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Effect of the type-I to type-II Weyl semimetal topological transition on superconductivity
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The influence of recently discovered topological transition between type-I and type-II Weyl semimetals on
superconductivity is considered. A set of Gorkov equations for weak superconductivity in Weyl semimetal under
topological phase transition is derived and solved. The critical temperature and superconducting gap both have
spikes in the transition point as functions of the tilt parameter of the Dirac cone determined, in turn, by the material
parameters like pressure. The spectrum of superconducting excitations is different in two phases: The sharp cone
pinnacle is characteristic for type I, while two parallel almost flat bands, are formed in type II. Spectral density
is calculated on both sides of transition to demonstrate the different weights of the bands. The superconductivity
thus can be used as a clear indicator for the topological transformation. Results are discussed in the light of recent

experiments.
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I. INTRODUCTION

The effect of the Fermi surface topology on properties of a
crystalline conductor was a subject of theoretical investigations
over the years [1]. Experimentally, a continuous deformation
of the Fermi surface (without changing the chemical nature
of the crystal) can be experimentally achieved by external
factors like pressure and electric field. Historically, transitions
associated with a change of topology were called “2.5
transition” [2]. Transport in materials with low electron density
is especially sensitive to modification of the Fermi surface [3],
while these transitions were predicted to make a great impact
on the superconducting state [4]. Recently, a new class of
such materials made the phenomenon important in a very
different setting. A broad number of low-electron-density two-
dimensional (2D) and 3D Weyl semimetals were discovered.
Most of them are characterized by linear dispersion relation
near the Fermi surface. Topology and even dimensionality of
the small Fermi surface in these materials are linked to the
Berry phases of their band structure [5]. The first material of
this class, graphene [6], exhibits the highest symmetry leading
to a linear ultrarelativistic spectrum; however, most of the
other materials are anisotropic. Examples include 2D Weyl
semimetals (WSMs) silicene, germanene, and borophene [7]
and 3D crystals [8] NazBi and [9] Cd3As, and numerous
layered organic compounds [10-12]. Topological insulators
(TTs) like Bi,Se; and others [13] generally have Dirac cones
on their surfaces of topological insulators.

It was realized recently that this variety of novel materials
should be differentiated between the more isotropic “type-I”
Weyl semimetals [14,15] [see Fig. 1(a)] and highly anisotropic
type-II Weyl semimetals in which the cone of the linear disper-
sion relation is tilted beyond a critical angle [Fig. 1(b)]. The
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newer type-II Weyl fermion materials, WTe,, exhibit exotic
phenomena such as angle-dependent chiral anomaly [14].
The discovery of a Weyl semimetal in TaAs offers the first
Weyl fermion observed in nature and dramatically broadens
the classification of topological phases. Other dichalkogenides
like [16] MoTe, and [17] PtTe, were demonstrated to be
type-1I Weyl semimetals. In particular, the series Mo, W, _, Te,
inversion-breaking, layered, tunable semimetals is already
under study as a promising platform for new electronics and
recently proposed to host type-II Weyl fermions [18] . Some
other materials, like layered organic compound « — (BEDT —
TTF),15, were long suspected [11] to be a 2D type-II Dirac
fermions. Several classes of materials were predicted via band
structure calculations to undergo the I-to-II transition while
doping or pressure is changed [19].

Theoretically, physics of the transitions between the type-I
and type-II Weyl semimetals were considered in the context
of superfluid phase [5] A of Hes, layered organic materials in
2D [12] and 3D Weyl semimetals [20]. The pressure modifies
the spin-orbit coupling that, in turn, determines the topology of
the Fermi surface of these novel materials [15]. Very recently
the topological transition in Weyl semimetal under pressure
was observed [21].

This transition is an ideal example of the 2.5 transition
mentioned above. Both the Fermi surface reconstruction and
low electron density are present in the extreme in these
materials. It is generally difficult to find good indicators for
such a transition. Since superconductivity is especially affected
by the 2.5 transition it might serve as the indicator. Indeed,
some Weyl materials are known to be superconducting. The
surface of the well-known TI Bi,Se; exhibits under certain
conditions superconductivity of up to [22] 8 K; some organic
materials like [23] « — (BEDT — TTF), X, with X = I3, or
other anion [24] are superconducting.

A detailed study of superconductivity in TIs under hy-
drostatic pressure revealed a curious dependence of critical
temperature of the superconducting transition on pressure [25].
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FIG. 1. Spectrum of normal Weyl semimetal. (a) Type I (w/v = 0.5). (b) Strongly tilted Dirac cone for the type-II semimetals (w/v = 1.2).

In intercalated St og5BixSes, a single crystal [26] considered
to be a pure material, ambient weak superconductivity first is
suppressed, but at a high pressure of 6 GPa it reappears and
reaches a relatively high 7, of 10 K that persists up to 80 GPa.
The increase is not gradual, but rather abrupt in the region
of 15 GPa [26]. Superconductivity in similar TI compounds
[27-29] Bi,Ses, BiyTes, and 3D Weyl semimetal [30] HfTes
was also studied experimentally. The critical temperature 7, in
some of these systems shows a sharp maximum as a function
of pressure. This contrasts with generally smooth dependence
on pressure in other superconductors (not suspected to be
Weyl materials), like a high-7, cuprate [31] YBCO. Vari-
ous mechanisms of superconductivity in Dirac semimetals
and topological insulators turned superconductors have been
considered theoretically [32-34]. A theory predicting the
possibility of superconductivity in the type-II Weyl semimetals
was developed recently in the framework of the Eliashberg
model [35].

We show in this paper that superconducting critical tem-
perature and energy gap features are efficient markers of the
topological type-I-to-type-II transition under pressure. The
s-wave pairing in a general Weyl semimetal with tilted Dirac
cones is considered in the framework of the boson-mediated
adiabatic regime. We calculate the critical temperature 7,
and the energy gap A at zero temperature for arbitrary tilt
(controlled by pressure in certain materials) and find their
sharp increase at the topological transition point from type-I
to type-1I Weyl semimetal.

II. TYPE-I AND TYPE-II WEYL SEMIMETAL
WITH LOCAL PAIRING INTERACTION

Weyl material typically possesses several sublattices. We
exemplify the effect of the topological transition on super-
conductivity using the simplest possible model with just two
sublattices denoted by o = 1,2. The band structure near the
Fermi level of a 2D Weyl semimetal is well captured by the

following Hamiltonian:

K = / Yt OK st (0) + K Syt o),

(1)
KaL,g’R :—ihv(chr;‘ﬁ F Vyo;ﬂ) + (iAW - V — p)8,5.

Here v is Fermi velocity, u is the chemical potential, o are Pauli
matrices in the sublattice space, and s is the spin projection.
Generally, there are a number of pairs of points (Dirac cones)
constituting the Fermi “surface” of such a material at chemical
potential u = 0. We restrict ourself to the case of just one left-
handed (L) and one right-handed (R) Dirac points, typically
but not always separated in the Brillouin zone. Generalization
to several pairs is straightforward. The 2D velocity vector w
defines the tilt of the cone; see the dispersion relation of one
of the cones in Fig. 1. The graphenelike dispersion relation in
Fig. 1(a) for w = 0.5 represents the type-I Weyl semimetal,
while when the length of the tilt vector exceeds v [Fig. 1(b)],
the material becomes a type-II Weyl semimetal.

The effective electron-electron attraction due to either
electron-phonon attraction and Coulomb repulsion (pseudopo-
tential) or some unconventional pairing mechanism creates
pairing. We assume that different valleys are paired indepen-
dently and drop the valley indices (multiplying the density of
states by 2N ¢). Further, we assume the local singlet s-channel
interaction Hamiltonian,

2
V = % fdr ij(r)xng’(r)lﬁg(r)Wj(r). )

As usual, the interaction has a cutoff frequency €2, so that it is
active in an energy shell of width 222 around the Fermi level
[36]. For the phonon mechanism it is the Debye frequency.

III. SPECTRUM OF EXCITATIONS
IN THE SUPERCONDUCTING STATE

Finite-temperature properties of the condensate are de-
scribed by the normal and the anomalous Matsubara
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FIG. 2. Spectrum of superconducting quasiparticles as function of momentum (in units of €2 /v) for (a) type-I (w/v = 0.5) and (b) type-II
(w/v = 1.2) Weyl semimetal for chemical potential © = 3 and energy gap A = 0.25 (in units of phonon energy /i €2).

Green’s functions [36],

BT T) = ~(Ty (DY (60) = 8 gup(r—r' t—7),
Fuyrr,x't’) = Ty, (e ('t)) = —&" fup(r—r',1—17"),
F (e, r't)) = (Toy ey () = & £l e—r', t—1)).

3)
The second equality in each line relies on homogeneity and
unbroken invariance under spin rotations. The gap function in

the s-wave channel is

£

4
In terms of Fourier transforms, g,.(r,7)= Tzwp exp

[i(—wt +p - 1)lgyc(w,p), the Gorkov equations read (see
Appendix A)

Aay =— 8S3S2<w;3(r,f)w;2(r’f)> = O—(iCVA' )

[vp - oy + (iw + 1 — wpy)dyslgsc (@, p)
+A0;, fo(w,p) =87,

[vp - 0py + (—iw + . — wp)Syp] [ (@, )
—A*0,,8ux(w,p) = 0. (5)

The Matsubara frequency at temperature 7 takes values w, =
wT(2n 4+ 1), and units are chosen such that z = 1. We have
chosen coordinates in such a way that the vector w causing the
tilt of the Dirac cone is oriented along the x axis. In matrix form
(in sublattice space) we obtain the solution (see Appendix A)

2w,p) =0*[p-0' +(—iw+p—wp)IM ™,
Fop =M% ©
where
M=[vp-o+({w+pu—wp)l]
x o [vp- o' + (—iw+p—wp)Il+|APe*,  (7)

and [/ is the identity matrix. The determinant of M,

det M = —[A% + & + (vp — it + wpy)’]
X [A% 4+ @ + (—vp — p + wp,)?], (®)

continued to physical energy, w — —i E, gives the spectrum
of quasiparticles

El = A’ + (Lvp — u+ wp,)’, ©)

depicted for type-I and type-II Weyl semimetals in Fig. 2.

The quasiparticle spectrum is very different. In a super-
conducting graphenelike material for ;« > A, the energy gap
is minimal on the circle of radius u/v; see Fig. 2(a). Note
that the sharp cone pinnacle in the excitations spectrum wedge
is formed at the former cone location. For the type-II Weyl
semimetal turned superconductor [Fig. 2(b)] the low-energy
spectrum consists of two parallel flat bands, while the pinnacle
disappears.

Spectral density

The spectral density function,

1 ~ .
A(E,p) =—;ImTr g(—iE + n,p),

~ 2 2 2 L0
Trg(w,p) = detM{[v p"— (U —wpy —iw)’]
X (b — wpy +iw) — A*(u — wpy — iw)},

10)

presented in Fig. 3, where different weights of the dispersion
law branches accompanied type-I-to-type-II transition. Here
is the “disorder” parameter; g(w,p) is defined by Eq. (6).
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FIG. 3. Spectral density A(p, E) for type-I1(a) (w/v = 0.5) and type-II (b) (w/v = 1.2) superconducting semimetals. Here p, = 1, p, = 0.1
(green), 0.4 (red), 0.8 (blue) in units of 72 /v. Here u = 3, A = 0.25 (in the units of cut off phonon energy 7 €2).

IV. CRITICAL TEMPERATURE AND THE ENERGY GAP

The gap as a function of the material parameters is determined by the equation

A*
. —1
A _mTzw:/der[axM 1, an
resulting in, at zero temperature,
1 _ 1 /d V2p? 4+ A2+ (u — wpy)? + o’ (12)
g2 (@n) PTAT S (up + wps — 1P + NIA? + (vp — wpy + 1 + 2]

Performing integration on @ and momenta subject to restriction of being inside the energy shell of €2 around the Fermi level; see

Fig. 4, one obtains in the adiabatic limit & > € > A, after integration over azimuthal angle (see Appendix B for details),

1 2Q2
? = 4nv2f(/()1n K . (]3)
Here k = w/v is the anisotropy parameter. The function f is
(l_zw forK < 1,
flo) = e (14)
n(KZ 1),/2 {2«/1 +Kxk—14+1n (H—«/W)ZS} fork > 1,

where § = maQ2/vh is the cutoff parameter and a is the
interatomic distance. [The effective density of states f(x)
formally diverges at x = 1. It is the result of linear dispersion
relation in the model Weyl Hamiltonian. Indeed, the linear
approximation of the dispersion relation in the Weyl semimetal
is valid only for the small neighborhood of the Dirac point. At
higher energies the band spectrum is nonlinear and cut off by
the bandwidth 1/a. Actual cutoff is not very important since
the singularity is logarithmic.]

The superconducting gap in this case therefore is (returning
to physical units)

(

In[ye] = 0.577. Dependence is presented in Fig. 5. The
effective density of states (DOS) D(E,k) = N(E —> M) f(x)
in the normal state for N pairs of Dirac cones is ; 2 wf ().
This DOS coincides with the spectral densr[y given in
Eq. (10) for A = 0 integrated over momenta, D(E k) = f dp
A(E,p,k).

The critical temperature is defined from the gap equation,
when the gap A vanishes:

1
&2 (2n>2f @),

1
A =2hQ - 15
P [ kf(K)}’ (1 § VP2 + (i~ wp) + o}
— )? 2 _ 2 21"
where A = N(u)g?> is the conventional effective [wp +wpx = )* + &F][(0p — wpi + ) + 7]
electron-electron dimensionless coupling constant and (16)
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The sum over Matsubara frequencies can be done,
tanh [[vp + wp, — ul/2T]

EFFECT OF THE TYPE-I TO TYPE-II WEYL ...
p
lvp + wp, — |

P y p y
1
¢ 4Cny
tanh [|vp + wpy + wu|/27T] }
. a7
Px lvp + wpy + pl
In the adiabatic approximation, p > €2, performing integra-

tion one obtains
1 ufx) Q Q @ InE
— = In tanh — —
g2 402 2T, 2T, E=0 cosh” [E/2T,]
= f()R(T., 2, ). (18)
Equation (18) gives for critical temperature

]. (19)

T, = 1.14Qexp I:_)»f( )
K

Dx

Figure 5 demonstrates that the critical temperature has a sharp
2A . .
T8 still

spike at the transition point w = v. The ratio
universal for any w/v.

To summarize, superconductivity in Weyl semimetal with
tilted Dirac cones that in the normal phase undergoes a
topological (“2.5”) transition from type-I to type-1I semimetal
was theoretically considered. We calculated in the framework

of the phonon-mediated pairing model the spectrum of
the superconducting quasiparticles, spectral density, critical
temperature, and the superconducting gap as the function
of the tilt parameter w/v. The critical temperature and the
superconducting energy gap of Weyl semimetal have spikes
at the transition point w/v = 1. The quasiparticle spectrum in
the superconducting state qualitatively discriminates between
type I and type II; see Fig. 2. In particular, the sharp cone
pinnacle in the excitations spectrum wedge typical for a type [
disappears, and two parallel nearly flat bands are formed. The
spectral density A(p, E) is also undergoing modification under

type-I-to-type-II topological phase transition; see Fig. 3.

FIG. 4. Equipotential surfaces of the electron energy for different
ratio w/v (pairs of the figures from top to bottom): top row,
w/v = 0.01 (left), w/v = 0.4; middle row, w/v = 0.91 (left), w/v =

1.004; and bottom row, w/v = 1.1 (left), w/v = 1.4.
A2Q
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Y w/v

05
FIG. 5. The superconducting gap at zero temperature versus cone tilted parameter «. (The dashed line marks the region beyond assumption

u > Q> T,..) Cutoff parameter: § = 0.01, u =3, A = 0.15.
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V. DISCUSSION AND CONCLUSIONS

We discuss next an application of the results to recent
measurements on the superconductivity of a compound that
has Weyl semimetal signatures under pressure. In particular, in
intercalated St og5BiySes single crystal superconductivity first
is suppressed, but at a high pressure of 6 GPa it reappears and
reaches a relatively high 7, of 10 K that persists up to 80 GPa.
The increase is not gradual, but rather abrupt in the region of
15 GPa. It was discovered recently that, while parameters of
the system (the electron-phonon coupling, Debye frequency
2) between two structural phase transitions smoothly depend
on a pressure, the tilt parameter is very sensitive to stress
[15,21]. Our result might provide an explanation of a spike in
dependence of T, on pressure in single crystals observed in
many superconducting semimetals [26-28].

The experimental situation is not unambiguous. There
are structural phase transitions that might cause an abrupt
change of electron-phonon coupling. Efforts have been made
to associate the changes of 7, with such transitions. For
example, in [27] such a maximum in 7, takes place close
to the structural phase transition from C2/m (sevenfold) to
phase C2/m (bcc). On the other hand, results presented in [28]
are clearly separated from structural phase transitions, giving
evidence that this maximum is caused by undergoing type-I-
to-type-II topological transition in semimetals.

The problem of the applicability of the BCS approach and
a related issue of Migdal’s theorem, i.e., the adiabatic limit
(> ) in Weyl semimetals, has been addressed in detail by
DasSarma’s group and in our earlier paper [32]. The energy
gap in this systems does not exceed 10 K, while €2 is 100 K and
chemical potential in the thousands, as in conventional optical
phonon BCS. This justifies our BCS approach.

Although a very specific simple model of a two-dimensional
single pair of Dirac cones was employed, it is expected that
generalization to similar physical systems like the surfaces of
3D topological insulators and 3D Weyl semimetals will lead
to similar conclusions.
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APPENDIX A: GORKOV EQUATIONS
FOR A TWO-SUBLATTICE SYSTEM

In this appendix Gorkov equations for a two-sublattice
system (index o = 1,2) in Matsubara representation t = —it
are briefly derived.

The equation of motion for creation and annihilation
Matsubara operators reads (& = 1)

al/f;L
ot

9y,

at

=[Hy)]; =[H.Y,]. (AD)

The Matsubara Green’s function is defined as

Gop(X,X") = 8" gap(X,X') = (T { ¥, (X)yrsH (XN]),
(A2)

Fu(X,X") = —" fup(X, X') = (T { Y, (XY 3(X))}),
FES(X.X) = " fE(X, X)) = (T T XOust (X)),
(A3)
where X combines space and time and 7; is the imaginary

time-ordered product [36]. The time derivatives using the
equations of motion are written via the following commutators:

3G (X, X") ,
I = L[ HA 0w (X))
—8VK61S(S(X _ X/),
BF;’K’L(X,X’)
ot o
This leads to

(TALH Wy 0L (X))

S {ivoy8,(r = 1) — wW8,58(r — r)E(X Y (X)
+E e ey I OYS O (XYL (X))

(A4)

(A5)

(

equation:

9 o
_EgVK(X’X,) - lUO'}[,ﬁ V;gﬂK(X,X/) + /J//gﬂK(XaX/)

+Aay [ (X, X)) = 87°8(X — X). (A6)
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Similarly, the second equation takes the form

+ / . i i £+ ’ ! p+ ’
5o I3 OOX) = oy, VI FI (XX + i (XX

—Azyga,((X,X’) =0. (A7)

For a uniform system, using the Fourier transform,
g (X)=T pr exp [i(—wt + pr)lgy«(w, p), with Matsub-
ara frequencies, w,, = 2w T (n + 1/2), one obtains

[vp'o)y + (0 + 1 — wp,)S,p]gpc(@. p)

PHYSICAL REVIEW B 95, 094513 (2017)

it is easily solved. Substituting g from the second equation,

o lp'o" + (—iw+p —wp)IIf" = A", (A15)
one explicitly obtains the anomalous correlator
fr=M"A", (A16)

where
M = (p'o’ +iw+p—wpy)
x o [vo pl + (—iw + p — wpy)] + AA*G*. (A17)

The correlator determining the excitation spectrum conse-

+Auy fue(@.p) = 87", (A8) !
quently is
[vp'op, + (miw + 1 — wp)dys] foie(@, p) g=0"[p'o" + (miw+pu—wp)IM ™' A",
_A:[y gax(w,p) = 0. (A9) The dispersion relations in the text are defined by zeros of the
The singlet ansatz determinant,
Agy = 05, A (A10) det{M] = —[A® + (vp — p + wp,)* + @]
o ay
2 2 2
simplifies the equations X[AT+ (wp + e —wpe)” 7] (AIB)
o In this section, the details of the calculation of the
[vp'o)s + (o + 1 — wpa)dyp|gse(@, p) superconducting gap at zero temperature and of the critical
+AGY, (0, p) = 87, (Al1) temperature are given.
i i . APPENDIX B: ZERO-TEMPERATURE GAP
[vp'o, + (—iw+ 1 — wpa)ys] f(@.p)
Ak X _ At zero temperature the gap is determined by the self-
A Oy o 8ax (w,p) =0. (Al2) consistency equation:
Casting this in the matrix form, A*
o R A= —— / dwdpTr o, M. (B1)
Wp'o’ +io+p—wp)g+ActfT =1, (Al3) 2(2m)
o R At zero temperature the summation over Matsubara frequen-
(wp'o" —iw+p—wp)fT —A*oc*g =0, (Al4) cies was replaced by integration. The resulting integral,
|
1 1 2,2 AZ _ . 2 2
L= o [ VPSSt up e (B2)
g (@m) [A% + (vp + wpx — W) + @*I[A? + (vp — wpx + 1) + @]
is first performed over w:
) 1 + 1
1 1 4 A24e—pp] T (A2 +Quptetn?]
210 )2/ de/pdp e e (B3)
b4 - —
# =0 [A2 (=] +[ A24+Qup, +e+mw)?]
(
The resulting expression is already given in polar coordinates o
and, in addition, the energy as function of the polar angle, R de
427 )v ee—q (A2 + )l
e(p,0) =vp + wp, = vp(l + Kk cosh), (B4)
m Q+ VA2 4+ Q2
was used. Here k = 2. = dm? f)In {f : (B7)
In the adiabatic (BCS) limit, when p > Q > A, the

integration is limited to the shell shown in Fig. 4 in both
phases. Changing the integration variable to €, one obtains

1 1 2w
—-—=— do
g A4Q2m)y*v? fo

/ "ot
X £ R ——
o T eyn

sgn(l + k cos 9)
(1 + « cos6)?

(BS)

Here the integration over azimuthal angle 6 was obtained
by replacing variables 6 with x = v/w + cos 8. In the case
w/v < 1 (type-1 semimetal phase), x > 0 and the integral
over the azimuthal angle reads

1 1 2
f(K):;/g(1+KCOSQ)2 T A=k (B9
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In the case w > v (type-II semimetal phase) the integral might be modified as

w 1 fy/w-l sen(x
f(—) S dx gnto) (B9)
v T Jx=v/w+1 vV 1— (x — U/IU)2)C2
1 [ dx 1 [o/wtl dx
= — - — / . (B10)
T Jemvw—1 /1 — (x —v/w)*x2 7T Jo V1—(x—v/w)x?
Equation (B9) represented in equivalent form
1 [/t ax 1 1
lim — - —
>0 Jies 1=+ /w)? V1= (x — 1/w)?
1 v/w+l dx
_ , (B11)
T Jvwt1 /1 —(x —v/w)*x2
and performing the integration in (B11), we obtain
2k? 2k — 1)
(k) = —{2\/1 +xk—-—14+4In——m—F—— ¢,
! 7 (k2 —1)3/2 k(1 4+ /14 k)?8
(B12)
from which the Eq. (18) of the paper follows. Here § = waS2/wh is the cutoff parameter.
APPENDIX C: CRITICAL TEMPERATURE
The critical temperature is defined from the second Gorkov equation with vanishing A:
1 T v2p? + (u — wpy)? + w?
02 2fdp2 P 2 (Mz ) - 2 2] (€D
g2 (n) n [(p + wpx — w)* + 2] [(vp — wpsx + ) + 7]
Performing summation over w,, one obtains
1 1 fzn / p tanh [\p(erwZC;)sé‘)ful] N tanh [ Ip(v+wzc]ffs 9)+u|] @
g2 4Q2n)? Joo pep Ip(v+wcos@) — |  |pw+wcosd) +pul |’
In the adiabatic approximation, u >3> 2, we get, as in the previous case,
: Mf()ZIch[Q} /Qd e ), 2 (C3)
— = —f( n— tanh| — | — e———— — 1.
g2 8mv? 2T, 2T, =0 cosh? [ZST ] 7
In this limit Eq. (C3) reads for critical temperature
T 47 0?
T. = —Qexp |:—2—:|, (C4)
4vE wg” f (k)
where In [yg] = 0.577.
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