
I  Introduction 
The orbital angular momentum (OAM) of structured 

light has received significant attention over the past 
decades since it has given rise to many developments in 
optical trapping [1-4], optical tweezers [5], operation and 
detection of photons [6,7], imaging processing [8], 
producing chirality of twisted metal nanostructures [9,10], 
spiral interferometry [11] and astronomy [12]. One of the 
most interesting applications of such light beam is in the 
area of information transfer. The spatial modes of 
structured light processing OAM used as information 
channels carrying independent data streams for optical 
communication have become an interesting issue of 
active research in recent years [13-20]. Thus it is believed 
that developing the kaleidoscopic spatial modes of light 
with OAM is an important step in the application of 
communication. 

In the paraxial approximation, a light field with an 
azimuthal phase term  exp(ilφ) has an OAM of lħ per 
photon along its propagation direction [21]. Therefore, 
the investigation of high-order structured beams is useful 
for developing the idea for generating large OAM. 
Recently, a variety of three-dimensional (3D) structured 
light with transverse patterns localized on the Lissajous 
figures has been explored from the degenerate laser 
resonators under the selective pumping [22-24]. More 

intriguingly, these 3D Lissajous structured beams formed 
by the coherent superposition of high-order HG 
eigenmodes could be converted into the corresponding 
LG modes. It is also verified that the optical Lissajous 
beams can be transformed into the optical trochoidal 
beams carrying huge OAM by using a π/2-cylindrical-
lens mode converter [23]. 

To efficiently increase the order of the lasing mode 
under a finite range of the selective pumping, we can 
obtain extremely high-order Lissajous structured beams 
near the hemispherical cavity with the laser crystal 
closely approaching to the beam waist in a concave-plano 
resonator. For a concave-plano resonator, the 
hemispherical cavity is under the critical condition of the 
stable cavity, L=R, where L is the cavity length, and R is 
the curvature radius of the concave mirror. Although the 
Lissajous structured beams have been observed and 
analyzed in the non-hemispherical laser cavities [22-24], 
there has been no experiment and theory confirmed in 
nearly hemispherical cavities thus far.  

In this paper we originally perform an analytical form 
to investigate the influence of the astigmatism on the 
degenerate effect in nearly hemispherical cavities. 
Through exploring the frequency spectrum near 
hemispherical cavities, it can be seen that not only the 
difference of cavity lengths between each degeneracies 
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but also frequency gaps are recognizably different from 
non-hemispherical cavities [24]. In experiments, we use a 
microchip laser with a selective pumping scheme to 
observe the tomographic images of the 3D Lissajous 
structured beams near hemispherical cavities. It also has 
been confirmed that the spatial structures of the Lissajous 
beams generated from nearly hemispherical cavities can 
be excellently reconstructed with the present theoretical 
model. 

II Experimental setup for the generation of 

Lissajous structured beams 
Here we demonstrate 3D Lissajous structured beams 

generated from nearly hemispherical cavities by 
exploiting the selective pumping in a concave-plano 
resonator as shown in Fig. 1. The radius of curvature of 
the concave mirror is R=10 mm and the reflectivity is 
99.8% at the wavelength of 1064 nm. The gain medium is 
an a-cut 2.0-at.% Nd3+:YVO4 crystal with a length of 2 
mm. One side of the gain medium is coated for 
antireflection at 808nm and 1064 nm (reflection < 0.1%) 
and the other side is coated to be an output coupler with a 
transmission of 0.5% at 1064 nm. The gain medium is 
precisely controlled to vary the cavity length. The pump 
source is an 808-nm fiber-coupled laser diode with a core 
diameter of 100 µm, a numerical aperture of 0.16, and a 
maximum output power of 3 W. A focusing lens with 20 
mm focal length and 90% coupling efficiency is used to 
reimage the pump beam into the gain medium with the 
off-center displacements of ∆x=0.25mm and ∆y=0.25mm  
in the x- and y- directions, respectively. The pump radius 
is estimated to be approximately 25 µm. 
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Figure 1. Experimental laser setup with the off-center 
selective pumping to excite 3D Lissajous structured 
beams for exploring the degenerate effect near 
hemispherical cavities. 

III Manifesting 3D Lissajous structured beams 

near the hemispherical cavities 
Under the paraxial approximation, the wave function of 

eigenmodes for the laser cavity formed by a concave 
mirror with radius of curvature R at z=-Lopt and a plane 
mirror at z=0 can be divided into two waves traveling in 

opposite directions [24]: ( ) ( )
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Hm(·) is the Hermite polynomial of order m, km,n,l = ωm,n,l/c 
and ωm,n,l is the eigen-frequency. The eigen-frequencies of 
the spherical cavity can be generally given by ωm,n,l 
=lωz+(m+1/2)ωt,x+(n+1/2)ωt,y, where l is the longitudinal 
mode index, m and n are the transverse mode indices, ωz 
is the longitudinal mode spacing, and ωt,x and ωt,y are the 
transverse mode spacings in the x- and y-directions. Due 
to the inevitable symmetry breaking induced by the 
birefringence of the gain medium and the angle of the 
beam divergence in the cavities, the effective cavity 
lengths can be generally expressed as Lt,x=Lt+d/2 and 
Lt,y=Lt-d/2, where Lt is the mean value of Lt,x and Lt,y given 
by Lt= Lcav+[(1/nr)-1]Lg, and d is the difference between 
Lt,x and Lt,y.  The frequency spectrum ωm,n,l in the 
neighborhood of the indices (mo, no, lo) is given by 
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where ∆ω =ωm,n,l - ωmo,no,lo  is frequency difference. Figure 
2 shows the frequency spectrum ωm,n,l in the neighborhood 
of the indices (mo, no, lo) as a function of the effective 
cavity length in the range of 9.977mm≤ Lt ≤9.995mm for 
R=10mm and d=10µm. To reveal the degeneracies near 
the hemispherical cavities, the transverse frequencies with 
considering the second order in the expansion of ωt,x/ωz  
and ωt,y/ωz can be derived as 
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Figure 2. Frequency spectrum ωm,n,l of the nearly 
hemispherical cavities in the neighborhood of the 
indices (mo, no, lo) as a function of the normalized 
cavity length  Lt / R for an example of R=10mm and 
d=10µm 

Considering the 2N+1 excited modes and a selective 
pumping with the off-center displacements ∆x and ∆y in 
the x- and y-directions, the wave function of degenerate 

laser modes can be expressed as ( ) ( )[ ] / 2+ −Ψ = Ψ − Ψ , 

where 
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cm,n,l is the amplitude coefficient, m=mo+pu, n=no+qu, 
l=lo+su, mo =[∆x/wx(zc)]2, and no =[∆y/wy(zc)]2,  and zc is 
the location of the gain medium. Through the spatial 
overlap between the transverse eigenmode and the pump 
source with the Gaussian distribution [32], the 
coefficients cm,n,l can be derived as 

( )/2/2 /2
, , (2 1( ) ( ) ! ! )o om nm n

m n o oc m n e n Nm− + 
  +=



. With 

the degenerate conditions given by Eq. (4), the intensity 
distribution |Ψ(x,y,z)|2 depicted in Figure 3 for various 
(p,q) can be found to correspond to the 3D geometric 
surface with the transverse topology of Lissajous curves 
with the parameters of mo=no=40, R=10mm and 
d=0.25mm. The experimentally tomographic images of 
the lasing modes are also shown in Fig. 3. The 
tomographic images of the lasing modes are obtained by 
controlling the exposure time of the camera to selectively 
capture the transverse patterns inside the cavity along the 

longitudinal propagation. Moreover, a focusing lens is 
used to reimage the lasing modes onto a paper screen that 
is moved by tracking the camera to record the 
tomographic images. The transverse patterns can be 
clearly seen to be localized on the Lissajous curves in Fig. 
3. 

(p,q)=(6,-4)

(p,q)=(5,-3)

(p,q)=(4,-2)

Th
eo

re
tic

al
Ex

pe
rim

en
ta

l
Th

eo
re

tic
al

Ex
pe

rim
en

ta
l

Th
eo

re
tic

al
Ex

pe
rim

en
ta

l

z

z = -R
z = -R/4

z = -R/10

z = -R/6

z = -R/20
z = 0

z = 0z = -R

z = -R
z = -R/4

z = -R/10

z = -R/6

z = -R/20
z = 0

z = -R

z = -R/4

z = -R/10

z = -R/6

z = -R/20
z = 0

z = 0z = -R

z = 0z = -R

 

Figure 3. Numerical and experimental results for the 
tomographic images of Lissajous structured beams 
inside the cavity for various (p,q) with the parameters 
of mo=no=40, R=10mm and d=0.25 mm. 

VI Conclusions 
In summary, we have theoretically confirmed the 

influence of the astigmatism on the degenerate effect in 
nearly hemispherical cavities. Through theoretical 
analysis of the frequency spectrum, it has been manifested 
that the difference of cavity lengths between each 
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degeneracies is decreased with the cavity length 
approaching to the hemispherical cavity, and a large 
frequency gap can be related to the degeneracy with a 
simple integer pair (p,q). For verifying the theoretical 
exploration of the 3D Lissajous structured beams in the 
degenerate cavities, we have employed a microchip laser 
with the selective pumping scheme to observe the 
tomographic images of the structured beams near 
hemispherical cavities. 
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