
Xao ®1Xy10%20" lay Fhag) X501 8- R e il g ¥
ha
2 2 2 2 2
+ ZBa1x10x20+ulx20}/&l — {[(A-B )ul+A u3]x10
2
+ (ul+Aa3}x20} /&l (8)
where

= oy 2 2 2
A= [(A+B7) ay=BBa,+tA"a, [+A a,]%) g +Bay X, 4X4)

2
+(a1+Ao¢3)x20
For the sake of simplicity, consider the second-order system

which has been considered by Liou et al. [1]:

2
de =
—-——Tdt + ZEE + 2 =1 (9)

i acr o
and the performance index
Jw)=3 f_ [ () +pu’(t)]at

with a given initial conditions c(O}=cO, Qg%gl_.= 0.
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Then

where

11, Sensitivity Analysis for Liou’s Method A Type Optimal Output Feedback Systems

Consider the same system as in Equation (9).

(A?led +A2a
A7 o2 . L3 AE
=X=g g 3
s o (A+B?) 0y ~ABoy*A" ay

trol law obtained by Liou's Method A [1]is given by

where

WU+Lu=My+NY (13

Take Laplace transform, Equations (9) and (11) yield

{52+255+l)c(s)=u{5)+(s+2£)co (12)

(s+L)u(s)=(Ms+N)c (s}+uo-Mco
=(Ms+NJc{s)—(M+k1)co

(s+L)u (s)= (Ms+N) c(s) (13)

Combination of Equations (12) and (13) yields

(52+2gs+1)(5+L)c{s)={Ms+N)c{s)+{s+ng(s+L)c0

(10)

95
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[52+(2§+L)s+2£L]co

i ey 2
$ +(L+2&)s "+ (1+2£L-M) s+ (L-N)

[M52+(25M+N)5+25N]co

RLBES S 2
S "+ (L+2E])s +(1+2EL-M) s+ (L-N)
Since @ 2 1 joo
fo £7(t) dt= T f_ij{SJF{—s)ds

hen F(s) is rational, the value of this complex integral has

heen tabulated in terms of the polynominal coefficients by Newton et

al, [I5]
Then
g*=3 I ety soul (e Jae
(9]
co2 2 2 2
=79, {(1+p1%) a8, + [(2E-L) “+p(2EM-N) 1a
+ ag’a, (L% pn?) )
where
d2=L+2£ - dl=1+2gL-M, d0=L—N
and ¢l=2do (dldz—do)

Now consider

J*=T% fcor g}

oJ ¥

Ad = Bco Aco + - 3E AE
Then
Ac
AT
N 2 e L
o

2L(1+pM2)ao+[ag(1+pm2)—4tn+pmn)]do+eg(L2+pN2)t5+d21

(l+pM2)dodl+[452(1+pM2)—4£(L+pMN)+{L2+0N2}]do+4§2(L2+pN2)d2
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where -
¢, =4d_(d, + Ld,)
IV. Sensitivity Analysis for Liou’s Method B Type Optimal Output Feedback Systems

Consider the same system as in Equation (9). The dynamic

control law obtained by Liou's Method B [1] is given by

-where
z = utTy
M = l+k2
N = MT—kl—kz
T = kl+(1-2€}k2
‘and z(U)=(T-kl)cO
Define '
&= e, 2]
Then
s24 (2041 s+2EM | 4 1
| 1
Z(s)= 6_1 = (1+4T) s-M(1+T)+N ! s2+ﬁsis
3 1
N(s+2£) ' §F ! s242E8+ (14T)
where
B,=s 34 (2647) 82+ (1+T4+2EH) s+ (M+MT-N)
or
c 2 L =
c(s)= —2—{s%+ (2E+M) s+ (2EM+T-k.) }
63 1
u(s)=z(s)-Tc(s)
co 2 .
=T3“ {-k,s"+(k, =k, =28k, ) s+[T-k -2 E(k;-k,) ]}
Co 2 2
Then, J*= —EEE {aldodl+(4alﬁ +51}do+f45 62+4€63+54)dzl
where ; 2

§1=8,-2(T=k,;) (1-pk,)
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2 2

§,= (1+k2) + p(kl'k2)

5= (Thkl)nl-p(kl—kz)]=(T-k1)[(1—okl)+k2(l+o)l

2
54= (T-k;) % (1+p)

d2= M 20 E
d,= 2EM + 1 + T
d=M+ M- § =1+ k
(o] il
$2= #9099,
since
aJ* aJ*
AT = = Aco - 3E AE
o
Then
1 2 L)
AT =25c0 o 2Mald0+8algdo+(8562+463)d2+2(4£ 62+4€53+64J i ¢2 e
J* c 2 2 é
o) aldodl+(4alg +6l)do+(4£ 52+4£63+64)d2 2
L) —
where ¢ = 4d0(d1+Md2)
WF % [e] g
From above analysis, we get T —2—3— for all AE=0. Now we

o
take a simple example to investigate the effect of é%— by small

change of AEf .
Example
Consider the control system which has been considered by Liou

et ak. [1]-
2

Se+d L, ooy
at

O.nlﬂa
0

and the performance index
_des o2 2 3 .2
J(u)=5 [ [cT(t)+z u”(t) ldt

Then

(1) For Kalman type system:
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A=1+k =3
< i
B-2£+k2-7
2 3
o A =
1 l+Dk1 5
2 ;43
o e T
o i
A b
AT o AE
Then RE] =2 5 +0.2 T C
(o]
(2) For Method-A system:
Le3 , M2, N=-2
. 227 9
dy=4, i 7 a,=3
405 '_ 603
i R s
Ac
AJ [o) AL
Then 5% =2 — + 2.15 —— .
* Co E;
(3) For Method-B system:
= _ 3
M= .2, N o= 2. T = 3
Ty _ -1 %
i gthl LIRS sed i
s e b | ot
= 3 $2= “Fhe $aF 89
_ 39 vy 3 __15 JUTH
9% Tp « SRR 0y wSgE . 0R oay
Ac
Then ~—§-§— =2~F0—+ D.38 % -
o

V. Conclusion

The sensitivites of the Kalman type optimal state feedback
control systems and the optimal control systems with inaccessible
state feedback designed via the author's previously published methods
are investigated and compared. For the particular example considered,
the Kalman type system is the least sensitive and the Liou's method
-B type system is less sensitive than the Liou's method-A type system,
to the chan’ge of system parameters. However, all three types of
systems 'ha.ve- exactly the same sensitivity with respect to the change
in the initial output. The incremental sensitivity with respect to
the initial output, H._C.‘l , is indopendent of the initial output and

J*
(=]
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the system parameters, and is equal to 2 when the initial rate of
output change is zero. That is

AJ ﬂCo .
5z 2 0 i for AE=0 and C(0)=0
o
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