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ABSTRACT

We employ a large-Fresnel-number laser system to demonstrate the three-dimensional optical coherent waves localized
on Lissajous and trochoidal parametric surfaces with Lissajous and trochoidal transverse patterns in degenerate cavities.
The coherent structured beams are verified to be composed of degenerate Hermite-Gaussian and Laguerre-Gaussian
modes with different longitudinal indices resulted from longitudinal-transverse coupling. As well known, the Hermite-
Gaussian modes can be converted into Laguerre-Gaussian modes possessing orbital angular momentum by use of a pair
of cylindrical lens. Consequently, we make use of cylindrical lenses to transform the Lissajous structured beams
superposed of degenerate Hermite-Gaussian modes into the intriguing trochoidal structured beam possessing optical
orbital angular momentum.
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1. Introduction

In recent years, various laser systems are widely employed to realize optical transverse pattern formation including the
high order Laguerre-Gaussian modes, Hermite-Gaussian modes, and the generalized coherent states that form a general
family to comprise the Hermite-Gaussian and Laguerre-Gaussian mode families as special cases. '™ Since the paraxial
wave equation of laser cavity can be exactly mapped on the time-dependent two-dimensional quantum harmonic
oscillator”™, the analogous study of the formation and variation of structured beams make it possible to deeply
understand the nature of matter waves.

The development of structured beams related to optical angular momentum’'’, singular optics''"*, and optical
vortices'"'® has become popular topics in recent years. The researches not only pave the way for the applications of
microparticles manipulation in optical tweezers'"’ and encoding of information®** but also visualize the intriguing
nature of light.** For this reason, generation of various structured beams plays an important role to realize the ideas of
applications and provides comprehensive insights into wave nature.

In this work, we employ a large-Fresnel-number laser system to demonstrate the exotic three-dimensional (3D)
optical coherent waves localized on Lissajous and trochoidal parametric surfaces with Lissajous and trochoidal
transverse patterns. The coherent structured beams are verified to be composed of degenerate Hermite-Gaussian and
Laguerre-Gaussian modes with different longitudinal indices resulted from longitudinal-transverse coupling in
degenerate cavities. Furthermore, we make use of cylindrical lenses to transform the Lissajous structured beams
superposed of degenerate Hermite-Gaussian modes into the composition of degenerate Laguerre-Gaussian modes. These
degenerate Laguerre-Gaussian modes form the intriguing trochoidal structured beam possessing optical orbital angular
momentum. The experimental structured beams are stable and reproducible, and there is a good agreement between
numerical and experimental results.

2. Experimental observation and coherent-state representation of Lissajous parametric surfaces

Recently, a diode-pumped microchip laser has been employed to perform the analogous investigation of quantum-
classical correspondence and pattern formation.”” In this experiment, the laser system is a diode-pumped Nd:YVO,
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microchip laser and the resonator configuration is depicted in Fig. 1. The laser gain medium was a a-cut 2.0-at. %
Nd:YVO, crystal with a length of 2 mm and transverse cross section of 5x5 mm”. One side of the crystal was coated for
partial reflection at 1064nm. The radius of curvature of the cavity mirror is R=10 mm and its reflectivity is 99% at
1064nm. The pump source was an 809 nm fibercoupled laser diode with a core diameter of 100 gm, a numerical
aperture of 0.16, and a maximum output power of 1W. A focusing lens was used to reimage the pump beam into the
laser crystal. We use off-axis pump scheme to generate 3D coherent waves, and the threshold power of the lasing mode
is less than 0.5W. To measure the transverse patterns under propagation, a microscope objective lens was employed to
reimage the tomographic transverse patterns onto a CCD camera.
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Figure 1. Experimental setup for the generation of structured beams in large-Fresnel number degenerate cavity with
off-axis pumping scheme.
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For an empty plane-concave resonator consisting of spherical mirror with radius of curvature R and cavity length L,
the bare ratio between the transverse and longitudinal mode spacing is given by Q = Af; /Af, =(1/7) cos”! JI-L/R.
The bare ratio can be changed in the range between 0 to1/2 by varying the cavity length L for a given R in the half-
spherical cavity. It has been evidenced®”*® that when the ratio Afy [Afy. s close to a simple fractional, the longitudinal-

transverse coupling usually leads to the frequency locking among different transverse modes with the help of different
longitudinal orders and forms 3D coherent waves localized on the parametric surfaces with Lissajous transverse patterns.
The wave functions of the Hermite-Gaussian modes for the paraxial wave equation in the spherical laser resonator can be

written as
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where w(z) = wy4/1+(z/z )2 , W, is the beam radius at the waist, z, =/L(R—L) is the Rayleigh range, k, ,, is the
wave number, H,, () is a Hermite polynomial of order m, and 6,;(z) = tan ! (z/ zR) is the Gouy phase. In terms of the

cavity length L, the wave number k, ,, is given by k, ;L = z[l+(n+m)(Af; /Af;)]. From the longitudinal-transverse
coupling, the 3D coherent optical waves can be expressed as
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where ¢ o[ 2M is the weighting coefficient, ¢, is the relative phase between various Hermite-Gaussian
M M+k 0

modes ®'!" (x,y,z) at z=0, the indices obey the equation s+(p+¢)(P/Q)=0 to form a family of frequency

n,m,l
degenerate states. The combination of degenerate states forms the stationary coherent wave to connect the relation
between wave optics and geometric optics. Figure 2(a) depicts several numerical Hermite-Gaussian modes
corresponding to Eq. (1) with different transverse orders. For each Hermite-Gaussian mode, the intensity is invariant
under propagation because of the same Gouy phase. Figure 2(b)-(d) show the intensity of the numerical coherent waves
corresponding to Eq. (2) with Q=1/2, (p,q)=(4,-2), (ny,m,)=(48,16), M =2, and ¢, =0 at different propagation
position. The components of the coherent waves are shown in Fig. 2(a). The superposition of Hermite-Gaussian modes
according to the rule of longitudinal-transverse coupling leads to the localization of transverse patterns, and the intensity

is dependent of propagation position because of the different contribution of Gouy phases from different transverse
orders.
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Figure 2. (a) Numerical Hermite-Gaussian modes with different transverse orders. (b)-(d) Superposition of
Hermite-Gaussian modes shown in (a) corresponding to Eq. (2) with Q=1/2 , (p,q)=(4,-2) ,

(ny,my) =(48,16) , M =2 ,and ¢, =0 at different propagation position.

The experimental optical waves can be generated by use of the large-Fresnel number degenerate cavity with off-
axis pumping scheme shown in Fig. 1. Figure 3 depicts the 3D tomography of experimental optical waves with Q=1/2,
(p,q) = (4,-2) under propagation. The experimental results are in good agreement with theoretical results in Fig. 2 for

the wave from beam waist to far-field region. The intensity of optical wave inside the cavity is also shown in Fig. 3 as
the position of bright pumping spot, and the phase variation of the optical wave from beam waist inside and outside the
cavity is the same. It is worthy to mention that there is unlimited number of coherent waves with different (p,q) of the

same degenerate cavity as following the degenerate rule. In reality, the numbers of optical waves generated from the
same degenerate cavity depend on the parameters of experimental setup such as reflectivity of cavity mirrors. Figure 4
shows the far-field experimental optical waves of degenerate cavity Q =1/4 around the actual cavity length of 5 mm.

Each optical wave in Fig. 4 holds about 30 #m when adjusting the cavity length from 4.7 mm. The optical waves show

that the cavity length is longer, the index p is smaller and the transverse index (p,q) is symmetric on the cavity length.
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There are twenty optical waves exist around the degenerate cavity QQ=1/4. These optical waves with transverse
Lissajous localization are propagation-variant and form intriguing parametric surfaces in three dimension.
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Figure 3. Three-dimensional tomography of experimental optical waves with Q =1/2, (p,q) = (4,-2) under
propagation.
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Figure 4. Far-field experimental optical waves of degenerate cavity ) = l/ 4 around the actual cavity length of 5
mm. The index (11,—7) is corresponding to the shortest cavity length, and the index (-8,12) is
corresponding to the longest cavity length.

3. Experimental observation and coherent-state representation of

superposition of degenerate Laguerre-Gaussian modes

In addition to Hermite-Gaussian modes, the Laguerre-Gaussian modes are also the eigenstates of spherical cavity. The
continuous transition from Hermite-Gaussian mode to Laguerre-Gaussian mode has been analytically verified with the
generalized coherent states’. The Laguerre-Gaussian mode can be decomposed into a sum of Hermite-Gaussian modes as
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The relation of the indices between the Hermite-Gaussian modes and Laguerre-Gaussian modes follows n =7 and
m= fz+|n~1| . Figure 5(a) shows several Laguerre-Gaussian modes corresponding to Eq. (3) with different transverse

orders. For each Laguerre-Gaussian mode, the intensity is invariant under propagation because of the same Gouy phase.
According to the rule of longitudinal-transverse coupling, the 3D coherent optical waves comprise degenerate Laguerre-
Gaussian modes can be expressed as

p.q ikdy +(LG)
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where the indices follow the relation of p = p and p+¢ = ¢q. Figure 5(b) depicts the intensity of the numerical coherent
wave corresponding to Eq. (5) with Q=1/5, (p,§q)=(-17), (7y,my)=(16,51), M =2, and ¢, =0 for near-field
pattern. The components of the coherent waves are shown in Fig. 5(a). The superposition of Laguerre-Gaussian modes

(2)
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Figure 5. (a) Numerical Laguerre-Gaussian modes with different transverse orders. (b) Superposition of
Laguerre-Gaussian modes shown in (a) corresponding to Eq. (5) with Q=1/5, (p,q)=(-1,7),

(7iy,my) = (16,51), M =2, and ¢, =0 at near field. (c) Experimental result corresponding to (b).

according to the rule of longitudinal-transverse coupling leads to the localization of intriguing trochoidal transverse
pattern. To realize the localization of trochoidal transverse modes from laser cavity, we enlarge the off-axis pumping on
the gain medium to generate the astigmatism for the transformation of eigenstates from Hermite-Gaussian modes to

Proc. of SPIE Vol. 7613 761302-5

Downloaded From: http://proceedings.spiedigitallibrary.org/ on 06/24/2016 Terms of Use: http://spiedigitallibrary.or g/ss/'TermsOfUse.aspx



Laguerre-Gaussian modes. Figure 5(c) is the experimental result of near-field optical wave related to Fig. 5(b), and there
is a good agreement between them. Furthermore, there are several experimental near-field patterns shown in Fig. 6 at
different degenerate cavities.
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Figure 6. (a) Experimental transverse patterns observed at the beam waist z=0 in different cavity lengths: (a)
Q=1/6;(b) Q=1/7;(c) Q=2/9;(d) Q=2/7.

4. Relationship between classical Lissajous and trochoidal parametric surfaces

The state W2 (x,y,z;¢,) has been verified to have the intensity localized on the Lissajous parametric surface:
070

x=Re[X(9,2)]; y=Re[V(%2)], where 0< 9 <27, ~0 <z <00, X(9,2) = \[n w(z) &7 @O /PN “and y(9,2) = \m w(z)e'??

[25]. To be precise, the Lissajous parametric surface is formed by the Lissajous curves with the phase factor varying with
the position z. Using the correspondence between classical canonical transform and quantum unitary transform™ and the
isomorphic relation between SU(2) algebra and SO(3) algebra, we can deduce the Laguerre-Gaussian coherent

state ‘Pfo‘fmo (x,y,z;4,) to be exactly localized on the parametric surface: x = Re[f( (9,2)} ;Y= Re[? (.9,2)} , Where

X(9,z)| 1| T {X(S,z)}
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It can be easily found that the parametric surfaces in Eq. (6) have the transverse patterns to be the trochoidal curves
rotating with the position z; therefore, we call these surfaces the trochoidal parametric surfaces. Experimental results
reveal that the laser modes are associated with the standing-wave trochoidal coherent states”®. To be precise, a standing-
wave trochoidal coherent state consists of two trochoidal transverse waves rotating in the opposite direction. Figure 7
shows an example to make a comparison between the Lissajous and trochoidal parametric surfaces in the range from
p(z)=-57/2 to ¢@(z)=57/2 with ¢ =x/2 for the degenerate cavity Q=1/5 with (p,q)=(-1,6) and
(p,q) =(=1,7) . Different from the eigenstates, Hermite-Gaussian modes and Laguerre-Gaussian modes, the coherent
waves generated from the superposition of eigenstates form the exotic parametric surfaces in three dimensions.
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(a)

(b)

Figure 7. Lissajous (a) and trochoidal (b) parametric surfaces for the 3D coherent waves in the range from
p(z)=-57/2 to ¢(z) =57/2 with ¢, = z/2 for the degenerate cavity Q=1/5 with (p,q)=(-1,6)

and (ﬁsq) = (_1a7) .

5. Beam transformation from Hermite-Gaussian beam to Laguerre-Gaussian beam

By use of cylindrical lenses, the Hermite-Gaussian beams with transverse index (n,m) in rectangular coordinate can be

transformed into Laguerre-Gaussian beams with transverse radial index 7# and azimuthal index m in cylindrical
coordinate. It is worthy to mention that the transformed Laguerre-Gaussian beams which possessing the magnitude of
orbital angular momentum 7% per photon bring out wide applications for controlling microparticles. Figure 8 depicts
the illustration of transformation between Hermite-Gaussian mode and Laguerre-Gaussian mode. Figure 8(a)-(c)
represent the simulated high-order Hermite-Gaussian modes with transverse indices (n,m)=(0,4), (1,4), and (2,4).
The effect of a pair of cylindrical lenses shown in Fig. 8(e) leads to the transformation of high-order Hermite-Gaussian
modes into corresponding high-order Laguerre-Gaussian modes shown in Fig. 8(a’)-(c’), respectively. From the point of
view, we can expand the transformation relation to analyze more complex structured optical waves resulted from
coherent superposition of eigenmodes as Hermite-Gaussian and Laguerre-Gaussian modes. Figure 8(d) and (d”) show the
experimental results: the optical wave with Lissajous transverse pattern shown in Fig. 8(d) can be transformed to the
optical wave with trochoidal transverse pattern in Fig. 8(d”) by using of a pair of cylindrical lenses. Importantly, the
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transformed optical wave possesses orbital angular momentum, and the magnitude of the orbital angular momentum
depends on the order of origin Lissajous wave. We are now studying the details of the interesting transformation between
Lissajous and trochoidal transverse patterns.

LG mode

Z LG modes

Figure 8. (a)-(c) Numerical results of high-order Hermite-Gaussian modes with transverse indices (n,m) = (0,4) ,
(1,4), and (2,4); (d) Optical wave with Lissajous transverse pattern; (e) Illustration of the effect of cylindrical

lenses to transform Hermite-Gaussian modes into Laguerre-Gaussian modes; (a’)-(c’) Numerical results of
Laguerre-Gaussian modes transformed from (a)-(c) with the effect of a pair of cylindrical lenses in (e); (d’)
Experimental result of transformation from (d) by a pair of cylindrical lenses.

6. Conclusions

In conclusion, the large-Fresnel number laser cavity has been employed to generate various intriguing optical waves
localized on Lissajous and trochoidal parametric surfaces. With the theoretical analyses, there is a good agreement
between numerical and experimental results. The analogous study of paraxial wave equation and time-dependent two-
dimensional quantum harmonic oscillator provides some useful insights into wave nature in mesoscopic scale.

The Lissajous transverse mode comprises degenerate Hermite-Gaussian modes can be transformed into the
trochoidal transverse mode possessing orbital angular momentum. The study of manipulation of the intriguing optical
modes is proceeding as planned. We expect that the optical orbital angular momentum will be quite large and flexibly
manipulated.
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