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Abstract

High-energy limitα′ → ∞ of stringy Ward identities derived from the decoupling of two types o
zero-norm states in the old covariant first quantized (OCFQ) spectrum of open bosonic string a
to check the consistency of saddle point calculations of high energy scattering amplitudes o
and Mende and Gross and Manes. Some inconsistencies of their saddle point calculations a
even for the string-tree scattering amplitudes of theexcitedstring states. We discuss and calculate
missing terms of the calculation by those authors to recover the stringy Ward identities. In ad
based on the tree-level stringy Ward identities, we give the proof of a general formula, whic
proposed previously, of all high energy four-pointstring-tree amplitudes of arbitrary particles in the
string spectrum. In this formula all such scattering amplitudes are expressed in terms of th
tachyons as conjectured by Gross. The formula is extremely simple which manifestly demon
the universal high energy behavior of the interactions among all string states.
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1. Introduction

The study of high energy behavior of field theories, in particular Yang–Mills theorie
was very successful in the early 1970s. In the quantum chromodynamics, for examp
discovery of asymptotic freedom[1] turned out to be one of the most important proper
of Yang–Mills theories. On the other hand, the hidden spontaneously broken symme
becomes evident at high energies. It is thus very tempting to generalize this study to
theory, which certainly contains a huge hidden symmetry. In 1988, Gross and Men[2]
proposed a saddle point method to calculate high energyα′ → ∞ fixed angle string scat
tering amplitudes. They identified a saddle point to the leading order in energy
calculation of first quantized string scattering amplitudes for all loops in string pe
bation theory. Soon after, based on this remarkable calculation, Gross[3] made importan
conjectures on high energy stringy symmetries. There are two main conjectures of
pioneer work on this subject. The first one is the existence of an infinite number of
relations among the scattering amplitudes of different string states that are valid or
order in perturbation theory at high energies. The second is that this symmetry is so
erful as to determine the scattering amplitudes of all the infinite number of string sta
terms of, say, the dilaton (tachyon for the case of open string) scattering amplitudes. Ho
ever, the symmetry charges of his proposed stringy symmetries were not understo
the proportionality constants between scattering amplitudes of different string states we
not calculated. As we will see soon, all these problems can be solved by using a
independent calculation based on the following key idea:the identification of symmetr
charges from an infinite number of stringy zero-norm states with arbitrarily high spin
the OCFQ spectrum.

The importance of zero-norm states and their implication on stringy symmetries
first pointed out in the context of the massiveσ -model approach of string theory[4].
Zero-norm states were shown to implyinter-particle symmetriesin the first order weak
background field approximation which is valid to all energies. On the other hand,
norm states were also shown[5] to carry the spacetimeω∞ symmetry charges of the 2
string theory. Some implications of stringy Ward identities, derived from the decoupling o
two types of zero-norm states, on stringy scattering amplitudes were also discussed[6].
Recently it was discovered that[7,8] the high energy limit of these stringy Ward identiti
imply an infinite number of linear relations among scattering amplitudes of different s
states with the same momenta. These linear relations can be used to fix the propo
ity constantsalgebraicallybetween scattering amplitudes of different string states at
fixed mass level. These proportionality constants were found to be independent of the sc
tering angleφCM and the loop orderχ of string perturbation theory as was conjectured
Gross[3]. Thus there is only one independent component of high energy stringy sc
ing amplitudes for each fixed mass level. For the case of string-tree amplitudes, a g
formula can even be given to determine all high energy stringy scattering amplitud
arbitrary mass levels in terms of those of tachyons[7]—another conjecture by Gross[3].

Since the results we obtained from zero-norm states approach[7,8] are more complete
than those obtained via the saddle point method in the past[2,3,11], it would be of interes

to directly compare these two independent calculations. After a brief review of zero-norm
state calculation in Section2, in Section3 we will use high energy limits of our stringy
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Ward identities, which are valid to all energies and all loops, as a consistent check o
dle point calculations. Since there is so far no independent rigorous check of saddl
calculation, partially due to the highly nontrivial structure of moduli spaces of general R
mann surfaces, our simple stringy Ward identities serve as the best theoretical test
saddle point approximation.Surprisingly, some inconsistencies are found for the resul
saddle point calculations even for the string-tree scattering amplitudes of the excited str
states. We discuss and calculate the missing terms of the calculation by those auth
recover the stringy Ward identities. In Section4 of this paper, based on the stringy Wa
identities, we derive a general formula of all high energy four-point string-tree ampli
of arbitrary string states. This formula was first proposed in[7]. Here we will give a genera
proof and present some examples.This formula determines the scattering amplitudes o
the infinite number of string states in terms of tachyon scattering amplitudes. The formula
is extremely simple which manifestly demonstrates the universal high energy beha
the interactions of an infinite number of string states.

2. Zero-norm state calculation

Let us begin with a brief review of zero-norm state calculation[7,8]. In the OCFQ
spectrum of open bosonic string theory, the solutions of physical state conditions include
positive-norm propagating states and two types of zero-norm states. The latter are[9]

(1)Type I: L−1|x〉, whereL1|x〉 = L2|x〉 = 0, L0|x〉 = 0,

(2)Type II:

(
L−2 + 3

2
L2−1

)
|x̃〉, whereL1|x̃〉 = L2|x̃〉 = 0, (L0 + 1)|x̃〉 = 0.

While type I states have zero-norm at any spacetime dimension, type II states hav
normonly at D = 26. In the first quantized approach of string theory, the stringyon-shell
Ward identities are proposed to be[6]

Tχ (ki) = g2−χ

∫
Dgαβ

N DXµ exp

(
− α′

2π

∫
d2ξ

√
ggαβ∂αXµ∂βXµ

)

(3)×
4∏

i=1

vi(ki) = 0,

where at least one of the 4 vertex operators corresponds to the zero-norm state. In(3)
g is the string coupling constant,N is the volume of the group of diffeomorphisms a
Weyl rescalings of the worldsheet metric, andvi(ki) are the on-shell vertex operators w
momentaki . The integral is over orientable open surfaces of Euler numberχ parametrized
by moduli �m with punctures atξi . In this section, we will use stringy Ward identities of t
second mass levelm2 = 4 as an example to illustrate our approach. The four stringy W
identities at this mass level were calculated to be[6]

(4)kµθνλT (µνλ)
χ + 2θµνT (µν)

χ = 0,( )

(5)

5

2
kµkνθ

′
λ + ηµνθ

′
λ T (µνλ)

χ + 9kµθ ′
νT (µν)

χ + 6θ ′
µT µ

χ = 0,
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(6)

(
1

2
kµkνθλ + 2ηµνθλ

)
T (µνλ)

χ + 9kµθνT [µν]
χ − 6θµT µ

χ = 0,

(7)

(
17

4
kµkνkλ + 9

2
ηµνkλ

)
T (µνλ)

χ + (9ηµν + 21kµkν)T (µν)
χ + 25kµT µ

χ = 0,

whereθµν is transverse and traceless, andθ ′
λ and θλ are transverse vectors. These

polarizations of zero-norm states. Ineach equation, we have chosen, say,v2(k2) to be the
vertex operators constructed from zero-norm states at the mass levelm2 = 4 andkµ ≡ k2µ.
In Eqs.(4)–(7), v1, v3 andv4 can be any string states (including zero-norm states) at
mass level and we have omitted their tensor indices.T ′

χ in Eqs.(4)–(7)areχ th order string-
loop amplitudes. It is important to note that Eqs.(4)–(7)are valid to all loop ordersχ and
all energiesE, and areautomaticallyof the identical form in string perturbation theory.

We will use labels 1 and 2 for the incoming particles and 3 and 4 for the outg
particles. The center of mass scattering angleφCM is defined to be the angle between�k1
and�k3. The leading order Ward identities of Eqs.(4)–(7)in the energyE expansions were
calculated to be (we drop loop orderχ here to simplify the notation)[7,8]

(8)T 5→3
LLT + T 3

(LT ) = 0,

(9)10T 5→3
LLT + T 3

T T T + 18T 3
(LT ) = 0,

(10)T 5→3
LLT + T 3

T T T + 9T 3
[LT ] = 0,

where the subscripts and superscripts denote the polarizations and energy orders
tively, which will be explained below. A simple calculation shows that

(11)T 3
T T T : T 3

LLT : T 3
(LT ) : T 3[LT ] = 8 : 1 : (−1) : (−1).

In the above equations, we have defined the normalized polarization vectors of the
string state to be

(12)eP = 1

m2
(E2,k2,0) = k2

m2
,

(13)eL = 1

m2
(k2,E2,0),

(14)eT = (0,0,1),

in the CM frame contained in the plane of scattering.TT T T = e
µ
T eν

T eλ
T Tµνλ, etc. In

Eqs.(8)–(10), we have assigned a relative energy power to each amplitude. For eac
gitudinal L component, the order isE2 (the naive order ofeL · k is E2) and for each
transverseT component, the order isE (the naive order ofeT · k is E). This is due to
the definitions of eL andeT in Eqs.(13) and (14), whereeL got one energy power mor
thaneT . Due to Eq.(8), thenaive leading orderE5 term of the energy expansion forTLLT

is forced to be zero. As a result,the true leading order is at mostE3. This is the meaning o
the superscript 5→ 3 in Eq.(8). Similar rule applies to other equations. It is importan
note that Eqs.(8)–(11)are valid to all loops and are independent of the particles chose
v1,3,4. For the case of string-tree levelχ = 1 with one tensorv2 and three tachyonsv1,3,4,
all four scattering amplitudes in Eq.(11)were calculated to be
T 3
T T T = −8E9 sin3 φCM T (3) = 8T 3

LLT = −8T 3
(LT ) = −8T 3

[LT ],
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where

T (n) = √
π(−1)n−12−nE−1−2n

(
sin

φCM

2

)−3(
cos

φCM

2

)5−2n

(15)× exp

(
− s ln s + t ln t − (s + t) ln(s + t)

2

)
,

is the high energy limit of

�
(− s

2 − 1
)
�

(− t
2 − 1

)
�

(
u
2 + 2

)
with s + t +u = 2n−8, and we have calculated it up to the next leading order inE. This is
the order which includes the energy power factor in front of the exponential. Eq.(11)was
thus explicitly justified[7,8]. In Eq.(15)s = −(k1+k2)

2, t = −(k2+k3)
2 andu = −(k1+

k3)
2 are the Mandelstam variables and our convention here is different from references[2,

3,11]by interchangingt ↔ u.
In deriving Eqs.(8)–(10), we have identifiedT...P ... = T...L... not only at the naive lead

ing order but also at the true leading order in energy. For the massless case, this is tru
by definitions Eqs.(12) and (13), eP = eL. However, for the massive case, it is not obvio
that they can be identified. Naively, in the high energy limit, all masses go to zero, and o
expects smooth massless limits for all relevant physical quantities andT...P ... = T...L... as in
the massless case. This issue is a more familiar subject in the context of field theor
it turns out that the smooth massless limit may not be achieved for an arbitrary m
field theory. For example, it is well known that the massless limit of a massive gauge
theory is in general different from the massless theory. To illustrate this point, cons
massive gauge field with the Lagrangian density

(16)L = 1

4
FµνF

µν + m2

2
AµAµ + AµJµ + · · · ,

whereJ is a current coupled toA and ‘· · ·’ represents the kinetic term and possible int
action terms forJ . The equation of motion ofA is solved in momentum space as

(17)Aµ = 1

k2 + m2

(
ηµν + 1

m2
kµkν

)
J ν.

Immediately we see that the massless limit is discontinuous since the second term
right blows up whenm2 → 0. Fronsdal[10] showed that, for vector gauge potentials
well as gauge fields of higher spins, the requirement of the continuity of the ma
limit is equivalent to the conservation of charge associated with the gauge symmetr
second term in Eq.(17) vanishes if we assume charge conservationkµJµ = 0. Note that
the assumption of charge conservation also leads to Ward identitieskµ〈Jµ · · ·〉 = 0, which
are certainly nontrivial relations among correlation functions.

For the cases of our stringy massive states, we do have these stringy gauge sym
or conserved charges to fulfill Fronsdal’s criterion. Therefore, although naively zero-

states can not by themselves establish nontrivial relations among scattering amplitudes,
our assumption about the continuity of the high energy limit, which is implicitly imposed
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when we identifyT...P ... = T...L..., leads to nontrivial relations, namely, our stringy Wa
identities. In our prescription, zero-norm state is a vehicle used to bring the inform
about charge conservation to the surface to be seen. As we found explicitly for ma
els m2 = 4 andm2 = 6 [7,8], our prescription indeed leads to ratios between scatterin
amplitudes for different particles. We give one example here to justify our assum
T...P ... = T...L.... We have explicitly checked that

(18)T 3
PPT = T 3

LPT = T 3
LLT = −E9 sin3 φCM T (3),

to the leading order in energy, for the case of string tree amplitudes with spin-three
v2 and three tachyonsv1,3,4.

3. Saddle point calculation corrected

We now briefly review the saddle point calculation of Eq.(3) [2,3,11]. First one notes
that the high energy limitα′ → ∞ is equivalent to the semi-classical limit of first-quantiz
string theory. In this limit, the closed stringG-loop scattering amplitudes is dominated
a saddle point in the moduli space�m. For the oriented open string amplitudes, the sad
point configuration can be constructed from an associated configuration of the closed
via reflection principle. It was also found that the Euler numberχ of the oriented open
string saddle is alwaysχ = 1 − G, whereG is the genus of the associated closed str
saddle. Thus the integral in Eq.(3) is dominated in theα′ → ∞ limit by an associated
G-loop closed string saddle point inXµ, �̂mi andξ̂i . The closed string classical trajecto
at G-loop order was found, according to Gross and Mende[2], to behave at the sadd
point as

(19)X
µ
c1(z) = i

1+ G

4∑
i=1

k
µ
i ln |z − ai | + O

(
1

α′

)
,

which leads to theχ th order open string four-tachyon amplitude

(20)Tχ ≈ g2−χ exp

(
− s ln s + t ln t + u lnu

2(2− χ)

)
.

Eq. (20) reproduces the very soft exponential decay e−α′ s of the well-known string-tree
χ = 1 amplitude. There is a consistent check of Eq.(20)at small angles, where the genu
G scattering process can be decomposed intoG + 1 successive scatterings[2,12]. The
exponent of Eq.(20)can be thought of as the electrostatic energyEG of two-dimensiona
Minkowski chargeski placed atai on a Riemann surface of genusG. One can use th
SL(2,C) invariance of the saddle to fix 3 of the 4 pointsai , then the only modulus is th
cross ratio

λ = (a1 − a3)(a2 − a4)

(a1 − a2)(a3 − a4)
,

which takes the value
(21)λ = λ̂ ≈ − t

s
≈ sin2 φCM

2
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to extremizeEG if we neglect the mass of the tachyons in the high energy limit. For ex
string states, it was found that only polarizations in the plane of scattering will contr
to the amplitude at high energies. To the leading order in energyE, the products ofeT and
eL with ∂nX at string-tree levelχ = 1 (or G = 0) were calculated by using Eq.(19) to
be[11]

(22)eT · ∂nX ∼ i(−)n
(n − 1)!

λn
E sinφCM, n > 0,

(23)eL · ∂nX ∼ i(−)(n−1) (n − 1)!
λn

E2 sin2 φCM

2m2

n−2∑
l=0

λl, n > 1,

(24)eL · ∂nX ∼ 0, n = 1,

wherem2 is the mass of the particle.
We are now ready to use the results ofour zero-norm state calculation, Eqs.(8)–(11),

to check the validity of the saddle point calculations, Eqs.(21)–(24). Note that Eqs.(8)–
(11) are the high energy limit of the decoupling of zero-norm states of stringy scatt
amplitudes. They are directly related to the unitarity of string theory. We will just ch
the string-tree amplitudes since only in this case the exact results are known. Let
Eqs. (21)–(24)to calculate, for example, the high energy limit of Eq.(4) where both
scattering amplitudesT (µνλ), T (µν) are defined by Eq.(3). It is easy to see, accordin
to Eqs.(21)–(24), that the kinematic factorKLLT of TLLT is of energy orderE while
K(LT ) ∼ E3. This means thatT 3

LLT = 0 [7,8] to the leading order in the saddle po
calculation. This obviously violates the result of our zero-norm state calculation Eq(8),
which saysK3

LLT andK3
(LT ) are of the same energy orderE3. Since Eq.(8) is the high

energy limit of Eq.(4). We conclude that there is an inconsistency between Eq.(4) and
Eqs.(21)–(24). In other words,the results(21)–(24)violatesthe high energy massive gau
invariance[7,8] of Eq. (8) and thus will threat the unitarity of string interactions. Many
similar examples with the same inconsistencies exist at higher mass levels mainly
the wrong result of Eq.(24). They are scattering processes with vertices containing∂XL,
or processes whose naive leading order in energy vanishes, e.g.,T 5→3

LLT .
To further demonstrate why the previous saddle point calculations[2,3,11] fail to be

consistent with the stringy Ward identity, we redo the calculations based on the s
point method and figure out the missing terms in the previous results. Again, we sh
the examples ofm2 = 4 amplitudesTLLT andTT T T to demonstrate the correct calculatio
The spin-three amplitude is defined as

(25)T µνλ ≡
∫ 4∏

i=1

dxi

〈
eik1X∂Xµ∂Xν∂Xλeik2Xeik3Xeik4X

〉
,

andTLLT = e
µ
Leν

Leλ
T Tµνλ is calculated to be

1∫

(26)TLLT =

0

dx x−s/2−1(1− x)−t/2(eL · k1)(eL · k1)(eT · k3)
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(27)− 2

1∫
0

dx x−s/2(1− x)−t/2−1(eL · k1)(eL · k3)(eT · k3)

(28)+
1∫

0

dx x−s/2+1(1− x)−t/2−2(eL · k3)(eL · k3)(eT · k3).

Similarly, for TT T T , we have

(29)TT T T =
1∫

0

dx x−s/2+1(1− x)−t/2−2(eT · k3)(eT · k3)(eT · k3).

In deriving Eqs.(26)–(29), we have made theSL(2,R) gauge fixing and restricted to th
s–t channel amplitude only by choosingx1 = 0, 0� x2 � 1, x3 = 1, x4 = ∞. Here we
need to evaluate three integrals by using saddle point method. For instance, the inte
Eqs.(28) and (29)can be defined as

F−1,2 ≡
1∫

0

dx x−s/2+1(1− x)−t/2−2

=
1∫

0

dx x(1− x)−2 exp

{
− s

2

[
lnx − τ ln(1− x)

]}

(30)=
1∫

0

dx u−1,2(x)exp

{
− s

2
f (x)

}
,

where we have defined

(31)τ ≡ − t

s
� sin2 φCM

2
,

(32)ua,b(x) ≡ x−a(1− x)−b,

(33)f (x) ≡ lnx − τ ln(1− x).

The other integrals in Eqs.(26) and (27), F1,0 andF0,1, can be similarly defined. Not
that our definitions of Mandelstam variables here are different from Eqs.(21)–(24)by
interchangingt ↔ u. Now, before doing saddle point calculations, we would like to p
out that there are two different definitions of the concepts of saddle-points. For the in
of Eq.(30), for example, the first definition is the saddle pointx0 which leads tof ′(x) = 0

and is given byx0 = 1
1−τ

, and we havef ′′(x0) = (1−τ )3

τ
. In this case, the saddle poi

is independent of the prefactoru−1,2. The more standard definition of saddle point
however, the valuex ′

0 which extremizes the exponent of exp[− s
2f (x) + lnu−1,2]. In this

case, the saddle points of the integrals of the scattering amplitudes of the excited

states will be shifted level by level. We stress that although this shift is of subleading order
in energy compared with Eq.(20), its effect will bring down an energy power factor in front
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of the exponential. These power factors are crucial to recover the stringy Ward ide
and get the linear relations among high energy scattering amplitudes conjectured by
In the following, we will adopt the first definition to do the calculation. However, bo
saddle point calculations should give the same results if one does the calculations ca

We can use the following formula for a systematic expansion of integral in termsα′:

(34)F(α′) ≡
∞∫

−∞
dx u(x)exp

[−α′sf (x)
]

= u0 exp
(−α′sf0

)√ 2π

α′sf ′′
0

×
{

1+
[

u′′
0

2u0f
′′
0

− u′
0f

(3)
0

2u0(f
′′
0 )2 − f

(4)
0

8(f ′′
0 )2 + 5[f (3)

0 ]2
24(f ′′

0 )3

]
1

α′s

(35)+ O

(
1

(α′s)2

)}
,

whereu0, f0, u
′
0, f

′′
0 , etc., stand for the values of functions and their derivatives evalu

at x0. For simplicity, we only write down the leading and next-to-leading correction
1/α′. One can extend this formula to higher orders such that the desired accuracy
achieved. Note that the range of integration in Eqs.(26)–(30)can be extended from(0,1)

to (−∞,+∞) by a change of variablex → ex

ex+e−x .
Now, in order to avoid complicated expansion of momentum variableseL ·k1 andeL ·k3

in the calculations ofTLLT [8], we can use the previous result ofTLLT = TPPT to the
leading order, and calculate

(36)

TLLT � TPPT

=
(

E

4
sinφCM

)[
F1,0(k1 · k2)

2 − 2F0,1(k1 · k2)(k2 · k3) + F−1,2(k2 · k3)
2]

= (
E5 sinφCM

)[
F1,0 + 2τF0,1 + τ2F−1,2

]
,

(37)TT T T = (E sinφCM)3F−1,2.

The remaining task for calculating both amplitudes now amounts to the various
tributions of the master formula forF1,0, F0,1 and F−1,2. For TLLT , we notice that
(u1,0 + 2τu0,1 + τ2u−1,2)|x0 = 0, hence both the leading terms and the last two term
the 1/α′ corrections of Eq.(35)cancel. After some calculations, we find(u′

1,0 + 2τu′
0,1 +

τ2u′−1,2)|x0 = 0, so the second term in the 1/α′ corrections of Eq.(35)sum up to zero. The
only surviving contribution comes from the first term in the 1/α′ corrections in Eq.(35),
and we have

1 [ ] (1− τ )2

(38)

2f ′′
0

u′′
1,0 + 2τu′′

0,1 + τ2u′′−1,2 x0
=

τ
.
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We emphasize that these are exactly the missing terms of the previous saddle poin
lations[2,3,11]. Once these corrections are taken into account,1 we are able to obtain th
result which is consistent with our stringy Ward identities. In fact, we can now use

sinφCM � 2
√

τ (1− τ ),

√
4π

sf ′′
0

= 1

E

√
πτ

(1− τ )3

and Eq.(38) to get (α′ ≡ 1/2, s → ∞)

TLLT = −(
E5 sinφCM

)(
exp

{
− s

2
f0

}√
4π

sf ′′
0

)
(1− τ )2

τ

2

s

= −√
πE2 cos2

φCM

2
exp

{
− s

2
f0

}
(39)= −E9 sin3 φCM T (3).

Similarly, for TT T T , we have only one leading term in Eq.(35), andu−1,2|x0 = 1−τ

τ2 gives

TT T T = −(
E3 sin3 φCM

)(
exp

{
− s

2
f0

}√
4π

sf ′′
0

)
(1− τ )

τ2

= −8
√

πE2 cos2
φCM

2
exp

{
− s

2
f0

}
(40)= −8E9 sin3 φCMT (3).

Eqs.(39) and (40)agree with our previous calculations above Eq.(15)based on a differen
method[7,8]. Finally, by comparing Eq.(39)and Eq.(40), we obtain the desired relatio
TT T T : TLLT = 8 : 1.

In conclusion, we see that the use of saddle point in Eqs.(19) and (21)is only valid
for the tachyons amplitude in Eq.(20). In general, the prediction ofEqs.(21)–(24)gives
the right energy exponent in the scattering amplitudes, but not the energy power facto
in front of the exponential for the cases of the excited string states. These energy powe
factors are subleading terms ignored inEqs.(21)–(24)but they are crucial if one wants t
get the linear relations among high energy scattering amplitudes conjectured by Gro[3].

4. String-tree high energy scattering amplitudes

In this section, we will first give a general formula of all high energy four-point str
tree amplitudes ofarbitrary string states. This formula was first proposed in[7]. Here
we will give a general proof and present some examples. Let us begin with the sca

1 Another correction one has to take into account is the saddle pointλ̂ ≈ − t
s ≈ sin2 φCM

2 in Eq.(21) identified

by authors of Refs.[2,3,11]. The saddle point we identified in Eq.(35) is, however,x0 = 1
1−τ

≈ 1
cos2 φCM/2

.

Since our convention of Mandelstam variables is different from Refs.[2,3,11]by interchangingt ↔ u, we believe
that the correct saddle point of Refs.[2,3,11]should bêλcorr ≈ 1

sin2 φCM/2
.
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Fig. 1. Kinematic variables in the center of mass frame.

amplitudes of one arbitrary tensorv2 and three tachyonsv1,3,4. Based on the result of hig
energy stringy Ward identities, it was conjectured in[7,8] that there is only one independe
component of high energy scattering amplitude at each fixed mass level, say,T T T T ...

n which
is defined to be the transverse component of scattering amplitude of the highest spin sta
at them2 = 2(n − 1) level, wheren is the number ofT ’s. For example, the first scatterin
in Eq. (11)T T T T

3 corresponds tom2 = 4. All other components of high energy scatter
amplitudes are proportional to it. This conjecture was explicitly proved for the mass lev
m2 = 4,6. It is not difficult to calculate the following general scattering amplitudes of
type withv2 the highest spin state at each fixed mass level and three tachyonsv1,3,4 (we
list amplitudes for thes–t channel only)

T µ1µ2...µn
n =

n∑
l=0

(−)l
(

n

l

)
B

(− s
2 − 1+ l,− t

2 + n − l
)
k
(µ1
1 · · ·kµn−l

1 k
µn−l+1
3 · · ·kµn)

3 ,

(41)

whereB(u, v) = ∫ 1
0 dx xu−1(1 − x)v−1 is the Euler beta function. It is now easy to calc

late the general high energyscattering amplitude at them2 = 2(n − 1) level [8]

(42)T T T T ...
n = [−2E3 sinφCM

]n T (n),

whereT (n) is given by Eq.(15). One can now generalize this result to multi-tensors[7]

(43)T T 1...T 2...T 3...T 4...
n1n2n3n4

= [−2E3 sinφCM
]∑ni T

(
n →

∑
ni

)
,

whereni is the number ofT i of the ith vertex operators andT i is the transverse directio
of the ith particle. This is our first master formula for all scattering amplitudes which
of the leading order in energy compared with other amplitudes at the same mass le
proving Eq.(43), one notes that the new contraction terms arising from two∂X’s belonging
to two different vertex operators are suppressed in energy. Finally, thet–u ands–u channels

of a given scattering amplitude can be Möbius-transformed to thes–t channel of another
scattering amplitude obtained by interchanging vertex operators of the original scattering
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amplitude. Thus we still end up with the sinφCM behavior in the kinematic factor. Th
completes our proof for Eq.(43). It is remarkable to find, from Eq.(43), that all high
energy scattering amplitudes share this simple high energy behavior, which hints
universal form of the interactions of an infinite number of string states. In the followin
give some examples to illustrate the power of Eq.(43). The scattering amplitudes involvin
tachyons and massless vectors were calculated in[13], and are given by (s–t channel only)

(44)Tvectors= �
(− s

2 − 1
)
�

(− t
2 − 1

)
�

(
u
2 + 2

) K,

with the kinematic factors

K(ζ1, k1; ζ2, k2; k3; k4)

=
(

1

2
t + 1

)(
1

2
u + 1

)(
(ζ1 · k2)(ζ2 · k1) − ζ1 · ζ2

)
+

(
1

2
s + 1

)(
1

2
u + 1

)(
(ζ1 · k4)(ζ2 · k3)

)
(45)+

(
1

2
s + 1

)(
1

2
t + 1

)(
(ζ1 · k3)(ζ2 · k4)

)
,

K(ζ1, k1; ζ2, k2; ζ3, k3; k4)

=
(

1

2
s + 1

)(
1

2
t + 1

)
1

2
t
(
(ζ1 · k3)(ζ2 · k1)(ζ3 · k1) − (ζ2 · k1)(ζ1 · ζ3)

)
+

(
1

2
s + 1

)(
1

2
t + 1

)
1

2
s
(
(ζ2 · k3)(ζ1 · ζ3) − (ζ1 · k3)(ζ2 · k3)(ζ3 · k1)

)
+

(
1

2
s + 1

)(
1

2
t + 1

)(
1

2
u + 1

)(
(ζ1 · k4)(ζ2 · k1)(ζ3 · k2)

− (ζ1 · k2)(ζ2 · k3)(ζ3 · k4) − (ζ2 · ζ3)(ζ1 · k2) + (ζ1 · ζ2)(ζ3 · k2)
)

−
(

1

2
t + 1

)(
1

2
u + 1

)
1

2
t
(
(ζ1 · ζ2)(ζ3 · k4) − (ζ1 · k2)(ζ2 · k1)(ζ2 · k4)

)
(46)−

(
1

2
u + 1

)(
1

2
s + 1

)
1

2
s
(
(ζ1 · k4)(ζ2 · k3)(ζ3 · k2) − (ζ2 · ζ3)(ζ1 · k4)

)
,

K(ζ1, k1; ζ2, k2; ζ3, k3; ζ4, k4)

=
(

1

2
s + 1

)(
1

2
t + 1

)(
1

2
u + 1

)

×
[
−K(ss) + 1

2
s

{
(ζ1 · k3)(ζ2 · k3)

(
(ζ3 · k1)(ζ4 · k1) + (ζ3 · k2)(ζ4 · k2)

)
+ 1

3

(
(ζ1 · k2)(ζ2 · k3)(ζ3 · k1) − (ζ1 · k3)(ζ2 · k1)(ζ3 · k2)

)
(ζ4 · k1 − ζ4 · k2)

}
{

+ 1

2
t (ζ2 · k1)(ζ3 · k1)

(
(ζ1 · k3)(ζ4 · k3) + (ζ1 · k2)(ζ4 · k2)

)
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+ 1

3

(
(ζ1 · k3)(ζ2 · k1)(ζ3 · k2) − (ζ1 · k2)(ζ2 · k3)(ζ3 · k1)

)
(ζ4 · k3 − ζ4 · k2)

}

+ 1

2
u

{
(ζ1 · k2)(ζ3 · k2)

(
(ζ2 · k1)(ζ4 · k1) + (ζ2 · k3)(ζ4 · k3)

)
+ 1

3

(
(ζ1 · k2)(ζ2 · k3)(ζ3 · k1) − (ζ1 · k3)(ζ2 · k1)(ζ3 · k2)

)
(ζ4 · k3 − ζ4 · k1)

}

+ st

4

1
u
2 + 1

(
ζ1 · ζ3 − (ζ1 · k3)(ζ3 · k1)

)(
ζ2 · ζ4 − (ζ2 · k4)(ζ4 · k2)

)

+ st

4

1
u
2 + 1

(
ζ1 · ζ3 − (ζ1 · k3)(ζ3 · k1)

)(
ζ2 · ζ4 − (ζ2 · k4)(ζ4 · k2)

)

+ su

4

1
t
2 + 1

(
ζ1 · ζ4 − (ζ1 · k4)(ζ4 · k1)

)(
ζ2 · ζ3 − (ζ2 · k3)(ζ3 · k2)

)

(47)− st

4
(ζ1 · ζ3)(ζ2 · ζ4) − tu

4
(ζ1 · ζ2)(ζ3 · ζ4) − su

4
(ζ1 · ζ4)(ζ2 · ζ3)

]
,

whereK(ss) is the same kinematic factor that enters in the type I superstring and c
found in [14]. It is easy to show thatK(ss) is suppressed in energy in the high energy
pansion. Finally, the 4-point function of a spin-two, a vector and two tachyons is calcu
to be

Ttensor=
∫ 4∏

i=1

dxi

〈
ζµν∂Xµ∂Xνeik1Xζν∂Xνeik2Xeik3Xeik4X

〉

= �
(− s

2 − 1
)
�

(− t
2 − 1

)
�

(
u
2 + 2

) [
2

(
1

2
t + 1

)
1

2
u

(
1

2
u + 1

)(
ζµνk

µ
2 ζ ν

)

−
(

1

2
t + 1

)
1

2
u

(
1

2
u + 1

)(
ζµνk

µ
2 kν

2

)
(ζ · k1)

+
(

1

2
s + 1

)
1

2
u

(
1

2
u + 1

)(
ζµνk

µ
2 kν

2

)
(ζ · k3)

− 2

(
1

2
s + 1

)(
1

2
t + 1

)(
1

2
u + 1

)(
ζµνk

µ
3 ζ ν

)
+ 2

(
1

2
s + 1

)(
1

2
t + 1

)(
1

2
u + 1

)(
ζµνk

µ
2 kν

3

)
(ζ · k1)

− 2

(
1

2
s

)(
1

2
s + 1

)(
1

2
u + 1

)(
ζµνk

µ
2 kν

3

)
(ζ · k3)

−
(

1

2
s

)(
1

2
s + 1

)(
1

2
t + 1

)(
ζµνk

µ
3 kν

3

)
(ζ · k1)(

1
)(

1
)(

1
)( ) ]
(48)+
2
s

2
s + 1

2
s − 1 ζµνk

µ
3 kν

3 (ζ · k3) .
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By using

s = 4E2, t � −4 sin2 φCM

2
E2, u � −4 cos2

φCM

2
E2

in the high energy limit, the transverse components of the high energy limits of Eqs(45),
(46), (47) and (48)are calculated to be[−2E3 sinφCM

]1+1T (2),
[−2E3 sinφCM

]1+1+1T (3),[−2E3 sinφCM
]1+1+1+1T (4),

[−2E3 sinφCM
]2+1T (3).

These are remarkably consistent with the prediction of Eq.(43).
The second master formula for high energy scattering is valid for processes wit

tices not containing∂XL, or equivalently, for those amplitudes whose true leading ord
energy are the same as the naive leading orderin energy. The high energy string-tree sc
tering amplitudes of this type with one tensorv2 and three tachyonsv1,3,4 are calculated to
be (we list amplitudes for thes–t channel only)

(49)T sub
n =

∏
a

ζa ·
([

− t

2

]la

k1 +
[

s

2

]la

k3

)
T (n),

whereζa , which is eithereT or eL, corresponds to the polarization of∂laX in the vertex
operatorv2 at mass levelm2 = 2(n − 1), n = ∑

la . For example,K3
(LT ), which contains a

vertex∂X(T ∂2XL), can be rewritten as

K3
(LT ) =

(
− t

2
k1 + s

2
k3

)
· e(T

([
− t

2

]2

k1 +
[

s

2

]2

k3

)
· eL)

(50)= E9 sin3 φCM,

which is correctly predicted by Eq.(43). It is straightforward to write down a general fo
mula for the four-tensor scattering amplitudes of these types at arbitrary mass level
that Eq.(49) includes processes that are not the leading high energy scattering amp
at each fixed mass level considered in Eq.(43). For example, Eq.(49)gives

K2
(T T ) =

(
− t

2
k1 + s

2
k3

)
· eT

([
− t

2

]2

k1 +
[

s

2

]2

k3

)
· eT

(51)= 8E8 sin2 φCM,

which is not given by Eq.(43). This scattering amplitude is of subleading order in energ
the mass levelm2 = 4. Note that the superscripts ofK3

(LT ) andK2
(T T ) represent the naiv

(or true) leading orders of the scattering amplitudes defined in the paragraph after Eq.(14).

5. Conclusion
We have shown that saddle point calculations of high energy string scattering amplitudes
of Eqs.(21)–(24) [2,3,11]are not consistent with the zero-norm state calculations of high
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energy stringy Ward identities of Eqs.(8)–(11) [7,8]. In this paper, we have also give
the correct saddle point calculation, Eqs.(34)–(40)which are consistent with our previou
calculation based on a different method[7,8], to illustrate the importance of subleadi
energy power factor in front of the exponential of the high energy string amplitude. Th
power factor is crucial to recover the stringy Ward identities and the linear relations a
scattering amplitudes of different string states conjectured by Gross[3].

Based on the tree-level stringy Ward identities derived from the decoupling of two type
of zero-norm states, it was conjectured[7,8] that there is only one independent compon
of high energy scattering amplitude at each fixed mass level. All other components of hi
energy scattering amplitudes are proportional to it. This conjecture was explicitly prove
for the mass levelsm2 = 4,6 [7,8]. If this conjecture is valid to all higher mass levels, o
master formula, Eq.(43), determines all high energy string-tree scattering amplitude
terms of those of tachyons—another conjecture by Gross[3]. It is worth noting that if all
stringy propagating modes contribute at least one high energy scattering amplitud
Eq.(43)applies to all particles in the string spectrum.

While the importance of zero-norm states in string theory has been largely und
mated, we expect that a clearer understanding of zero-norm states will help us to u
the fundamental symmetry of string theory.
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