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In this paper, we will propose a polynomial-time method
to design m-dimensional regular arrays for n (n = m + 1)
dimensional algorithms with uniform dependencies, regular
algorithms. The proposed method has two steps: the first one
is to transform an independently partitioned regular algorithm
to a new one, which has an identity dependence matrix. We
call this step identity transformation, which is an affine one.
In the second step, we propose a spacetime mapping in a fixed
form to map the new regular algorithm to a lower-dimensional
regular array. Thus, an affine spacetime mapping is constructed
by combining the identity transformation and the fixed form’s
spacetime mapping together. With the proposed affine space-
time mapping, the original regular algorithm can be mapped
to a lower-dimensional regular array in polynomial time, which
depends only on the number of dimensions of the regular algo-
rithm. Meanwhile, the designed regular array is asymptotically
optimal in time and Space. [199 Academic Press, Inc.

1. INTRODUCTION

The systolic array or regular array [1, 2] is a special
purpose parallel device, in which the processing elements
(PEs) are regularly and locally connected. It follows that
systolic architecture is very suitable for implementing on
VLSI chips. Nevertheless, due to the limitations of current
technology, most popular regular arrays have lower dimen-
sions, such as 1-dimensional (1D) linear arrays [3] and 2D
mesh ones [4].

Designing regular arrays from a system of recurrence
equations includes two major steps: the first step is regular-
ization [5], or uniformization [6]. After regularization, the
original system of recurrence equations is transformed to
an equivalent system of uniform recurrence equations
(SURE) [7] or a regular iterative algorithm (RIA) [5]. An
SURE can be further partitioned [8-10] to several inde-
pendent ones, in which each one is independent on the
others and can be treated apart.

The second step is to decide a conflict-free spacetime
mapping [11, 12] to map the SURE to a regular array. The
spacetime mapping is in general represented as a transfor-
mation matrix. The first row and the rest of the transforma-
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tion matrix are respectively the time mapping vector and
the space mapping matrix. Three kinds of conflict-free con-
dition are necessary to be satisfied: Dependence conflict-
free: if and only if the precedence constraints imposed by
the SURE are satisfied; computation conflict-free: if and
only if two different computations are not executed on the
same PE at the same time; and link conflict-free: if and
only if every dependence vector of the SURE is mapped
to one and only one interconnection link of the array.

It is easy to check these conflict-free conditions for map-
ping an nD SURE to an (n — 1)D regular array [13]. So
previous researchers put their efforts on how to find an
optimal schedule vector [14] and an optimal processor as-
signment [15], as well as designing more efficient regular
arrays [16]. Yet, when mapping an nD SURE to an mD
regular array, n > m and m # n — 1, the check of computa-
tion conflict-free condition cannot be done by only examin-
ing whether the dependence matrix is nonsingular. And
link conflict may occur and should be detected. Such that,
the designer should select two index vectors from the com-
putation domain and then check the conditions of the com-
putation and link conflict-free; then the above check is
repeated until all pairs of index vectors in the computation
domain have been examined. This makes the mapping
problem more difficult and time-consuming.

Rao [5] proposed an iterative procedure (Procedure 3.3
in his dissertation) to design lower-dimensional regular
arrays. He guarantees the designed regular array satisfying
the conditions of dependence and computation conflict-
free. However, all link conflict-free may occur in his design.
Lee and Kedem [11] proposed the necessary and sufficient
conditions of link conflict-free. Yet, they have to examine
the whole computation domain to check whether the map-
ping is computation and link conflict-free. Shang and
Fortes [12] derived some necessary and sufficient condi-
tions for computation conflict-free. In some cases, the time-
consuming examination of the whole computation domain
can be avoided in their procedure. However, finding a
closed form necessary and sufficient conditions on conflict-
free mapping for general cases is still open and very diffi-
cult. Besides, the link conflict may occur in their designs.
Ganapathy and Wah [17] designed the lower dimensional
regular arrays by the parameter-based method rather than
spacetime mapping. They described the conditions of con-
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flict-free mapping by bounding the parameters of period,
velocity, and data distribution. The optimal design can be
found in polynomial time. However, too many equations
are established by these parameters when the dimension
of SURE becomes large, which results in computation dif-
ficulty.

The major problem on designing lower dimensional reg-
ular arrays for SURE:s is: it is time-consuming to check
conditions of computation and link conflict-free, because
the whole computation domain is necessary to be examined.
In contrast to previous methods, we propose a two-step
one that can avoid checking conditions every time. The first
step is to transform an independently partitioned regular
algorithm to a new one, which has an identity dependence
matrix. We call this step identity transformation. Since the
original regular algorithm does not always have a unimodu-
lar dependence matrix, the identity transformation is a
nonunimodular one; thus, it is important to keep every
index vector in the new regular algorithm with integral
elements. So, the identity transformation is not linear but
affine [18, 19], which has a linear part and a translation
one. The translation part is to guarantee that the new
regular algorithm has integral index vectors. In the second
step, we propose a spacetime mapping in a fixed form to
map the new regular algorithm to a lower dimensional
regular array. Thus, an affine spacetime mapping is con-
structed by combining the identity transformation and the
fixed form’s mapping together. With the proposed affine
spacetime mapping, the original regular algorithm can be
mapped to a lower dimensional regular array in polynomial
time, which depends only on the dimension of the regular
algorithm. Meanwhile, the designed regular array is asymp-
totically optimal in time and space.

One thing should be mentioned here: a similar design
concept has been proposed in [20] to design modular exten-
sible linear arrays for regular algorithms. Yet, in that paper,
we assume the original SURE has a unimodular depen-
dence matrix. Thus, the affine transformation and affine
spacetime mapping are not mentioned in that paper. On
the other hand, only 1D (linear) arrays can be synthesized
in that paper. Nevertheless, we can design not only 1D
regular arrays but also other lower-dimensional ones here.

Here is an outline of following sections: some prelimi-
nary definitions and the design concepts are given in Sec-
tion 2. In Section 3, we will propose an affine spacetime
mapping, and show that it is correct and asymptotically
optimal. Finally, the concluding remarks are in Section 4.

2. DEFINITION AND CONCEPT

In the following, we will give the definitions of SURE
and regular array. Two types of SURE are identified: one
is the independently partitioned SURE and the other is
the SURE with identity dependence matrix. The concepts
of affine transformation and affine spacetime mapping are
also given in this section.

DermviTioN 2.1 (SURE) [7, 21]. A system of uniform
recurrence equations (SURE) is a set of recurrence equa-
tions of the form v(j>) = fo(..., v:1(j1), ...), where J, j»(€
J" C Z") are index vectors, vy, v, variables, f, a function,
and ;2 - ;1(5 d, € D) a dependence vector with constant
integral elements.

Herein, a small letter with a head ~ denotes a column
vector. We use .o% = (J", D) to denote an SURE, because
only its structural information is useful in here. J” is called
the computation domain of .¢%. D is in general represented
by a matrix form, called dependence matrix, in which each
column represents one dependence vector. detD denotes
the determinant of D. For simplicity, we only consider that
J"=A{[j1jo - ju)"I1 =ji= N, 1 =i = n}with N> n, and
D is an n X k matrix with k = n. We say that a dependence
matrix D is lexicographically positive if every dependence
vector of D is lexicographically positive. The dependence
matrix D of a computable SURE can be transformed by
a unimodular matrix to a lexicographically positive one
[5]. Moreover, Wolf and Lam in [22] showed that an SURE
(or a loop nest) with a lexicographically positive D can be
made fully permutable by a skewing transformation (a
unimodular matrix). Therefore, there exists a unimodular
transformation matrix X, such that X, D,xx = Fuxk, Vfin
€ F, f;, = 0. It follows that D = X' F = BF. Since every
element in F is greater than or equal to zero, columns of
B constitute a positive integral coordinate basis of D. That
is, every dependence vector d, € D can be constructed by
the positive integral combination of the column vectors
b’s of B, or d, = 2, fb;. For example, if D = [9 5 1],
then we may have X = [39]. Thus, B = X' = [}9] and
F = [931], eg. dy = [4] = fisby + fosby = 1 [] + 1 [9].
Consequently, the basis matrix B,,x, can be used to replace
D, and becomes the new dependence matrix of the
SURE. In the following, D in .o/ = (J", D) represents the
basis matrix of the SURE .o/ if its original dependence
matrix is not a square one.

Now, we focus on the two types SURE: the indepen-
dently partitioned one and the one with identity depen-
dence matrix. An SURE .o/ = (J”, D) can be independently
partitioned to several independent sets. The number of
independent sets is equal to the absolute value of the detD,
|detD|. In the following, we define the independently parti-
tioned SURE (IP-SURE), in which all index vectors belong
to the same independent set. It is reasonable that each IP-
SURE can be treated apart, because they are independent.

DeriNiTION 2.2 (IP-SURE).  An SURE .« = (J}, D)
is said to be independently partitioned from an .o =
(Jn, D) it Ji = J" N {jlj = jo + D@}, where j, =
[j979 ==+ j9]" is an index vector in an independent set of
/s and @ is an integral column vector.

It follows that if J;; and Jj are two partitions from .7,
then either J); = J2 or Jj, /\ J = . The first step of our
method is to transform an IP-SURE to the SURE with an
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identity dependence matrix. Since the SURE of matrix
multiplication has an identity dependence matrix, we have
the following definition for the matrix-multiplication-like
SURE (MM-SURE).

DeriNiTION 2.3 (MM-SURE). An SURE .o, =
(J1,, D) is said to be matrix-multiplication-like if J, C
Z" and D = I, where I denotes the identity matrix.

In the following, e; denotes the ijth element in /, and
¢; is a column vector corresponding to the ith column of
1. With the definitions of IP-SURE and MM-SURE, the
first step of our method can be described as: transforming
an IP-SURE .4 = (J};, D) to an equivalent MM-SURE
Sy = (J1,, I). Since .o/, has an identity dependence matrix,
we call this step identity transformation. The following the-
orem tells us how to perform the identity transformation,
and shows its existence and that every element of h €
J1s an integral number. The proof of integral index vector
in J}, is important, because the identity transformation
includes inverting a nonunimodular matrix.

TueorewM 2.1 (Identity Transformation). An IP-SURE
Ap = (Ju, D), with Jp = J" N\ {(ili = jo + D@}, can be
transformed to an MM SURE <ty = i, I, with J?, =
£h|h = DG — jo) + Jjob, where ]0 € Jyis mapped to
ho(=jo) € J7,.

Proof.  Existence of D7'. Since D is an n X n full rank
matrix, its inverse matrix D' must exist.

Integral index vector in J%,. Let D = [dy]uxn, D! =
[di Lusn-

Substituting jk = ]2 + 27:1 dk/[.L[ to hi =
iy + 7Y, we have

22:1 dit (i —

i <2 dkl:“'l) +ji= E K (2 dig! dkl) + 7.

k=1 k=1

From

i 1 {1 ifi=1
diy dy=

. )
k=1 0 otherwise

we have i; = j9 + ;. It follows that h = j, + o € Z. W

DEeFINITION 2.4 (Affine Transformation) [18].  An affine
transformation (T, 7,) for transformmg an n X 1 column
vector j to h is defined as h = Tj + f,, where T and £, are
respectively an n X n matrix (linear part) and an n X 1
column vector (translation part) of the affine transfor-
mation.

The operation TKT, &) is defined as (T, T, T,,), where
T;is an (m + 1) X n matrix. Obviously, the identity trans-
formatlon is an affine one and can be represented as (D, !
-D! ]0 + ]0) The purpose of the affine transformation’s
translation part is to let all index vectors still be integral
after inverting the nonunimodular matrix D.

Theorem 2.1 states the fact that the time complexity of
our method’s first step is only a polynomial function of
the number of dimensions # of the IP-SURE, and is inde-
pendent on the problem size parameter N. Now, we will
turn our attention to the second step of our method: map-
ping an MM-SURE to a lower dimensional regular array.
First, the definition of regular array is given as follows:

DEermNiTION 2.5 (Regular Array). An m-dimensional
regular array is defined as .c4 = (P™, L), where P" =
{p|p =[pip2 - pul 1 =pi = N}1s a set of PEs and

={, L, 75|l,, 1 =i=¢,isanm X 1 column vector}
a set of links connecting neighboring PEs.

The regular arrays we want to design have N; = ¢;N,
where ¢; is a constant value and 1 = i = m. One formal
method of designing regular arrays for SUREs is by space-
time mapping. In the past, it is a linear transformation
matrix, which only includes a schedule vector and a proces-
sor allocation matrix. Now, we extend the linear spacetime
mapping to an affine one.

DEFINITION 2.6 (Affine Spacetime Mapping) [19]. An
affine spacetime mapping (7T, %,) is a mapping that maps
an SURE .o = (J”, D) to a regular array .o/, = (P, L)
by the affine transformation (T, 7,) = {[# ST]", [m0 53],
where 7 is an n X 1 column vector, 7, an integer ST an
n X m matrix, and §§ an 1 X m row vector. 7'j + m,
and Sh + 5, are respectively the time and space mapping
of the index vector j.

An affine spacetime mapping (7, f,) can be reduced to
a linear one T, if f, is a zero vector. By an affine spacetime
mapping (7, %), an index vector h is executed when time
t and at PE [pi p, -+ p,]', where [tpy ps - p,]" = =1Tj +
fy. In addition, a _dependence vector d becomes a link 7,
where 7#7d and Sd represent the link delay and link vector,
respectively. A spacetime mapping is said to be correct,
if it satisfies three conflict-free conditions: computation,
dependence, and link. The following theorem states the
necessary and sufficient conditions of a correct mapping.

THEOREM 2.2. For an affine spacetime mapping {[7
ST]T [m035]") to be correct on mapping an IP-SURE
= (J5, D) to aregular array .oy = (P™, L), the necessary

and sufficient conditions are as follows:

* Dependence conflict-free: if and only if vd; € D,
7td; > 0.
* Computation conflict free if and only if V]l, ]2(11
j2) € I, if Sjy = Sj, then #%j; # 77,.
* Link conﬂzctfree if and only if Vi, ]2(]1 # ) €
»» for each d; €D, if 7TT(]1 — )Sd; = SGi — }»)7'd,
thenh —]2 = kd orSd = 0.

Proof.

* Dependence conflict-free: the precedence constraints
imposed by the SURE are satisfied. That is, if there exists
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ad eD, suchthatjz —]1 + dl,thenn’ ]2 + T > ]1 +.
It follows that #7(j, — j,) = #7 d; > 0.

* Computation conflict-free: two different computations
are not executed on the same PE at the same time. That
is, 1fS]1+s0—S]2 +s0then7T]1 +7TO?57T]2+7TO It
follows that if Sj; = Sj, then 77, # 77),.

* Link conflict-free: every dependence vector of the
SURE is mapped to one and only one interconnection link
of the array. From the formula derived by Lee and Kedem
in [11], for a linear spacetime mapping, the condition of
link conflict-free is: if (S A])(WTd) = (7T Aj)(Sd;) then
A] = kd,, k # 0, where A] = Ji = J». In the if part, the four
items S Aj, #%d;, 7T Aj, and Sd; represent respectively (after
linear spacetime mapping) two index vectors’ processor
difference vector, a link delay, two index vectors’ time
delay, and a link vector. Now, for an affine spacetime
mapping, these four items are still S Aj, #7d;, 77 Aj, and Sd;,
respectively, since the effect of an affine transformation’s
translation part is eliminated from two vectors’ dif-
ference. W

To design regular arrays by finding a candidate of correct
spacetime mapping, it is necessary to check all conflict-
free conditions (dependence, computation, and link).
These examinations will take a lot of time when the prob-
lem size parameter N becomes very large. To avoid doing
these examining procedures for shortening design time,
our solution is first to find an affine transformation (7, &,),
to transform the given IP-SURE to an MM-SURE. Then,
we will propose (in Section 3) a conflict-free (linear) space-
time mapping matrix in a fixed form, say 7;, to map the
MM-SURE to a lower dimensional regular array. The fol-
lowing theorem not only shows that this method is valid
but also states how to obtain a transformation matrix from
(T, fy) and T, for mapping the given IP-SURE to a regu-
lar array.

THEOREM 2.3.  Designing a regular array <ty = (P™, L)
for an IP-SURE .</p = (J},, D) can be done by the affine
spacetime mapping T(T, t,), where (T, t,) is the identity
transformation for transforming </p to an MM-SURE
Aty = (I, 1), and Ty = [¢p R™]Vis an (m + 1) X n correct
linear spacetime mapping for mapping ., to .oy, where
d)T and R are the 1 X n schedule vector and the m X n
processor assignment matrix, respectively.

Proof. From Theorem 2.1 we know that an IP-SURE
SAp = (J3, D) can always be transformed to an equivalent
MM-SURE .« = (J},,, I) by the affine transformation (7,
foy = (D', =D~ Gy + ]0) Now we want to prove that if
T, = [¢ RT]T is correct for mapping ., to %, then
TAT, o) = {[7 ST]", [m5¢]") is also correct for mapping
Ap tO Sty

* Dependence conflict-free: Since 7; is conflict-free,
Ve € 1, $7é, > 0. Thus, from & = D' d;, we have $TD!
d;>0or#%d; > 0.

* Computation conflict-free: Since T; is conflict-free,
Vhy, hy, € J7,, if R Ah = 0 then ¢ Ah # 0, where Ah =

h — hz Thus, from Ah = D! A], A] ]1 — ]2, we have
1fRD1A] = 0 then ¢"D' Aj # 0, or if S Aj = 0 then
7t A] # 0.

* Link conflict-free: Since T7; is conflict-free, Vhl, hz
S, for each ¢ € 1, if HT A]Re =R Ahd)TE,, then Ak =
ke; or Re; = 0, where Ah = h1 — hy. Thus, if ¢TD 1
A]RD 'd; = RD™! A]quD d; then D! A] = kD! d or

1d; =0, WhereA] =h_- ]2,Or1f7T AhS d; = SA]
d thenA] = kd; or Sd; = 0.

From the results of the above and Theorem 2.2, we know
that T(T, %)) is a correct affine spacetime mapping for
mapping .“/p to .%%, if T, is a correct linear one for mapping
J’/M to L,C}//y. |

3. DESIGN OF REGULAR ARRAYS

In this section, we first give an affine spacetime mapping
in a fixed form to design a regular array for an IP-SURE
and prove the correctness of the mapping. Then, two exam-
ples will be given for illustration. Finally, we will show the
regular array designed by our method is asymptotically
optimal in space and time.

THEOREM 3.1.  Designing a regular array oty = (P™, L)
for an IP-SURE <fp = (J;, D) can be done by the
affine spacetime mapping TKT, t,), where (T, t,) = (D',
—D hy + h0> is the affine transformation for transforming
<Ap to an MM-SURE ./, = (J%,, I), and T, = [¢ R™]"
(R = [Fi Ty 7)) is the (m + 1) X n linear spacetime
mapping for mapping S to .y, in which

Hn—m—i
¢ = .

0
r, = .
Cintm

and H = max;-;-, 2p-1 |dil|N (N > n).

l=i=n—-m

otherwise

1<=i=n—-m

otherwise

Proof. From Theorem 2.3, we only need to prove that
T, is a correct spacetime mapping. Recall that, h denotes
an index vector and ¢; is a dependence vector in .%7,.

* Dependence conflict-free: (;’)Te >0,Vl=i=n

* Computation conflict-free: If R Ah = 0, then Ah; =
n —m + 1 =i = n. By contradiction, assume d)T Ah =
0. Substituting Ah; = 0,n — m + 1 <i=nto¢T AR =
0, we have >, ¢; Ah; = 0. It follows that H" ™! Ah; +
H"™2 Ahy + =+ + Ah,,_,, = 0. Since Ah; = 251 diz! Aji,
we have |Ah;| < H, thus the above equation holds if and
only if Ah; = 0,1 =i =n — m. However, we already have
Ahi=0n—m+1=i=nThus, Ah;=0,1=i=n.1It
is contradictory to that there should exist at least one
Ah;# 0,1 =i =n.

e Link conflict-free: For ¢, 1 = k =n — m, no link is
generated. For ¢, n — m + 1 = k = n, from ¢7T
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AhRé, = R Ah¢Té,, we can deduce Ah; = 0,n —m + 1 <
i =n,excepti = k, as well as H*™' Ahy + H""2 Ah,
+ oo+ Ah,_,, = 0. Since Ah; = 2i_; dizt Ajy., we have |Ah]
= H, thus Ah; = 0,1 =i = n — m. It follows that
Ah; = 0,1 =i=n, exceptz—k Thus, if ¢* AhRé; =
R Ahqb ér, then Ah = pér, where p is an integer. W

For an affine spacetime mappmg (7 ST, [mo58]") =
<T1T T,y ={T,D! —TID Jo+ T,]0> adependence vector
d;is mapped to a link [; with the delay 7T d and the vector
Sd; i- When T, = [d) RT]", it follows that 7T d; = ¢TD ' d;
= ¢T¢ and Sd; = RD' d; = Ré;. If we design regular
array by applying Theorem 3.1, then for every link (Re; #
0) we have Ré; = é_,ipm, Where n — m + 1 =
i = n. That is, the designed regular array must be locally
connected that satisfies the definition of regular array. Be-
sides, the delay (¢7é;, n — m + 1 = i = n) for every link
is equal to 1. Meanwhile, the buffer size required in each
PE is H" ™! = (C“(N”""’l). Note that, whether H is an
integer will determine if the execution time of each index
vector is an integer. Thus, if H is a fraction number, say
H|N/H,, then we can either expand the computation do-
main so that H,|N, or choose a minimal integral H such
that H = max; .-, - |di!|N. There are two examples to
illustrate our method of designing lower dimensional regu-
lar arrays for IP-SURESs. The first example is to map a 4D
IP-SURE to a 2D mesh array and an 1-D linear one. The
second example is to design linear arrays for matrix multi-
plication and transitive closure.

ExampLE 3.1. In this example, we will design a 2D
mesh array and an 1-D linear one for an IP-SURE .o =
(/5. D), with

1 0 -1 0

0 1 -1 0
D =

0 0 2 0

-1 0 1 2

and J4 = J* A\ {j|j = jo + Dj}, where j, = [1111]". The
dependence graph of .o/ is shown in Fig. 1a. First, we have

0 3%
I
0 3
0 0

[N o o —_
ol () o o

According to Theorem 3.1 with n = 4 and m = 2, we have
H = 3N/2 and

3N
SRR
Li={o 01 of
0 00 1

a j3

b
Cc
/ Iy
! Z
2
FIG. 1. (a) The dependence graph of Example 3.1. (b) The designed

2D mesh array (N = 4) for Example 3.1. (c) The designed 1D linear
array (N = 4) for Example 3.1.

Hence, the affine spacetime mapping is

(T,D', =T,D Yy + Tyjo)

(3N + 1 AN+4 1
) 3N
4
_ 0 0 % of | 1
2
1 1
| 3 0 0 2 | 0 |

Thus, the spacetime mapping for an index Vector; eJ,
is

[t p1 pol*

3 [(6N+2)j1+4j2+(3N+4)j3+2j4—3Nj3+1j1+j4]T
a 4 2 2 :
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The 2D mesh array is shown in Fig. 1b for N = 4. If the
desired array is a linear one, then

2
N
Tl:42
0O 0 01

It follows that the affine spacetime mapping is

(T,D, _Tszljo + Tz}o)
ON*+2 3N 9N’>+6N+4 1
4 2 8 2
B 1 1]
;0 0 2
_9N2— 6N + 4
8
0

Thus, the spacetime mapping for an index vector he Jyis

[t pu]*
(18N? + 4)j; + 12Nj, + (ON? + 6N + 4)j; T
B +4j, —9IN>— 6N + 4 j, +j,
B 8 2

The 1D linear array is shown in Fig. 1c.

ExampLE 3.2. Unidirectional linear arrays for the
problem of matrix multiplication and transitive closure are
designed as follows:

* Matrix multiplication: The dependence graph of ma-
trix multiplication is shown in Fig. 2a. Since it has an iden-
tity dependence matrix, we have T=Tand 7, = [0 0 --- 0]".
According to Theorem 3.1 with n = 3 and m = 1, we have
T, = [&§1]. It follows that the affine spacetime mapping is
(T,T, Tity) = {[}'$1],0), which is reduced to a linear one.
We draw the complete spacetime diagram in Fig. 2c, where
[fime] = [V and 1 =i, j, k = N = 4. From this diagram,
it is easy to see that in the case of matrix multiplication,
the designed linear array is time—optimal, because every
PE begins execution as soon as possible and does not stop
until all computations are done. The designed linear array
is shown in Fig. 2b for N = 4. The execution time is 7, =
(N+1+1)(N—-1)+1=N?+ N — 1. The number of
PEs usedis |[P|=(N—1)+1=N.

* Transitive closure: The dependence graph of transi-
tive closure is shown in Fig. 3a. Although its dependence
matrix

1 0 -1
01 -1 0 -1
0 0 1 1 1

D =

is not a square one, D can be made fully permutable by
skewing. That is, X3x3D3xs = F3xs, where X is the skew
transformation matrix and Vf;, € F, f;, = 0. Here

1 01 1 0 0 01
X=10 1| and F=(0 1 0 1 O
0 0 1 00111

Thus, we have D = X~ 'F = BF, where

1 0 -1
B=|(0 1 -1
0 0 1

The basis matrix B is used to replace D to construct the
new dependence matrix of transitive closure. From

10
01
00

—_ =

fo = [00---0]", and T; = [ 41], we have (T, T, T;i,) =
([ §2N*?], 0). The designed linear array is shown in Fig.
3b for N = 4. The execution time is 7, = 2N + 1 +
2N + 2)(N — 1) + 1 = 4N? — N — 2. The number of PEs
used is |P|| = (N — 1) + 1 = N. Note that, there are three
basis vectors out of five dependence vectors. c_i)l(z 51),
d»(= b,) and d;(=b;) are respectively mapped to the links
71, 72, and 73, which have delays 2N, 1, and 1, and vectors
0,0,and 1 ,respectively. On the other hand, the dependence
vector d4(d ) is a positive combination of b, and b3(b1
and b;). That is, we have the links I,(= I, + I3) for d4
and 75(= I + 73) for ds. These two links are shown in thick
and thin dash lines of Fig. 3b, respectively. The essence of
I; + I, for a dependence vector is: let /;(7,) have link delay
#Th;(7"h,) and link vector Sh;(Sh,). First, assuming that
a computation result is generated by a processor p, when
t;. Then, it is propagated to the processor p; + Sh; when
H+ %Tﬁi by the link I ;. Finally, it reaches to the processor
P + Sb; + Sb, when t, + #Th; + #Th), by the link /,,.

The following three theorems will show that the regular
arrays designed by Theorem 3.1 are asymptotically optimal
in space and time.

THEOREM 3.2. The execution time and the number of
PEs of the mD regular array, designed by Theorem 3.1 for
an nD IP-SURE, are @ (N"™) and ¢ (N™), respectively.

Proof.  From Theorem 3.1, we know that the execution
time T, = (¢>TD imax — (d)TD ])mm +1.Letw" = [m m,

7,] = "D ' and H = max,—i=, 24—1 |d7!|N = hN. Thus,
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FIG. 2. (a) The dependence graph of matrix multiplication. (b) The

spacetime diagram (N = 4). (c) The designed 1D linear array (N = 4)
for matrix multiplication.

T = 2 didyl = dit H™™ ' + o(H" ™). Thus, the
execution time of the mD regular array designed by our
method is 7, = i jm))(N — 1) + 1 = i
(did|H™™ 1 + o(H"™™ )N — 1) + 1 = ¢cN"™ +
o(N""™) = @ (N"™), where c is a positive constant value.

On the other hand, let R = [F; 7, -** 7,,]T. We know that
the number of PEs used |P| = II}; N, where N, =
FFD Pmax — FED)min + 1. It can be derived that
Ny = CLi|d wis) (N — 1) + 1. Thus, we have
[Pl = TZy [N = eN™ = o(N™). =

THEOREM 3.3.  Executing an IP-SURE .</p = (J},, D)
on an mD regular array, the lower bound of the execution
time is Q(N"™).

Proof. For a recurrence equation vh(;zl- + t}?,-) = fi(---,
vi(h;), ---) in an IP-SURE, if h; & J};, then the value of
v;(h;) should be set by the initial value of the IP-SURE.
For an nD IP-SURE, there are at least ¢; N~ ! initial values
for the variable v;. Executing the IP-SURE on an mD
regular array, there are at most ¢,N”! input ports for
each variable, because the input ports of the mD regular
array are confined on the boundary PEs. Since the regular
array should satisfy the link conflict-free condition, the
time is at least ¢;N""'/c,N™™1 = N""/c for inputting all
¢, N1 initial values of a variable. Thus, the lower bound
of the execution time is Q(N"). H

THEOREM 3.4. By Theorem 3.1 an asymptotically opti-
mal mD regular array can be designed in polynomial time
for any IP-SURE.

Proof.  Optimality. The asymptotical optimality of time
can be proved directly from Theorem 3.2 and Theorem
3.3. On the other hand, the proof of the asymptotical opti-
mality of space is direct: it is obvious that the number of
PEs supported by an mD regular array is at least Q(N™),
because N; = ¢;N, where 1 = [ = m. From Theorem 3.2,
the number of PEs used by Theorem 3.1 is #(N™). Hence

l—» space
1 2 3 4

i
ENNN
»@Q“
NAN
ANN
6 N NN
'07"\"3'\».7\3
'o?‘\zfr\'.fr\'.
NN
N
21 .\%i

the space optimality is proved.

Polynomial time. The time complexity is polynomial
for calculating the affine spacetime mapping (7,D',
—T,D Yy + Tyjo) proposed in Theorem 3.1, because we
need only to calculate the inverse of D and to compute
products of martrices. It is easy to see that the design
time only depends on the number of dimensions of the
IP-SURE.

Hence the theorem is proved. W

4. CONCLUSION

In this paper, we have proposed a polynomial time
method to design lower-dimensional regular arrays for
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FIG. 3.

SUREs. Previous researchers solved this problem by
checking the conditions of dependence, computation, and/
or link conflict-free for a candidate of spacetime mapping.
However, this check step is time-consuming when the prob-
lem size of an SURE is very large. We avoid the previous
time-consuming step by proposing a new two-step method.
In the first step, an independently partitioned SURE (IP-
SURE) .«%p = (J};, D) is transformed to a matrix-multiplica-
tion-like SURE (MM-SURE) ./, = (J,, I). The transfor-
mation is an affine one (T, f,) that is equal to (D!, =D~ j,
+ Jjo), where j, is an index vector in J};. The purpose of
the affine transformation is to let all index vectors in J7%,
be integral ones, because D is in general a nonunimodular
matrix, which results in that elements in D! are not inte-
gral. In the second step, the MM-SURE is mapped to an
mD regular array <4 = (P™, L) by a linear spacetime
mapping matrix 77, which is in a fixed form. By combining
(T, %) and T, obtained in the above two steps, the affine
spacetime mapping (T;T, T;,) can be used to design an
mD regular array for the nD IP-SURE, where n = m +
1. The contribution of this paper is that we propose a
polynomial time method to design lower-dimensional regu-
lar arrays for SURE:s; the time complexity of the method
is independent on the problem size and dependent only
on the number of dimensions of the regular algorithm.
Meanwhile, the designed regular array is asymptotically
optimal in space and time.
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