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Abstract

An external ear model based on a three-dimensional array beamformer is presented to synthesize the
head-related transfer functions (HRTFs). The array coefficients are calculated by matching the measured
HRTFs with a frequency-domain template. In light of the characteristics of human hearing, a non-uniform
sampling technique is also devised to reduce the problem to a manageable size. The model-matching
problem is then solved, by using singular value decomposition procedure. Numerical simulations are
carried out to investigate various array configurations in relation to approximation performance. A
subjective experiment of sound localization is undertaken to demonstrate the validity of the proposed
technique. From the results, the proposed beamformer-based technique proves to be an effective method
for modeling the HRTFs.
r 2004 Elsevier Ltd. All rights reserved.
1. Introduction

Three-dimensional (3D) sound reproduction has been a subject that received considerable
attention in the audio signal-processing community. A common goal in this area is to create a
more spatial and immersive audio impression for listeners, via either headphones or loudspeakers.
see front matter r 2004 Elsevier Ltd. All rights reserved.
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3D audio reproduction has many applications such as virtual reality, robotics, teleconferencing,
video-conferencing, entertainment, training simulation, and so forth.
A well-known duplex theory, due to Lord Rayleigh, suggests that humans’ ability in sound

localization relies heavily on the interaural time difference (ITD), and the interaural intensity
difference (IID). ITD and IID refer to the time and level differences, respectively, between the
sound signals received by the left and right ears. Apart from this simple model, more sophisticated
models have been suggested to account for various shadowing and diffraction effects due to
pinna, head, and torso. The head-related transfer function (HRTF) is such a model that treats
these combined effects as a spatial filter that responds to the incoming sound field with different
gain and phase in different frequency and incident angle [1–4]. HRTFs are typically documented
as frequency response functions. Alternately, it can be documented as impulse response functions,
or the head-related impulse response (HRIR). Hammershøi summarized the technical
considerations on the acoustical and electro-acoustical transfer functions and calibration of the
transmission chain during recording and reproduction of binaural signals [5], No matter which
way is used, tremendous memory storage is necessary for the vast amount of data for all source
directions in a 3D space. It is then highly desirable to develop a reduced-order model appropriate
for real-time processing, without too much a performance penalty on human localization. In this
regard, much research has been devoted to the development of reduced order HRTF models.
Batteau suggested that the external ear could be modeled as a three-channels two-delay and sum
acoustic coupler [6]. One delay unit varies with the source elevation, whereas the others vary with
the source azimuth. Mackenzie et al. proposed a model based on tenth-order infinite impulse
response (IIR) filters, obtained using balanced model truncation [7]. Genuit developed a filter-
bank model that has 16 delay channels, based on the external ear geometry [8]. Duda also
suggested structural models for HRTFs based on the spherical-head model and a monaural pinna
model [9]. Kahana and Nelson investigated the basic far field radiation patterns of a baffled pinna
using the singular value decomposition (SVD) and the boundary element method (BEM) [10].
Chen et al. proposed a functional representation for complex-valued HRTFs [11]. In this
approach, HRTFs are represented by a weighted sum of spatial characteristic functions for all
directions. In addition, Chen et al. also derived a broadband beamformer model from measured
HRTFs [12]. In their method, the beamformer weights are chosen according to the characteristics
of the external ears. The sensor geometry is essentially a 2D structure that accounts for only the
variations on the azimuths of HRTFs. The beamformer approach has the advantages in that it
enables substantial data compression and smooth interpolation for discrete directions, which is
attractive for real-time audio rendering. However, the numberof weights increases rapidly
according to the required modeling accuracy. This results in immense computational burden and
numerical instability. It follows that only the azimuth angles have been simulated in Chen’s work.
Alternatively, low dimension and orthogonal representation for HRTFs measurement have been
developed by applying the principal component analysis (PCA) to the logarithms of the HRTFs’
magnitudes after the direction-independent, frequency dependency is removed [13,14].
Parallel to Chen et al.’s work, a modeling technique of HRTFs also based on the array

beamformer idea is presented in this paper. However, there are several distinct features to the
method presented herein to overcome the shortcomings mentioned before. First, the 2D array
model is extended to a three-armed array for capturing the variations on the azimuths as well as
elevations in a 3D space. Second, the array coefficients are calculated by matching the array
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response with that of measured HRTFs non-uniformly sampled in the frequency domain. The
frequency samples are determined by exploiting the characteristics of human hearing that
resemble a constant-Q filter bank [15]. This non-uniform sampling method effectively alleviates
the computation loading and numerical instability, as compared to the uniform sampling method
[16]. Third, SVD in conjunction with a regularization procedure is proposed for solving the
aforementioned model-matching problem. This method is also compared to a zeroth-order
regularization procedure suggested in Ref. [17]. Numerical simulations and subjective experiments
are carried out, using a HRTF database measured using a KEMAR by Gardner and Martin of
the MITMedia laboratory [4], to demonstrate the validity of the proposed beamformer technique.
2. The 3D array model

Assume that the signal rðtÞ received at a reference point is narrowband with center
frequency oc:

rðtÞ ¼ RefsðtÞejoctg; ð1Þ

where sðtÞ is the phasor of rðtÞ: Let xiðtÞ be the signal received at the ith array element located at ~xi;
and~r be the unit vector pointing to the source direction as shown in Fig. 1. If the speed of sound is
c, the signal xiðtÞ can be written as

xiðtÞ ¼ r t þ
~xi �~r

c

� �
¼ Re s t þ

~xi �~r

c

� �
ejoc~xi�~r=cejoct

� �
: ð2Þ

In general, sðt þ ~xi �~r=cÞ � sðtÞ for far-field approximation. For M sensor signals x1ðtÞ; . . . ;xMðtÞ;
the data vector can be formed as

xðtÞ ¼

x1ðtÞ

..

.

xMðtÞ

2
664

3
775 ¼

ejkc~x1�~r

..

.

ejkc~xM �~r

2
664

3
775sðtÞejoct ¼ að~rÞrðtÞ; ð3Þ

where kc ¼ oc=c ¼ 2p=lc is the wavenumber, with lc being the wavelength. The vector að~rÞ is
called the array manifold vector.
Fig. 1. The schematic diagram of a uniformly linear array.
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Fig. 2. The array geometry of the 3D external ear model.
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The L-shaped array proposed by Chen et al. is able to model the HRTFs for azimuths varying
from 0	 to 90	 [12]. This paper attempts to extend this beamformer concept by devising a three-
armed array to account for both the azimuths and the elevations, such that the characteristics of
the external ear can be better addressed. The geometry of the proposed array is shown in Fig. 2.
The unit vector ~r for a source at the ðy;fÞ direction is given by

~r ¼ ðsin y sinf; sin y cosf; cos yÞ: ð4Þ

Assuming uniform spacing dx; dy; and dz for each arm, the position vector of the ith element can
be expressed as

~xi ¼ ððLx 
 1Þdx; ðLy 
 1Þdy; ðLz 
 1ÞdzÞ; ð5Þ

where ðLx;Ly;LzÞ is the element index along the x, y, and z axes, respectively. Then,

~xi �~r ¼ ðLx 
 1Þdx sin y sinfþ ðLy 
 1Þdy sin y cosfþ ðLz 
 1Þdz cos y: ð6Þ

Assume that each arm has M sensor elements, plus one element at the origin, the array manifold
vector can be written as a ð3M þ 1Þ � 1 vector

anðoc; y;fÞ ¼ ½1; ejkcdx sin y sinf; . . . ; ejkcMdx sin y sinf; ejkcdy sin y cosf; . . . ;

ejkcMdy sin y cosf; ejkcdz cos y; . . . ; ejkcMdz cos y
T: ð7Þ

Extension from the narrowband formulation to the broadband formulation is straightforward.
With reference to Fig. 3, the beamformer output yðtÞ is the weighted sum of the delayed input
signals xiðtÞ; i ¼ 1; . . . ; 3M þ 1; i.e.

yðtÞ ¼
X3Mþ1

m¼1

XN

n¼0

w�
mnxmðt 
 nTÞ ¼ wHxðtÞ; ð8Þ

where w ¼ ½w10; . . . ;w1N ; . . . ;wð3Mþ1Þ0; . . . ;wð3Mþ1ÞN 

H and xðtÞ ¼ ½x1ðtÞ; . . . ;x1ðt 
 NTÞ;x2ðtÞ; . . . ;

x2ðt 
 NTÞ; . . . ; x3Mþ1ðtÞ; . . . ; x3Mþ1ðt 
 NTÞ
T: The size of w is ½ðN þ 1Þð3M þ 1Þ
 � 1: Eq. (8) can
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Fig. 3. The block diagram of the broadband beamformer model. FIR filters are incorporated in each sensor channel.
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be rewritten in the frequency domain for a particular direction ðy;fÞ as

yðoc; y;fÞ ¼ wHxðoc; y;fÞ ¼ wHaðoc; y;fÞrðocÞ; ð9Þ

where the manifold vector is given by

aðoc; y;fÞ ¼ ½FðocÞ; FðocÞe
jkcdx sin y sinf; . . . ;FðocÞe

jkcMdx sin y sinf; FðocÞe
jkcdy sin y cosf; . . . ;

FðocÞe
jkcMdy sin y cosf; FðocÞe

jkcdz cos y; . . . ;FðocÞe
jkcMdz cos y
T ð10Þ

with FðocÞ ¼ ½1; ejocT ; . . . ; ejocNT 
 and N and T being the filter order and the sampling period,
respectively. The dimensions of FðocÞ and aðoc; y;fÞ are 1� ðN þ 1Þ and ½ðN þ 1Þð3M þ 1Þ
 � 1;
respectively. It can be observed from Eq. (9) that wHaðoc; y;fÞ accounts for transfer relation
between the source r and the array output y.
In our problem, we seek to find an array model that closely matches the radiation pattern of the

measured HRTFs. This is accomplished by solving the following optimization problem

min
w

khdðoc; y;fÞ 
 wHaðoc; y;fÞk ð11Þ

where hdðoc; y;fÞ is the desired HRTF to be matched by the array model. The minimum value of
Eq. (11) can be achieved if wHaðoc; y;fÞ � hdðoc; y;fÞ: By discretization in the frequency and
angle domains, i.e., oi; i ¼ 1; 2; . . . ;P; yj; j ¼ 1; 2; . . . ;Q and fk; k ¼ 1; 2; . . . ;R; Eq. (11) can be
rewritten into the following matrix equation:

DHw � hd ; ð12Þ
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where

hd ¼ ½hdðo1; y1;f1Þ; . . . ; hdðop; y1;f1Þ; . . . ; hdðop; yQ;fRÞ

H;

D ¼ ½Aðy1;f1Þ; . . . ;AðyQ;f1Þ; Aðy1;f2Þ; . . . ;AðyQ;f2Þ; . . . ;AðyQ;fRÞ
;

with

Aðyj;fkÞ ¼ ½aðo1; yj;fkÞ; aðo2; yj;fkÞ; . . . ; aðop; yj;fkÞ
:

The sizes of Aðyj;fkÞ; D and hd are ½ðN þ 1Þð3M þ 1Þ
 � P; ½ðN þ 1Þð3M þ 1Þ
 � ðPQRÞ and
PQR � 1; respectively.
3. Optimization of array design

3.1. Model matching by the least-square approach

In this section, the model-matching problem for the array design, described by the linear system
of Eq. (12), is solved by using a least-square procedure. To ensure that the array coefficient w is
real [12], we split the complex equation (12) into real and imaginary parts:

DT
Rw ¼ hdR ð13Þ

and

DT
I w ¼ hdI ; ð14Þ

where the subscripts ‘‘R’’ and ‘‘I ’’ denote the real and imaginary parts, respectively. Eqs. (13) and
(14) can be further assembled into a single matrix equation

Cw ¼ g; ð15Þ

where g ¼ ½hTdR; h
T
dI 


T and C ¼ ½DR; DI 

T: The sizes of g and C are ð2PQRÞ � 1 and ð2PQRÞ �

½ðN þ 1Þð3M þ 1Þ
; respectively. However, the matrix C is generally not Hermitian, and even not
square. The inverse of C will not exist in this case. Kirkeby et al. [17] proposed a regularization
procedure which combines the least-squares inversion and the zeroth-order regularization to find
the optimal solution of w in Eq. (15):

w ¼ ðCTCþ bIÞ
1CTg: ð16Þ

The parameter b is used to control the degree of regularization. The exact value of b is usually not
critical and thus is subject to judicious choice.

3.2. Model-matching by the SVD with regularization

In this paper, a modified regularization procedure based on the SVD is proposed. The SVD of
the matrix C is [18]

C ¼ URVH; ð17Þ
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where U and V are ð2PQRÞ � ð2PQRÞ and ½ðN þ 1Þð3M þ 1Þ
 � ½ðN þ 1Þð3M þ 1Þ
 unitary
matrices, respectively. R is a ð2PQRÞ � ½ðN þ 1Þð3M þ 1Þ
matrix whose entries are all zeros except
for the non-negative diagonal elements called the singular values. The number of the singular
values, s14s24 � � �4sr; is the rank of the matrix C; denoted by r and roðN þ 1Þð3M þ 1Þ: The
least-square solution of w in Eq. (15) is written as

w ¼
Xr
i¼0

s
1i viu
T
i g; ð18Þ

where ui and vi are the left and right singular vectors. If C is rank deficient, the inverse of small
singular values often results in excess magnitude of w: Thus, it is common practice to retain only
significant singular values, according to a prescribed threshold, in solving for w:
A drawback inherent to the above-mentioned procedure can be explained by drawing an

analogy between SVD and a frequency response function. The singular values and the unitary
matrices can be related, respectively, to the magnitude and phase exponential of the frequency
response function. Direct truncation of the singular values may produce large distortion in high-
frequency range. As a remedy to this commonly used approach, a modified regularization method
that replaces small singular values by a constant d is proposed in this paper. The singular value
less than a specified threshold d is replaced by d: d can be chosen to be a small number, say, 0.1%
of the maximal singular value, as a rule of thumb. With this modification, the solution of w is
calculated

w ¼
XðNþ1Þð3Mþ1Þ

i¼0

s
1i viu
T
i g: ð19Þ

3.3. Non-uniform spectral sampling

It is well known that the human auditory system performs a non-uniform spectral analysis
similar to a constant-Q filter bank on the received sound waves [15,16]. For the human hearing,
excessively high spectral resolution in the high-frequency range is hardly necessary. In this paper,
a non-uniform sampling technique is presented by exploiting this property of human hearing. The
key step of this technique is to sample the frequency response function at exponentially spaced
points, according to

eoi ¼ o0e
að2p=PÞi; i ¼ 1; . . . ;P; ð20Þ

where o0 and P are the lowest frequency and desired number of frequency components,
respectively. The parameter a must be chosen to cover the desired frequency span omax;

a ¼
1

2p
ln

omax

o0

� �
: ð21Þ

After the model matching and the array coefficient w is determined, the frequency response of
the HRTF in any direction ðyj;fkÞ can be simulated by

hðyj;fkÞ ¼ wTAðyj;fkÞ; ð22Þ
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where hðyj;fkÞ ¼ ½hd ðo1; yj;fkÞ; . . . ; hdðop; yj;fkÞ
 is the frequency response vector in that
direction, and Aðyj;fkÞ has been defined earlier in the broadband beamformer. The HRTF in
any direction is finally recovered, followed by adding the corresponding ITD for that direction.
Using the array model, only several hundred weights and the ITD data for each direction need to
be stored. In contrast to the direct implementation of the HRTF, where all directions, e.g., 710,
with 256 taps each need to be maintained in a database, the present array approach provides an
distinct advantage in terms of memory storage.
3.4. Optimization of array configuration

In this section, optimization techniques are employed to find the optimal array configuration.
In particular, effects of parameters such as the number of weights, the number of sensors and filter
taps are examined through the simulations. Since the model-matching problem in this paper is
formulated with the least-square approach and the resulting cost function is quadratic, the global
minimum of error is guaranteed. In the first and second simulations, the HRTF database of MIT
includes azimuth data varying from 0	 to 180	 and elevation angle is set to zero. Each sensor was
sampled uniformly in the frequency domain at 256 points over the bandwidth 22 kHz. In addition,
the weight vector is obtained by the common SVD procedure [12]. To facilitate the comparison,
the following normalized error is defined:

NER ¼
1

QR

XR

k¼1

XQ

j¼1

PP
i¼1 hdðoi; yj;fkÞ 
 wTaðoi; yj;fkÞ

�� ��2PP
i¼1 hdðoi; yj;fkÞ

�� ��2 : ð23Þ

In the first simulation, the number of array weights is fixed; the numbers of sensors and taps are
varied in such a way that their product is a constant (300). This simulation is based on a linear
array applied to the HRTFs on the horizontal plane. The normalized errors of seven
configurations are shown in Fig. 4(a). The spacing between sensors is 0.8mm. The results
indicate that the configuration of 6-sensor in a line has the best performance.
In the second simulation, an L-shaped array similar to that used by Chen et al. [12] is used in

this case because of its resemblance to the human pinna when viewed in the horizontal plane. The
filter taps of each sensor are set to 50. The various ways of distributing the sensor along each arm
of the array is examined while the total number of the sensors, including the one at the corner, is
maintained to be 11. This simulation is also performed using the HRTFs on the horizontal plane.
Fig. 4(b) illustrates the error versus the number of sensors on each axis of the L-shaped array. The
result reveals that error is minimal when identical number of sensors, i.e., a 5-1-5 configuration,
are used for each axis.
To better account for the variations of HRTFs in the elevation directions, a third arm

perpendicular to those two arms in the L-shaped array is added to form a three-armed array. The
number of sensors alone in each arm on the horizontal plane is held constant (5-1-5). The filter
taps of each sensor are set to 50. This simulation is also performed using the HRTFs in the range,
azimuth ¼ 
30	 and elevation ¼ 
40–90	: The plot of error versus number of sensors on the
z-axis is shown in Fig. 5(a). Although the error decreases with the increasing number of sensors,
no significant improvement seems to be obtained by using more than five sensors.
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Fig. 4. Approximation error of the array model. (a) The effect of the number of sensors and the number of filter taps of

a linear array. The number of the array coefficients is maintained fixed (300). (b) The effect of distributing sensors along

each axis of an L-shaped array. The number of the total array sensors is maintained fixed (11).
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With the observations in the above simulations, the array configuration is thus fixed to be a
three-armed array with five sensors along each axis plus one at the origin. It is worth mentioning
that this is a sensible engineering choice rather than an optimal one. The effect of filter length on
the matching performance is next investigated. This simulation is performed on the basis of all 710
HRTFs of the MIT database. The result in Fig. 5(b) indicates that increasing the number of filter
taps achieves almost no further improvement in matching performance when the filter is longer
than 50 taps. Incidentally, this result seems to coincide with that of the first simulation. In what
follows, we shall dwell on the 16-sensor array model with five sensors on each axis, plus one at the
origin, which appears adequate to compromise between modeling error and complexity. The
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Fig. 5. Approximation error of the array model. (a) The effect of the number of sensors on the z-axis. Each arm of the x

and y axes has five sensors, plus the one at the origin. (b) The effect of the number of filter taps for the 5-1-5 L-shaped

array configuration.
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spacing between sensors is 8mm. Each sensor is connected to a filter with 50 taps. The complete
array configuration is illustrated in Figs. 2 and 3.
4. Experimental verification

Experiments were carried out to evaluate the adequacy of the array beamformer model
proposed in this paper. The HRTF database of MIT including azimuth data varying from 0	 to
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180	 and elevation data varying form 
30	 to 90	 was employed in the following tests. There
is a subtle adjustment on the phase made to the database before constructing the array model.
The effective delay between the stimulus arrival times at two ears has been obscured by
the normalization process with the HRTF database. In this paper, the following technique
based on the discrete Hilbert transform [19,20] is utilized to resolve the phase ambiguity of
hdðoi; yj;fkÞ:

hminðiÞ ¼ expfFFT½2�ðnÞIFFT lnðjhðiÞjÞ
g; ð24Þ

where n and i are the discrete and frequency indices, respectively; ln denotes the natural logarithm
and �ðnÞ is given by �ðnÞ ¼ 0 for no0; �ðnÞ ¼ 1 for n40; and �ð0Þ ¼ 1=2 . FFT and IFFT symbolize
the fast Fourier transform and the inverse fast Fourier transform, respectively. The term hminðiÞ
represents the ‘‘minimum phase’’ component of the discrete frequency response function of hðiÞ; or
hdðoi; yj;fkÞ: The original HRTF is then replaced by its minimum-phase component cascaded
with a linear phase shift due to the ITD. Fig. 6(a) and (b) illustrates the effect of this Hilbert
transform procedure.
Subjective localization tests are conducted to verify the array model with 15 participants, using

a white noise signal. The assessment criterion lies in the ability of localizing virtual sources using
headphones. Fig. 7(a) and (b) depicts the geometrical arrangement of sources in relation to the
listener in azimuth and elevation angles, respectively. The sound source is switched on for 2 s at
each direction. Information regarding source locations and the switching pattern are made known
to the participants before the test. Fig. 8 shows the results for the sound sources generated using
the original HRTF in azimuth and elevation directions. The result appears quite normal except
for some front–back reversals and larger localization error in elevations than in azimuths. Many
researchers have carried out such tests. For example, the work done by Kahana et al. [21] has also
been added to the references in this paper.

4.1. The least-square approach

The least-square method of Eq. (16) is employed to calculate the 16-sensored array model. The
response of the 50-tapped filter connected to each sensor was sampled uniformly in the frequency
domain at 256 points over a bandwidth of 22 kHz. In this case, the parameter b is set to be
8� 10
5: The filter coefficients are obtained via IFFT using uniform frequency samples. The
matching error NER was found to be 12.47%. The localization test is then carried out to assess
the performance of this array model. The result is shown in Fig. 9(a). As compared to the results
of Fig. 8, the localization performance achieved by the least-square array is slightly worse than the
original HRTF.
Next, a change is made to the least-square method in which the filter coefficients are obtained

via IFFT using uniform frequency samples. In Eq. (20), the relevant parameters are: o0 ¼

2p� 44; P ¼ 256; and a ¼ 0:993: The response of the 50-tapped filter connected to each sensor
was sampled non-uniformly in the frequency domain at 256 points over a bandwidth of 22 kHz.
The matching error NER was found to be 12.03%. The results of the localization test are shown
in Fig. 9(b). Comparison of Fig. 9(a), (b) and even Fig. 8 reveals that this non-uniform sampling
technique enables to produce comparable performance as the original HRTF, and better
performance than the uniformly sampled HRTF.
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Fig. 6. The impulse response of a HRTF at azimuth 30	 and elevation 0	: (a) The original HRTF. (b) Minimum-phase
component obtained using the discrete Hilbert transform.
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Fig. 7. The geometric arrangement of the subjective localization tests. (a) Horizontal plane. (b) Median plane.
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4.2. The modified SVD procedure with regularization

The SVD method of Eq. (19) is used to calculate the 16-sensored array model. In this case, d is
set to be 0.1% of the maximum singular value. In model matching, the response of the 50-tapped
filter connected to each sensor was sampled uniformly in the frequency domain at 256 points over
a bandwidth of 22 kHz. The matching error NER was found to be 3.52%. In comparison to the
7.46% of the SVD with direct truncation and the 12.47% of the least-square approach, the
modified SVD with regularization appears to provide some advantages approximating the HRTF
as an array model. For simplicity, only the cases with the best matching performance are showed
in Fig. 10(a) and (b). In addition, the non-uniform sampling method is also used for modeling the
array. In this case, o0 is 2p� 38; P is 64, and a is set to be 1.0284 in Eq. (20). The matching error
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Fig. 8. The result of the subjective localization experiments for the original HRTFs. The abscissa is the direction where

the source is presented and the ordinate is the direction perceived by the listener. The radius of each circle is

proportional to the number of times of the direction perceived by the listeners.
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NER was found to be 3.32%. Fig. 11(a) shows the subjective localization results in azimuth and
elevation directions obtained using the modified SVD regularization with uniform sampling.
Compared to Fig. 8, the performance is slightly worse than the original HRTF. Fig. 11(b) shows
Fig. 9. The result of the subjective localization experiments for the least-square approach. (a) Uniform sampling

approach. (b) Non-uniform sampling approach.
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Fig. 9. (Continued)
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the results obtained using the non-uniform sampling method. Again, the non-uniform sampling
technique exhibits comparable performance as the original HRTF, and better performance than
the uniformly sampled HRTF. An interesting comparison was also made between the present
beamformer approach and the spherical-head model [9]. The results of a listening test obtained
using Duda’s method are shown in Fig. 12. From the results, it found that spherical-head model
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suffers severer front–back reversals and larger localization error than the proposed methods. To
better identify the differences among the HRTF implementations in the subjective tests,
quantitative measures of the error mean ðmÞ and standard deviation ðsÞ for 15 subjects and 17
angles have been calculated and summarized in Table 1:

m ¼
1

15� 17

X15
i¼1

X17
j¼1

eij ; ð25Þ

s ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

15� 17

X15
i¼1

X17
j¼1

ðeij 
 mÞ2

vuut ; ð26Þ
Fig. 10. Comparison of the desired (solid line) and the modeled (dashed line) magnitude and phase responses in six

directions, obtained using the modified SVD method with regularization. The corresponding angle is marked in the

figure: ‘‘A’’ and ‘‘E’’ represent the azimuth and the elevation, respectively. For example, A0-E30 signifies that azimuth

= 0	 and elevation = 30	: (a) Magnitude responses scaled within 
50 to 10 dB in the frequency range 0 to 20 kHz. (b)

Phase responses scaled within 
5 to 2 rad in the frequency range 0–20 kHz.
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Fig. 10. (Continued)
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where eij ¼ ŷij 
 yij and ŷij correspond to the ith subject and the jth perceived angle, and yij

corresponds to the ith subject and they jth presented angle. From Table 1, it is concluded that the
modified SVD with non-uniform sampling produced the best performance, even slightly better
than direct implementation of HRTF. The performance of the simple spherical-head model was
the poorest among all methods.
5. Conclusions

A model based on a 3D array beamformer has been developed to approximate the HRTFs
which represent the spatial and temporal characteristics of the external ears. This model provides
a means of synthesizing the HRTF for arbitrary broadband sources at any direction of incidence.
A modified SVD procedure with regularization and non-uniform sampling technique has been
employed to calculate the optimal array coefficients such that the difference between the array
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Fig. 11. The result of the subjective localization experiments for the modified SVD procedure with regularization. (a)

Uniform sampling approach. (b) Non-uniform sampling approach.

M.R. Bai, K.-Y. Ou / Journal of Sound and Vibration 281 (2005) 1093–1115 1111
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Fig. 11. (Continued)
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response and the desired HRTF template in the frequency domain is minimized. The modified
SVD method performed relatively well in comparison with a conventional least-square method.
The non-uniform sampling scheme conforms better to the human hearing mechanism than the
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Fig. 12. The result of the subjective localization experiments for the spherical-head model.
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Table 1

The mean and standard deviation of error of the array model

m (deg) s (deg)

Direct implementation of HRTF 2.67 33.54

Least-square approach 4.12 33.25

Least-square approach with non-uniform sampling 3.87 32.46

Modified SVD 3.82 31.78

Modified SVD with non-uniform sampling 2.56 21.52

Spherical head model 5.23 50.56

M.R. Bai, K.-Y. Ou / Journal of Sound and Vibration 281 (2005) 1093–11151114
uniform sampling. An additional benefit of the non-uniform sampling approach is that the
number of frequency samples is substantially reduced in the model-matching procedure. Apart
from good modeling accuracy both in the azimuths and elevations, the proposed method has the
advantages of the saving in memory storage for HRTF coefficients and the numerical stability in
optimizing the array configuration using SVD. There are only several hundred array coefficients
and the associated ITD needs to be stored in the synthesis of the HRTFs. From the results of the
subjective localization tests, the present array beamformer model proved to be effective in
approximating the original measured HRTF, without appreciable degradation of performance in
localization.
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