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Abstract. This paper is concerned with Nicholson’s blowflies equation, a kind of time-delayed
reaction-diffusion equation. It is known that when the ratio of birth rate coefficient and death
rate coefficient satisfies 1 < p

d
≤ e, the equation is monotone and possesses monotone traveling

wavefronts, which have been intensively studied in previous research. However, when p
d

> e, the
equation losses its monotonicity, and its traveling waves are oscillatory when the time-delay r or
the wave speed c is large, which causes the study of stability of these nonmonotone traveling waves
to be challenging. In this paper, we use the technical weighted energy method to prove that when
e < p

d
≤ e2, all noncritical traveling waves φ(x+ ct) with c > c∗ > 0 are exponentially stable, where

c∗ > 0 is the minimum wave speed. Here, we allow the traveling wave to be either monotone or
nonmonotone with any speed c > c∗ and any size of the time-delay r > 0; however, when p

d
> e2

with a small time-delay r <
[
π−arctan

√
ln p

d
(ln p

d
− 2)

]
/d

√
ln p

d
(ln p

d
− 2), all noncritical traveling

waves φ(x + ct) with c > c∗ > 0 are exponentially stable, too. As a corollary, we also prove the
uniqueness of traveling waves in the case of p

d
> e2, which to the best of our knowledge was open.

Finally, some numerical simulations are carried out. When e < p
d
≤ e2, we demonstrate numerically

that after a long time the solution behaves like a monotone traveling wave for a small time-delay,
and behaves like an oscillatory traveling wave for a big time-delay. When p

d
> e2, if the time-delay

is small, then the solution numerically behaves like a monotone/nonmonotone traveling wave, but if
the time-delay is big, then the solution is numerically demonstrated to be chaotically oscillatory but
not an oscillatory traveling wave. These either confirm and support our theoretical results or open
up some new phenomena for future research.
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1. Introduction and main results. We consider a time-delayed reaction-
diffusion equation

(1.1)
∂v(t, x)

∂t
−D

∂2v(t, x)

∂x2
+ dv(t, x) = b(v(t− r, x)), (t, x) ∈ R+ ×R

with the initial data

(1.2) v(s, x) = v0(s, x), s ∈ [−r, 0], x ∈ R.

This model represents the population distribution of single species such as the Aus-
tralian blowfly [10, 11, 16, 28, 34], which is derived from the original delay ODE model
[12] based on Nicholson’s experimental data [30, 31]. Here, v(t, x) denotes the mature
population at time t and location x; D > 0 is the spatial diffusion rate of the mature
population; d > 0 is the death rate of the mature population; r > 0 is the maturation
delay, the time required for a newborn to become matured; and b(v) is the birth rate
function satisfying

(H1) two constant equilibria of (1.1): v− = 0 is unstable and v+ is stable, namely,
b(0) = 0, dv+ = b(v+), d− b′(0) < 0, and d− b′(v+) > 0;

(H2) the unimodality condition: b(v) > 0 has only one positive local maximum
at the point v∗ ∈ (0, v+), and b(v) is increasing on [0, v∗] and decreasing on
[v∗,+∞), which also implies b′(0) > 0 and b′(v+) < 0;

(H3) b ∈ C2[0,∞) and |b′(v)| ≤ b′(0) for v ∈ [0,∞).
A typical example is the so-called Nicholson’s birth rate function

(1.3) b(v) = pve−av, a > 0, p > 0,

where p > 0 is the impact of the birth on the immature population. Equation (1.1)
with the particular birth rate function (1.3) is called Nicholson’s blowflies equation.

Clearly, the so-called Nicholson’s blowflies equation possesses two constant equi-
libria,

v− = 0 and v+ =
1

a
ln

p

d
,

and v+ > 0 for p
d > 1. Linearizing (1.1) without the delay (r = 0) around v±, and

setting v̄ = v − v±, we get

(1.4) v̄t −Dv̄xx = (b′(v±)− d)v̄.

Notice that b′(v−) − d = p − d > 0 and b′(v+) − d = −d ln p
d < 0, so v− = 0 is an

unstable node of (1.4), and v+ = 1
a ln

p
d is a stable node of (1.4). Thus, Nicholson’s

blowflies equation (1.1) possesses one unstable node v− and one stable node v+. Such
an equation is called a monostable equation, like the classic Fisher-KPP equation

vt − vxx = v(1− v).

The traveling wavefronts for (1.1) connecting with v± at far fields are the special
solutions to (1.1) in the form of φ(x + ct) ≥ 0, namely,

(1.5)

{
cφ′(ξ)−Dφ′′(ξ) + dφ(ξ) = b(φ(ξ − cr)),

φ(±∞) = v±,

where ξ = x+ ct, ′ = d
dξ , and c is the wave speed.
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The main purpose of this paper is to investigate the stability of the traveling
waves, in particular for the challenging case of oscillatory traveling waves when the
equation is nonmonotone.

First of all, let us provide some background on the existence of traveling waves
φ(x + ct) of (1.5). When 1 < p

d ≤ e, the birth rate function b(v) = pve−av is mono-
tonically increasing for v ∈ [0, v+]. As shown in [35], So and Zou proved by the
upper-lower solutions method that there exists a minimal wave speed c∗ = c∗(r) > 0
(the so-called critical wave speed, which is given by the characteristic equation of the
linearizing equation of (1.5) around the equilibrium v− = 0), when c ≥ c∗, for any
time-delay r > 0, the traveling wavefronts φ(x + ct) exist and are monotone. The
uniqueness (up to a constant shift) was shown by Aguerrea, Gomez, and Trofimchuk
[1] recently by means of the Diekmann–Kaper theory. However, when p

d > e, the birth
rate b(v) is nonmonotone on [0, v+], where b(v) is increasing in (0, 1

a ) and decreasing
in ( 1a , v+); then the story may be totally different and quite challenging, because the
waves may not be monotone but cross-oscillatory as numerically indicated. Unfor-
tunately, the simple but useful method of upper-lower-solutions has failed to prove
the existence of traveling waves. In this case, Faria, Huang, and Wu [4] applied
the Lyapunov–Schmidt reduction method together with the perturbation argument
to show the existence of traveling waves under certain conditions, that is, when the
time-delay r is small, i.e., r � 1; then the traveling waves φ(x + ct) of (1.5) with a
large speed c � c∗ > 0 exist. This work was then immediately improved upon by
Faria and Trofimchuk [5, 6] through a detailed analysis of heteroclinic solutions, and
by Ma [19], who constructed two auxiliary functions and applied Schauder’s fixed-
point theorem, namely, for e < p

d ≤ e2 with any size of time-delay r, the traveling
waves φ(x+ ct) with c ≥ c∗ > 0 exist. The waves are nonmonotone either for a large
time-delay r such that

(1.6) d
(
ln

p

d
− 1

)
redr+1 > 1,

or for a large speed c > c∗, where c∗ = c∗(r) > 0 is given by the characteristic equation
of the linearizing equation of (1.5) around the equilibrium v+. Remarkably, Gomez
and Trofimchuk [7] recently showed that, for e < p

d ≤ e2, the waves are monotone if
and only if (c, r) is in a certain region D (see Figure 1), i.e., c ∈ [c∗(r), c∗(r)] with
some r > 0. Precisely, let r > 0 be the root of the equation

(1.7) d
(
ln

p

d
− 1

)
redr+1 = 1,

which is also the critical point for the solution possibly to cause oscillations for the
linear delay ODE [36]

(1.8) v′(t) + dv(t) = b′(v+)v(t− r);

if 0 < r < r, then c∗ = ∞, and thus all traveling waves φ(x + ct) are monotone
for c ≥ c∗. Furthermore, when r ≥ r, if p

d is close to e such that e = 2.7819 · · · <
p
d ≤ ν0 = 2.808 · · · , then the wavefronts are still monotone for c ∈ [c∗, c∗], where
ν0 = 2.808 · · · is the largest number for p

d such that c∗(r) = c∗(r) has no solution.
However, if ν0 < p

d ≤ e2, then there exists r0 > 0, which is the unique intersection
point of c∗(r) and c∗(r) and satisfies r0 > r, such that the wavefronts are monotone
for (c, r) ∈ [c∗, c∗] × [r, r0]. In the other case, when (c, r) is out of the mentioned
region D, the traveling waves are slowly oscillating around v+. The uniqueness of the
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Fig. 1. Domain of (c, r) ∈ D for monotone traveling waves in the case of e < p
d
≤ e2.

waves up to shift in this case has also been proved by the Diekmann–Kaper theory in
[1]. Finally, when p

d > e2, the wavefronts exist only for r in some bounded set [38, 37],
and the wavefronts are slowly oscillating at +∞ when the time-delay r satisfies (1.6).
Notice that, as specified in [37], if r � 1, even though c > c∗, there will be no
traveling waves, or if c � 1, there also will be no traveling waves. However, the
study in this case is quite incomplete and leaves many questions unanswered. For
example, can uniqueness be proved for this case? what is the necessary condition for
the nonexistence of traveling waves? and so on. Here, as a corollary of our stability
theorem, we will give a positive answer concerning the uniqueness of traveling waves.

Now we summarize the existence and uniqueness of traveling waves of (1.5) as
follows.

Theorem 1.1 (existence of traveling waves). Let b(v) = pve−av.

1. When 1 < p
d ≤ e, then there exist two numbers c∗ > 0 and λ∗ = λ∗(c∗) > 0,

which are given implicitly by

(1.9) c∗λ∗ −Dλ2
∗ + d = b′(0)e−λ∗c∗r and c∗ − 2Dλ∗ = −b′(0)c∗re−λ∗c∗r,

with b′(0) = p, such that
(a) for c < c∗, no traveling waves φ(x + ct) exist;
(b) for c ≥ c∗, the traveling waves φ(x+ ct) of (1.5) exist and are unique up

to shift. Particularly, when c > c∗, there exist two numbers depending
on the speed c, λ1 = λ1(c) > 0 and λ2 = λ2(c) > 0, as the positive roots
of the equation

(1.10) cλi −Dλ2
i + d = b′(0)e−λicr, i = 1, 2,

satisfying

(1.11) cλ−Dλ2 + d > b′(0)e−λcr for λ1 < λ < λ2.

2. When e < p
d ≤ e2, the traveling waves exist and are unique up to shift for

any given time-delay r > 0. Namely, there exist two numbers c∗ > 0 and λ∗,
which are the same as in (1.9), and the inequality (1.11) still holds, such that
(a) for c < c∗, no traveling waves φ(x + ct) exist;
(b) for c ≥ c∗, the traveling waves φ(x + ct) of (1.5) exist and are unique

up to shift. Particularly, φ(x + ct) is monotone for (c, r) in a certain
region D and nonmonotone for (c, r) out of D (see Figure 1). Precisely,
(i) if 0 < r < r, then φ(x+ ct) is always monotone for c ≥ c∗;
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STABILITY OF NONMONOTONE TRAVELING WAVES 1057

(ii) if e < p
d ≤ ν0 = 2.808 · · · even if r ≥ r with c ∈ [c∗, c∗], then φ(x+ct)

is monotone, where c∗ = c∗(r) is given by (1.9), and c∗ = c∗(r) is
determined by
(1.12)
c∗λ∗ −Dλ∗2 + d = b′(v+)e−λ∗c∗r, c∗ − 2Dλ∗ = −b′(v+)c∗re−λ∗c∗r

with b′(v+) = d(1− ln p
d );

(iii) if ν0 < p
d ≤ e2 and r ∈ [r, r0] with c ∈ [c∗, c∗], then φ(x + ct) is

monotone, where r0 > r is the unique intersection point of c∗(r)
and c∗(r);

(iv) otherwise, when (c, r) �∈ D, then φ(x + ct) is nonmonotone, and
slowly oscillates around v+.

3. When p
d > e2 and 0 < r � 1, then the traveling waves φ(x + ct) exist for

c∗ ≤ c ≤ c∗ and are slowly oscillating around v+. If r � 1 or c � 1, no
traveling waves exist. No uniqueness of the wavefronts in this case is proved
at this moment.

As mentioned before, the main goal of this paper is to show that these traveling
waves, including nonmonotone waves, are asymptotically stable as t → ∞. Here, let
us provide further details on the progress of stability of the traveling waves in this
direction. When 1 < p

d ≤ e, for the monotone traveling waves φ(x + ct) of (1.5),
Schaaf [32] in 1987 first studied the linearized stability of wavefronts for time-delayed
monostable equations using a spectral method. Since then, this topic was barely
touched upon until 2004, when Mei et al. [28] showed nonlinear (local) stability of
the wavefronts by a technical weighted energy method. Then Mei and coauthors
[17, 23, 24, 27] further obtained global stability using both the weighted energy method
and the comparison principle. These results were then extended to more general time-
delayed reaction-diffusion equations with monostability by Lv and Wang [18] and Wu,
Li, and Liu [39]. Recently, the global stability of critical wavefronts φ(x + c∗t) with
optimal convergent rates was obtained by Mei, Ou, and Zhao [25] and Mei and Wang
[29] using the Fourier transform and Green’s function method plus energy estimates.
Notice that these stabilities rely on the monotonicity of both the equation and the
wavefronts. However, when p

d > e, equation (1.1) lacks monotonicity and the traveling
waves may oscillate around v+; research on the stability of such oscillatory waves was
only recently carried out in [40]. Because of the lack of monotonicity, the equation
doesn’t possess the comparison principle, and we cannot expect global stability. But
we may still be able to get local stability, because the weighted energy method doesn’t
require the monotonicity of the equations and works for any nonmonotone equation
if it possesses some viscosity or a damping or relaxation effect [3, 14, 20, 26]. Under
such considerations, recently Wu, Zhao, and Liu [40] first showed asymptotic stability
for nonmonotone traveling waves, but they needed to restrict p

d to be sufficiently close
to e, p

d ≈ e, and the wave speed to be sufficiently large, c � c∗. It is interesting to
note that the L2-weighted energy method developed in our previous works [23, 28] is
useful only when e < p

d < e2, because a restriction d− |b′(v+)| > 0 is necessary when
we establish the desired L2 energy estimate of the solution for φ(x+ ct) near the far-
field state v+. Thus, such a restriction causes the stability of the waves in the case of
p
d > e2 to fail, and so the problem remains open. Another interesting and important
issue is the stability of those slower waves with a small speed arbitrarily close to the
minimum speed c∗, i.e., c > c∗ but |c − c∗| � 1, in particular the stability of critical
wave φ(x+c∗t). Answering these questions will be the main task of the present paper.
In fact, in this paper we will prove that for e < p

d ≤ e2 all traveling waves φ(x + ct)
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with c > c∗, including those oscillating waves, are exponentially stable when the initial
perturbations around the waves in a certain weighted Sobolev space are small enough.
Here, the time-delay r > 0 can be allowed to be arbitrary. However, for p

d > e2, if the

time-delay r satisfies 0 < r < [π− arctan
√
ln p

d(ln
p
d − 2) ]/d

√
ln p

d(ln
p
d − 2), then all

noncritical traveling waves, including the oscillating waves, are asymptotically stable,
too. This condition on r should be optimal, because it is the sufficient and necessary
condition for stability of the solution to the linear delay differential equation (1.8);
cf. [2]. The adopted approach for proving the stability of traveling waves in this
paper is still the technical weighted energy method, but in order to treat the case
when φ(x+ct) is near v+ (or, say, x → ∞), in contrast to previous studies, we use the
nonlinear Halanay’s inequality (see Lemma 3.9 below) to get the desired exponential
decay estimate. However, for p

d > e2 with large time-delay r � 1, as we numerically
demonstrate in the last section of the paper, the solution is chaotically oscillatory and
doesn’t behave like an oscillatory traveling wave (in fact, to the best of our knowledge,
no traveling waves exist in this case). Such phenomena leave us with many challenges.
Stability of the critical wave φ(x + c∗t) in the case of the nonmonotone equation
unfortunately remains an open problem, since current methods have failed. So a new
strategy has to be developed in the future.

Before stating our main result, let us make the following notation. Throughout
the paper, C > 0 always denotes a generic constant, while Ci > 0 (i = 0, 1, 2, . . .)
represents a specific constant. Let I be an interval, typically I = R. L2(I) is the space
of the square integrable functions defined on I, and Hk(I) (k ≥ 0) is the Sobolev space

of the L2-functions f(x) defined on the interval I whose derivatives di

dxi f (i = 1, . . . , k)
also belong to L2(I). L2

w(I) denotes the weighted L2-space with a weight function
w(x) > 0, and its norm is defined by

‖f‖L2
w
=

(∫
I

w(x) |f(x)|2 dx
)1/2

.

Hk
w(I) is the weighted Sobolev space with the norm given by

‖f‖Hk
w
=

( k∑
i=0

∫
I

w(x)

∣∣∣∣ di

dxi
f(x)

∣∣∣∣
2

dx
)1/2

.

Let T > 0 be a number and B a Banach space. We denote by C([0, T ];B) the space
of the B-valued continuous functions on [0, T ] and by L2([0, T ];B) the space of the
B-valued L2-functions on [0, T ].

Throughout this paper, we consider (1.1) with a bit general birth rate b(v) satis-
fying (H1)–(H3). Let φ(x+ ct) be a given noncritical traveling wave with c > c∗, even
if it is monotone or slowly oscillatory around v+. Here, c∗ = c∗(r) and λ∗ = λ∗(r)
satisfy (1.9) with a general unimodality b(v), and, correspondingly, c and λ satisfy
(1.11). We define a weight function related to such a number λ > 0,

(1.13) w(x) = e−2λ(x−x0), λ ∈ (λ1, λ2), with a sufficient large number x0 � 1.

Now we state the stability of traveling waves for (1.1) with a general nonmonotone
birth rate.

Theorem 1.2 (stability of monotone/nonmonotone traveling waves). Let the
birth rate function b(v) be general and satisfy (H1)–(H3), and assume either d ≥
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|b′(v+)| with any time-delay r > 0, or d < |b′(v+)| but with a small time-delay 0 <
r < r, where

(1.14) r :=
π − arctan(

√|b′(v+)|2 − d2/d)√|b′(v+)|2 − d2
.

For any given traveling wave φ(x + ct) with c > c∗ to (1.1), whether it is monotone
or nonmonotone, suppose that v0(s, x) − φ(x + cs) ∈ C([−r, 0];C(R) ∩ H2

w(R)) ∩
L2([−r, 0];H2

w(R)), and limx→+∞[v0(s, x) − φ(x + cs)] =: u0,∞(s) ∈ C[−r, 0] exists
uniformly with respect to s ∈ [−r, 0]. There exist some constants δ0 > 0, 0 < μ2 =
μ2(p, d, r, b

′(v+)) < d, and 0 < μ = μ(p, d, r, c, λ, b′(v+)) < μ2, all independent of x,
t, and u(t, x), when the initial perturbation is small:

max
s∈[−r,0]

‖(v0 − φ)(s)‖2C + ‖(v0 − φ)(0)‖2H2
w
+

∫ 0

−r

‖(v0 − φ)(s)‖2H2
w
ds ≤ δ20 .

Then the solution v(t, x) of (1.1) and (1.2) is unique, exists globally in time, and
satisfies
(1.15)
v(t, x)− φ(x+ ct) ∈ C([−r,∞);C(R) ∩H2

w(R))∩L2([−r,∞);H2
w(R)) ∩Cunif [−r,∞)

and

(1.16) sup
x∈R

|v(t, x)− φ(x + ct)| ≤ Ce−μt, t > 0,

where Cunif [−r, T ], for 0 < T ≤ ∞, is defined by

Cunif [−r, T ] :={u(t, x) ∈ C([−r, T ]×R) such that

lim
x→+∞ eμ2tu(t, x) exists uniformly in t ∈ [−r, T ], and(1.17)

lim
x→+∞ux(t, x) = lim

x→+∞uxx(t, x) = 0

uniformly with respect to t ∈ [−r, T ]}.

Remark 1.

1. Notice that w(x) ≥ 1 only for x ≤ x0, and limx→−∞ w(x) = +∞, limx→∞ w(x)
= 0. Thus, if f ∈ H2

w(R), then we cannot always guarantee the boundedness
of f as x > x0. So, different from our previous works [23, 24, 27, 28] where
the weight functions are selected to be greater than 1 for all x, and the initial
perturbation in H2

w with w ≥ 1 implies limx→±∞[v0(s, x) − φ(x + cs)] = 0,
here we restrict the initial perturbation only in C(R) ∩H1

w for w(+∞) = 0,
with a uniform convergence as x → +∞. This allows the initial perturbation
to be uniformly bounded only at x = ∞ but may not be vanishing, namely,
limx→∞[v0(s, x)− φ(x + cs)] =: u0,∞(s) �= 0.

2. Technically, in the later proof, we need to select the weight function w(x) =
e−2λ(x−x0) for λ ∈ (λ1, λ2) (see (1.10)). This makes the initial perturbation
around the wavefront like |v0(s, x) − φ(x + cs)| = O(1)e−λ|x| as x → −∞. If
the initial perturbation decays much faster, namely, λ ≥ λ2, the initial per-
turbation |v0(s, x)−φ(x+cs)| obviously belongs to C([−r, 0];C(R)∩H1

w(R));
then the stability theorem, Theorem 1.2, directly implies the exponential con-
vergence of the solution v(t, x) to the traveling wave φ(x+ ct).
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Corollary 1.3 (uniqueness of traveling waves). Let the birth rate function b(v)
be general and satisfy (H1)–(H3), and let either d ≥ |b′(v+)| with any time-delay
r > 0, or d < |b′(v+)| but with small time-delay 0 < r < r. Then, for any traveling
waves φ(x+ ct) of (1.1), whether they are monotone or nonmonotone, with the same
speed c > c∗ and the same exponential decay at ξ = −∞,

(1.18) φ(ξ) = O(1)e−λ1|ξ| as ξ → −∞,

and they are unique up to shift.
Now we are going to state the stability result for Nicholson’s birth rate case. Let

b(v) = pve−av; then v− = 0, v+ = 1
a ln p

d , v∗ = 1
a , and b(v) automatically satisfies

the conditions (H1)–(H3). As a direct application of Theorem 1.2, we immediately
obtain the following stability of monotone/nonmonotone traveling waves for the case
with Nicholson’s birth rate b(v) = pve−av.

Theorem 1.4 (stability of monotone/nonmonotone traveling waves). Let b(v) =
pve−av. For any given traveling wave φ(x + ct) with c > c∗ connecting with v− = 0
and v+ = 1

a ln
p
d , whether it is monotone or nonmonotone, suppose that v0(s, x) −

φ(x + cs) ∈ C([−r, 0];C(R) ∩ H2
w(R)) ∩ L2([−r, 0];H2

w(R)) and limx→+∞[v0(s, x) −
φ(x + cs)] =: u0,∞(s) ∈ C[−r, 0] exists uniformly with respect to s ∈ [−r, 0], and the
initial perturbation is small:

max
s∈[−r,0]

‖(v0 − φ)(s)‖2C + ‖(v0 − φ)(0)‖2H2
w
+

∫ 0

−r

‖(v0 − φ)(s)‖2H2
w
ds ≤ δ20

for some positive number δ0 > 0.
1. When e < p

d ≤ e2, for any time-delay r > 0, the solution v(t, x) of (1.1) and
(1.2) is unique and exists globally in time in the space (1.15), and the stability
(1.16) with some constant μ > 0 holds for all t > 0.

2. When p
d > e2 but with small time-delay 0 < r < r, where

(1.19) r :=
π − arctan

√
ln p

d (ln
p
d − 2)

d
√

ln p
d(ln

p
d − 2)

,

the solution v(t, x) of (1.1) and (1.2) also is unique and exists globally in
time in the space (1.15), and the stability (1.16) with some constant μ > 0
holds for all t > 0.

Remark 2.

1. In Theorem 1.4, for e < p
d ≤ e2 with an arbitrary time-delay r > 0, we prove

that all noncritical traveling waves with c > c∗, whether they are monotone
or nonmonotone, are time-exponentially stable. Here, when r is small such
that 0 < r < r, where r is defined in (1.7), the solution time-asymptotically
converges to a certain monotone traveling wave, while, when r ≥ r, in a cer-
tain region D for c and r, the solution still behaves like a monotone traveling
wave. But when c is really large with c > c∗ or the time-delay r is large, such
that (c, r) is out of the region D, then the solution behaves like a certain oscil-
latory traveling wave after a large time. All of these cases will be numerically
demonstrated later (see Cases 1–3 in the last section of the paper).

2. When p
d > e2, and the time-delay r is not large, 0 < r < r, where r is defined

in (1.19), we prove that all noncritical traveling waves with c > c∗, whether
they are monotone or nonmonotone, are time-exponentially stable. It can
be easily verified that 0 < r < r for p

d > e2. Particularly, we numerically

D
ow

nl
oa

de
d 

11
/2

5/
14

 to
 1

41
.2

17
.5

8.
22

2.
 R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
://

w
w

w
.s

ia
m

.o
rg

/jo
ur

na
ls

/o
js

a.
ph

p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

STABILITY OF NONMONOTONE TRAVELING WAVES 1061

demonstrate in Cases 4 and 5 in section 5 that when 0 < r < r, the solution
v(t, x) behaves like a monotone traveling wave, and when r < r < r, the
solution v(t, x) behaves like a nonmonotone traveling wave.

3. Notice that when p
d > e2, as shown in [2], the sufficient and necessary condi-

tion for the stability of the solution to the linear delay differential equation
(1.8) is 0 < r < r. So, when p

d > e2 and r > r, we never expect any stability
of traveling waves, even the traveling waves might not exist (at least, when
r � 1, no traveling waves exist). In fact, from our numerical study later in
Cases 6 and 7, we find that the solution doesn’t behave like a traveling wave,
but always oscillates chaotically at some points. Unfortunately, we are not
clear about the asymptotic behavior of the solution for this challenging case.

4. When c = c∗, the approach developed in this paper cannot be applied, and
the stability of critical wave φ(x + c∗t) remains an open problem. A new
strategy will be developed in the future.

Corollary 1.5 (uniqueness of traveling waves). Let b(v) = pve−av. If e < p
d ≤

e2 with any time-delay r > 0, or if p
d > e2 but with small time-delay 0 < r < r, where

r is defined in (1.19), then, for all traveling waves φ(x + ct) to (1.1) with the same
speed c > c∗ and the same exponential decay at −∞, whether they are monotone or
nonmonotone, these waves are unique up to shift.

Remark 3. Corollary 1.5 solves the uniqueness of monotone/nonmonotone trav-
eling waves for p

d > e. Since uniqueness of the traveling waves for e < p
d ≤ e2 was

proved recently by Aguerrea, Gomez, and Trofimchuk [1], here we answer the open
question on the uniqueness of traveling waves for the case p

d ≥ e2.
The paper is outlined as follows: In section 2, we reformulate the original equa-

tion to the perturbed equation around the given traveling wave, and we give the
corresponding stability theorem for the new equation. In section 3, we consider (1.1)
with a general nonmonotone birth rate function. We use the weighted energy method
to establish the desired a priori estimates and use the nonlinear Halanay inequality
to treat the case when φ(x + ct) nears v+. This plays a crucial role in the proof of
stability. Based on the stability theorem, in section 4 we prove the uniqueness of
those monotone/nonmonotone traveling waves. Finally, in section 5, we carry out
some numerical simulations which also confirm and support our theoretical results.
The chaotic oscillations for the solutions in the case of p

d > e2 and r > r open up a
new avenue for future research.

2. Reformulation of the problem. This section is devoted to the proof of
stability of those monotone or nonmonotone traveling waves. We consider (1.1) with
a general nonmonotone birth rate function b(v) satisfying (H1)–(H3).

Let φ(x+ ct) = φ(ξ) be a given traveling wave with speed c > c∗, and

u(t, ξ) := v(t, x)− φ(x + ct), u0(s, ξ) := v0(s, x)− φ(x + cs).

Then, from (1.1)–(1.5), u(t, ξ) satisfies

(2.1)

⎧⎪⎪⎨
⎪⎪⎩
∂u

∂t
+ c

∂u

∂ξ
−D

∂2u

∂ξ2
+ du − b′(φ(ξ − cr))u(t − r, ξ − cr)

= Q(u(t− r, ξ − cr)), (t, ξ) ∈ R+ ×R,

u(s, ξ) = u0(s, ξ), s ∈ [−r, 0], ξ ∈ R,

where

(2.2) Q(u) := b(φ+ u)− b(φ)− b′(φ)u,
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1062 C.-K. LIN, C.-T. LIN, Y. LIN, AND M. MEI

with φ = φ(ξ − cr) and u = u(t− r, ξ − cr).
Letting T > 0, we define the solution space as

(2.3)
X(−r, T ) = {u|u(t, ξ) ∈ C([−r, T ];C(R)∩H2

w(R))∩L2([−r, T ];H2
w(R))∩Cunif [−r, T ]}

equipped with the norm

(2.4) Mu(T )
2 = sup

t∈[−r,T ]

(
‖u(t)‖2C + ‖u(t)‖2H2

w

)
.

Particularly, when T = ∞, we denote the solution space by X(−r,∞) and the norm
of the solution space by Mu(∞).

Now we state the stability result for the perturbed equation (2.1), which auto-
matically implies Theorem 1.2.

Theorem 2.1 (stability). Let b′(v+) and r satisfy either d ≥ |b′(v+)| with
arbitrarily given r > 0, or d < |b′(v+)| with 0 < r < r, where r is defined in
(1.14). For any given traveling wave φ(x + ct) = φ(ξ) with c > c∗, suppose that
u0(s, ξ) ∈ C([−r, 0];C(R) ∩ H2

w(R)) ∩ L2([−r, 0];H2
w(R)), and limξ→+∞ u0(s, ξ) =:

u0,∞(s) ∈ C[−r, 0] exists uniformly in s, where w(ξ) = e−2λ(ξ−x0) with a sufficient
large number x0 � 1. Then there exist some constants δ0 > 0 and μ > 0 which
are independent of u, t, and ξ when Mu(0) ≤ δ0. The solution u(t, ξ) of (2.1) then
uniquely and globally exists in X(−r,∞) and satisfies

‖u(t)‖2C + ‖u(t)‖2H2
w
+

∫ t

0

e−2μ(t−s)‖u(s)‖2H2
w
ds

≤ Ce−2μt
(

max
s∈[−r,0]

‖u0(s)‖2C + ‖u0(0)‖2H2
w
+

∫ 0

−r

‖u0(s)‖2H2
w
ds
)

(2.5)

for t ∈ [0,∞).
By using the continuity extension method [27, 28], the global existence of u(t, ξ)

and its exponential decay estimate announced in Theorem 2.1 directly follow from the
local existence result and the a priori estimate given below.

Proposition 2.2 (local existence). Under the assumption in Theorem 2.1, for
any given traveling wave φ(x + ct) = φ(ξ) with c > c∗, suppose u0(s, ξ) ∈ X(−r, 0),
and Mu(0) ≤ δ1 for a given positive constant δ1 > 0. Then there exists a small t0 =
t0(δ1) > 0 such that the local solution u(t, ξ) of (2.1) uniquely exists for t ∈ [−r, t0]
and satisfies u ∈ X(−r, t0) and Mu(t0) ≤ c̄0 Mu(0) for some constant c̄0 > 1.

Proof. The proof for the local existence of the solution is standard, because it
can be proved by the well-known iteration technique [21, 22]. In contrast to previous
works, here we need to show that the local solution is also in Cunif [−r, t0] for some
small t0 > 0 which will be determined later. We just sketch the proof as follows.

Let u(0)(t, ξ) ∈ X(−r, t0); for example, we choose u(0)(t, ξ) = u0(t, ξ). Then we
define the iteration u(n+1) = P(u(n)) for n ≥ 0 by

(2.6)

⎧⎨
⎩

∂u(n+1)

∂t
+ c

∂u(n+1)

∂ξ
−D

∂2u(n+1)

∂ξ2
+ du(n+1) = g(u(n)(t− r, ξ − cr)),

u(n+1)(s, ξ) = u0(s, ξ), s ∈ [−r, 0], ξ ∈ R,

where

g(u(n)) = b(φ+ u(n))− b(φ),

D
ow

nl
oa

de
d 

11
/2

5/
14

 to
 1

41
.2

17
.5

8.
22

2.
 R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
://

w
w

w
.s

ia
m

.o
rg

/jo
ur

na
ls

/o
js

a.
ph

p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

STABILITY OF NONMONOTONE TRAVELING WAVES 1063

which can be also written in the integral form

u(n+1)(t, ξ) = e−dt

∫
R

G(η, t)u0(0, ξ − η)dη

+

∫ t

0

e−d(t−s)

∫
R

G(η, t− s)g(u(n)(s− r, ξ − η + cr))dηds.(2.7)

We also have

eμ2tu(n+1)(t, ξ)

= e−(d−μ2)t

∫
R

G(η, t)u0(0, ξ − η)dη

+

∫ t

0

e−d(t−s)eμ2t

∫
R

G(η, t− s)g(u(n)(s− r, ξ − η + cr))dηds(2.8)

and

∂k
ξ u

(n+1)(t, ξ)

= e−dt

∫
R

G(η, t)∂k
ξ u0(0, ξ − η)dη

+

∫ t

0

e−d(t−s)

∫
R

G(η, t− s)∂k
ξ g(u

(n)(s− r, ξ − η + cr))dηds

= e−dt

∫
R

∂k
ηG(η, t)u0(0, ξ − η)dη

+

∫ t

0

e−d(t−s)

∫
R

∂k
ηG(η, t− s)g(u(n)(s− r, ξ − η + cr))dηds,(2.9)

where 0 < μ2 = μ2(p, d, r, b
′(v+)) < d is a decay exponent for the delayed ODE (3.21)

and specified in Lemma 3.10, and G(η, t) is the heat kernel

G(η, t) =
1√
4πDt

e−
(η+ct)2

4Dt .

Notice that u(n) ∈ Cunif [−r, t0], namely, limξ→∞ eμ2tu(n)(t, ξ) =: eμ2tu
(n)
∞ (t) ∈ C[−r, t0]

and limξ→∞ ∂k
ξ u

(n)(t, ξ) = 0 all exist uniformly in t for k = 1, 2; we are going to prove

u(n+1) ∈ Cunif [−r, t0]. First of all, we note that

lim
ξ→∞

u(n+1)(t, ξ)

= e−dt

∫
R

G(η, t) lim
ξ→∞

u0(0, ξ − η)dη

+

∫ t

0

e−d(t−s)

∫
R

G(η, t− s) lim
ξ→∞

g(u(n)(s− r, ξ − η + cr))dηds

= u0,∞(0)e−dt

∫
R

G(η, t)dη

+

∫ t

0

e−d(t−s)g(u(n)
∞ (s− r))

∫
R

G(η, t− s)dηds

= u0,∞(0)e−dt +

∫ t

0

e−d(t−s)g(u(n)
∞ (s− r))ds

=: u(n+1)
∞ (t), uniformly with respect to t ∈ [−r, t0].

D
ow

nl
oa

de
d 

11
/2

5/
14

 to
 1

41
.2

17
.5

8.
22

2.
 R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
://

w
w

w
.s

ia
m

.o
rg

/jo
ur

na
ls

/o
js

a.
ph

p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

1064 C.-K. LIN, C.-T. LIN, Y. LIN, AND M. MEI

Now we prove that eμ2tu(n+1)(t, ξ) is uniformly convergent as ξ → ∞. In fact,

lim
ξ→∞

sup
0≤t≤t0

|eμ2tu(n+1)(t, ξ)− eμ2tu(n+1)
∞ (t)|

= lim
ξ→∞

sup
0≤t≤t0

∫ t

0

e−d(t−s)eμ2(t−s+r)

×
∫
R

G(η, t− s)eμ2(s−r)[g(u(n)(s− r, ξ − η + cr)) − g(u(n)
∞ (s− r))]dηds

≤ lim
ξ→∞

sup
0≤t≤t0

∫ t

0

e−d(t−s)eμ2(t−s+r)

×
∫
R

G(η, t− s) sup
s∈[0,t0]

(
eμ2(s−r)|g(u(n)(s− r, ξ − η + cr)) − g(u(n)

∞ (s− r))|
)
dηds

≤ C lim
ξ→∞

sup
0≤t≤t0

∫ t

0

e−d(t−s)eμ2(t−s+r)

×
∫
R

G(η, t− s) sup
s∈[0,t0]

(
eμ2(s−r)|u(n)(s− r, ξ − η + cr)− u(n)

∞ (s− r)|
)
dηds

= C sup
0≤t≤t0

∫ t

0

e−d(t−s)eμ2(t−s+r)

×
∫
R

G(η, t− s) lim
ξ→∞

sup
s∈[0,t0]

(
eμ2(s−r)|u(n)(s− r, ξ − η + cr)− u(n)

∞ (s− r)|
)
dηds

= 0.

Here we used the uniform convergence of

lim
ξ→∞

sup
t∈[0,t0]

|eμ2tu(n)(t, ξ)− eμ2tu(n)
∞ (t)| = 0

and the uniform boundedness of∫ t

0

e−d(t−s)eμ2(t−s+r)ds =
eμ2r

d− μ2
[1− e−(d−μ2)t] ≤ eμ2r

d− μ2

and ∫
R

G(η, t− s)dη = 1.

Similarly, noting the facts

G(η, t)|η=±∞ = 0 and (∂ηG(η, t))|η=±∞ = 0,

we can prove that, for k = 1, 2,

lim
ξ→∞

∂k
ξ u

(n+1)(t, ξ)

= e−dt

∫
R

∂k
ηG(η, t) lim

ξ→∞
u0(0, ξ − η)dη

+

∫ t

0

e−d(t−s)

∫
R

∂k
ηG(η, t− s) lim

ξ→∞
g(u(n)(s− r, ξ − η + cr))dηds

= u0,∞(0)e−dt

∫
R

∂k
ηG(η, t)dη
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+

∫ t

0

e−d(t−s)g(u(n)
∞ (s− r))

∫
R

∂k
ηG(η, t− s)dηds

= 0, uniformly with respect to t ∈ [−r, t0].

Furthermore, by taking the regular energy estimates∫ t

0

∫
R

( 2∑
k=0

∂k
ξ (2.6)× w(ξ)∂k

ξ u
(n+1)

)
dξds,

we can estimate

‖u(n+1)(t)‖2H2
w
+

∫ t

0

‖u(n+1)(s)‖2H2
w
ds

≤ C
(
‖u0(0)‖2H2

w
+

∫ 0

−r

‖u0(s)‖2H2
w
ds+

∫ t

0

‖u(n)(s)‖2H2
w
ds
)
, t ∈ [0, t0],(2.10)

for some positive constant C > 0. From (2.7), we have

(2.11) ‖u(n+1)(t)‖C ≤ C‖u0(0)‖C + Ct0 sup
t∈[−r,t0]

‖u(n)(t)‖C , t ∈ [0, t0].

Combining (2.10) and (2.11), we prove

Mu(n+1)(t0) ≤ C
(

max
s∈[−r,0]

‖u0(s)‖2C + ‖u0(0)‖2H2
w
+

∫ 0

−r

‖u0(s)‖2H2
w
ds
)

+ Ct0Mu(n)(t0).

Thus, we can prove that u(n+1) = P(u(n)) defined in (2.6) maps from X(−r, t0) to
X(−r, t0) and is a contraction mapping in X(−r, t0) by providing 0 < t0 � 1 and

maxs∈[−r,0] ‖u0(s)‖2C + ‖u0(0)‖2H2
w
+

∫ 0

−r ‖u0(s)‖2H2
w
ds � 1. Hence, by applying the

Banach fixed point theorem, we can prove local existence of the solution in X(−r, t0).
Since the convergence limn→∞ u(n)(t, ξ) = u(t, ξ) is uniform for (t, ξ) ∈ [0, t0] × R,
and u(n) ∈ Cunif [0, t0], we can also guarantee u ∈ Cunif [0, t0].

Proposition 2.3 (a priori estimates). Under the assumption in Theorem 2.1,
let u ∈ X(−r, T ) be a local solution of (2.1) for a given constant T > 0. Then there
exist positive constants δ2 > 0, C0 > 1, and μ > 0 independent of T and u(t, ξ) such
that, when Mu(T ) ≤ δ2,

‖u(t)‖2C + ‖u(t)‖2H1
w
+

∫ t

0

e−2μ(t−s)‖u(s)‖2H1
w
ds

≤ C0e
−2μt

(
max

s∈[−r,0]
‖u0(s)‖2L∞ + ‖u0(0)‖2H1

w
+

∫ 0

−r

‖u0(s)‖2H1
w
ds
)

(2.12)

for t ∈ [0, T ].
The proof for the a priori estimates of the solution in the designed solution space

X(−r, T ) is technical and plays a crucial role in this paper. We leave this for the next
section.

Proof of Theorem 2.1. Since this can be proved similarly as done in [27, 28], here
we sketch the proof as follows. Let δ2, C0, and μ be the positive constants given in
Proposition 2.3 which are independent of T and u. Now let us choose

δ1 = max{
√
C0c̄0Mu(0), δ2}, δ0 = max

{δ2
c̄0

,
δ2√
C0c̄0

}
.
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By Proposition 2.2, there exists t0 = t0(δ1) > 0 such that u(t, ξ) ∈ X(−r, t0). From
the selection of δ0 and δ1, we can further confirm Mu(t0) ≤ δ2. Then, applying
Proposition 2.3, we can establish the exponential decay estimate (2.12) for t ∈ [0, t0].
Next, let us consider (2.1) with the new initial data u(s, ξ) for s ∈ [t0−r, t0]. Again, by
Proposition 2.2, we can prove that the solution to the new Cauchy problem (2.1) exists
for time t in [t0, 2t0]; namely, we extend the time interval of the solution to [−r, 2t0],
or say, u(t, ξ) ∈ X(−r, 2t0). Then, by using Proposition 2.3, we can establish the
exponential decay estimate (2.12) for t ∈ [0, 2t0]. Repeating this procedure, we can
prove global existence of the solution u(t, ξ) ∈ X(−r,∞) with the exponential decay
estimate (2.12) for t ∈ [0,∞). For details, we refer the reader to [27].

3. A priori estimates. This section is devoted to establishing the a priori es-
timates, which are the core of the paper. The adopted approach is still the weighted
energy method but with a new development. Here, the birth rate function b(v) is, in
general, considered as an unimodality function satisfying (H1)–(H3).

First of all, we are going to establish the energy estimates for u(t, ξ) in the
weighted Sobolev space H2

w(R).
Lemma 3.1. Let u(t, ξ) ∈ X(−r, T ). Then

‖u(t)‖2L2
w
+

∫ t

0

e−2μ(t−s)

∫
R

[Bη,μ,w(ξ)− CMu(T )]w(ξ)u
2(s, ξ)dξds

≤ Ce−2μt
(
‖u0(0)‖2L2

w
+

∫ 0

−r

‖u0(s)‖2L2
w
ds
)
,(3.1)

where

(3.2) Bη,μ,w(ξ) := Aη,w(ξ) − 2μ− 1

η
(e2μr − 1)|b′(φ(ξ))|w(ξ + cr)

w(ξ)

and

(3.3) Aη,w(ξ) := −c
w′(ξ)
w(ξ)

+2d−D

2

(w′(ξ)
w(ξ)

)2

−η|b′(φ(ξ−cr))|− 1

η
|b′(φ(ξ))|w(ξ + cr)

w(ξ)
,

and μ and η both are arbitrarily given positive constants at this moment, but will be
specified later.

Proof. As shown in our previous work [23], we multiply (2.1) by e2μtw(ξ)u(t, ξ),
where μ > 0 is a constant and will be specified later in Lemma 3.3. Then we have{1

2
e2μtwu2

}
t
+ e2μt

{1

2
cwu2 −Dwuuξ

}
ξ
+De2μtwu2

ξ +De2μtw′uξu

+
{
− c

2

w′

w
+ d− μ

}
e2μtwu2 − e2μtw(ξ)u(t, ξ)b′(φ(ξ − cr))u(t− r, ξ − cr)

= e2μtw(ξ)u(t, ξ)Q(u(t − r, ξ − cr)).(3.4)

By the Cauchy–Schwarz inequality

|De2μtw′uuξ| ≤ De2μtwu2
ξ +

D

4
e2μt

(w′

w

)2

wu2,

we reduce (3.4) to{1

2
e2μtwu2

}
t
+ e2μt

{1

2
cwu2 −Dwuuξ

}
ξ
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+
{
− c

2

w′

w
+ d− μ− D

4

(w′

w

)2}
e2μtwu2

− e2μtw(ξ)u(t, ξ)b′(φ(ξ − cr))u(t− r, ξ − cr)

≤ e2μtw(ξ)u(t, ξ)Q(u(t − r, ξ − cr)).(3.5)

Integrating the above inequality over R× [0, t] with respect to ξ and t, and noting the
vanishing term at far fields,{1

2
cwu2 −Dwuuξ

}∣∣∣∞
ξ=−∞

= 0,

because
√
wu ∈ H2(R) (see Lemma 3.7 below), this implies, by the property of

Sobolev space H2(R), that (
√
wu)|ξ=±∞ = 0 and (

√
wuξ)|ξ=±∞ = 0. Thus we further

have

e2μt‖u(t)‖2L2
w
+

∫ t

0

∫
R

e2μs
{
− c

w′(ξ)
w(ξ)

+ 2d− 2μ− D

2

(w′(ξ)
w(ξ)

)2}
w(ξ)u2(s, ξ)dξds

− 2

∫ t

0

∫
R

e2μsw(ξ)b′(φ(ξ − cr))u(s, ξ)u(s − r, ξ − cr)dξds

≤ ‖u0(0)‖2L2
w
+ 2

∫ t

0

∫
R

e2μsw(ξ)u(s, ξ)Q(u(s − r, ξ − cr))dξds.

(3.6)

Again, by using the Cauchy–Schwarz inequality

|2e2μsw(ξ)b′(φ(ξ − cr))u(s, ξ)u(s − r, ξ − cr)|
≤ e2μsw(ξ)|b′(φ(ξ − cr))|

[
ηu2(s, ξ) +

1

η
u2(s− r, ξ − cr)

]

for any η > 0, and by change of variables, we have

∣∣∣2 ∫ t

0

∫
R

e2μsw(ξ)b′(φ(ξ − cr))u(s, ξ)u(s− r, ξ − cr)dξds
∣∣∣

≤ η

∫ t

0

∫
R

e2μsw(ξ)|b′(φ(ξ − cr))|u2(s, ξ)dξds

+
1

η

∫ t

0

∫
R

e2μsw(ξ)|b′(φ(ξ − cr))|u2(s− r, ξ − cr)dξds

= η

∫ t

0

∫
R

e2μsw(ξ)|b′(φ(ξ − cr))|u2(s, ξ)dξds

+
1

η
e2μr

∫ t−r

−r

∫
R

e2μsw(ξ + cr)|b′(φ(ξ))|u2(s, ξ)dξds

[by setting ξ − cr → ξ, s− r → s]

≤ η

∫ t

0

∫
R

e2μsw(ξ)|b′(φ(ξ − cr))|u2(s, ξ)dξds

+
1

η
e2μr

∫ t

0

∫
R

e2μsw(ξ + cr)|b′(φ(ξ))|u2(s, ξ)dξds

+
1

η
e2μr

∫ 0

−r

∫
R

e2μsw(ξ + cr)|b′(φ(ξ))|u2
0(s, ξ)dξds.(3.7)
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Substituting (3.7) into (3.6), we have

e2μt‖u(t)‖2L2
w
+

∫ t

0

∫
R

e2μsBη,μ,w(ξ)w(ξ)u
2(s, ξ)dξds

≤ ‖u0(0)‖2L2
w
+ 2

∫ t

0

∫
R

e2μsw(ξ)u(s, ξ)Q(u(s − r, ξ − cr))dξds

+ η−1e2μr
∫ 0

−r

∫
R

e2μsw(ξ + cr)|b′(φ(ξ))|u2
0(s, ξ)dξds,(3.8)

where Bη,μ,w(ξ) is given in (3.2).
On the other hand, by the definition of Mu(T ) (see (2.4)),

|u(t, ξ)| ≤ CMu(T ) for t ∈ [0, T ], ξ ∈ R,

and by the Taylor expansion

|Q(u)| = |b(u+ φ)− b(φ)− b′(φ)u| ≤ C|u|2,
where C > 0 is independent of u, we can estimate the nonlinear term as

∣∣∣ ∫ t

0

∫
R

e2μsw(ξ)u(s, ξ)Q(u(s − r, ξ − cr))dξds
∣∣∣

≤ CMu(T )

∫ t

0

∫
R

e2μsw(ξ)|u(s − r, ξ − cr)|2dξds

= CMu(T )

∫ t−r

−r

∫
R

e2μ(s+r)w(ξ)|u(s, ξ)|2dξds

≤ CMu(T )

∫ t

0

∫
R

e2μsw(ξ)|u(s, ξ)|2dξds

+ CMu(T )

∫ 0

−r

∫
R

e2μsw(ξ + cr)|u0(s, ξ)|2dξds.(3.9)

Here, the last estimate can be followed from (3.7), and w(ξ + cr) = e−2λcrw(ξ).
Substituting (3.9) into (3.8), we have

e2μt‖u(t)‖2L2
w
+

∫ t

0

e2μs
∫
R

[Bη,μ,w(ξ)− CMu(T )]w(ξ)u
2(s, ξ)dξds

≤ C
(
‖u0(0)‖2L2

w
+

∫ 0

−r

‖u0(s)‖2L2
w
ds
)
,

which immediately implies (3.1). Thus, the proof is complete.
Lemma 3.2. Let η = e−λcr. Then there exists a constant C1 > 0 such that

(3.10) Aη,w(ξ) ≥ C1 > 0 for ξ ∈ R.

Proof. By (H3), notice that

|b′(φ)| ≤ b′(0) for all φ ≥ 0

and

w′(ξ)
w(ξ)

= −2λ,
w(ξ + cr)

w(ξ)
= e−2λcr.
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STABILITY OF NONMONOTONE TRAVELING WAVES 1069

Then by using the fact (1.11), i.e.,

cλ+ d−Dλ2 − b′(0)e−λcr > 0 for c > c∗ and λ ∈ (λ1, λ2),

we can guarantee that Aη,w(ξ) as defined in (3.3) is always positive, that is,

Aη,w(ξ) = −c
w′(ξ)
w(ξ)

+ 2d− D

2

(w′(ξ)
w(ξ)

)2

− e−λcr|b′(φ(ξ − cr))| − eλcr
w(ξ + cr)

w(ξ)
|b′(φ(ξ))|

≥ 2[cλ+ d−Dλ2 − b′(0)e−λcr]

=: C1 > 0(3.11)

for ξ ∈ R with c > c∗ and λ ∈ (λ1, λ2).
Remark 4. The choice of η and the weight function w(ξ) are also delicate and

important, because with a different setting for η and w(ξ), we may not be able to get
the positivity (3.11) of Aη,w(ξ) for every speed c > c∗. Otherwise, as in [28, 27, 18,
39, 40], we need to restrict the speed to be large, c � c∗. It is worth pointing out
that such a technical selection of η = eλcr was first given by Gourley in [9] on the
linear stability of wavefronts for an age-structured population model.

Lemma 3.3. Let u(t, ξ) ∈ X(−r, T ). Then there exists a constant μ1 > 0 such
that, for 0 < μ < μ1, it holds that

(3.12) ‖u(t)‖2L2
w
+

∫ t

0

e−2μ(t−s)‖u(s)‖2L2
w
ds ≤ Ce−2μt

(
‖u0(0)‖2L2

w
+

∫ 0

−r

‖u0(s)‖2L2
w
ds
)
,

provided Mu(T ) � 1.
Proof. By (3.10), we estimate Bη,μ,w(ξ) as defined in (3.2) as

Bη,μ,w(ξ) = Aη,w(ξ)− 2μ− eλcr(e2μr − 1)|b′(φ(ξ))|w(ξ + cr)

w(ξ)

≥ C1 − 2μ− b′(0)e−λcr(e2μr − 1)

=: C2 > 0(3.13)

by selecting μ to be small enough such that

(3.14) 0 < μ ≤ μ1,

where μ1 > 0 is the unique positive solution of the equation

(3.15) C1 − 2μ1 − b′(0)e−λcr(e2μ1r − 1) = 0.

Applying (3.13) to (3.1), we get

‖u(t)‖2L2
w
+

∫ t

0

e−2μ(t−s)

∫
R

[C2 − CMu(T )]w(ξ)u
2(s, ξ)dξds

≤ Ce−2μt
(
‖u0(0)‖2L2

w
+

∫ 0

−r

‖u0(s)‖2L2
w
ds
)
,

which then implies (3.12) by letting Mu(T ) � 1. Thus, the proof of this lemma is
complete.
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Next we derive the estimates for the higher order derivatives of the solution.
Lemma 3.4. Let u(t, ξ) ∈ X(−r, T ). Then it holds that

‖uξ(t)‖2L2
w
+

∫ t

0

e−2μ(t−s)‖uξ(s)‖2L2
w
ds

≤ Ce−2μt
(
‖u0(0)‖2H1

w
+

∫ 0

−r

‖u0(s)‖2H1
w
ds
)
,(3.16)

provided Mu(T ) � 1.
Proof. Differentiating (2.1) with respect to ξ and multiplying it by e2μtw(ξ)uξ(t, ξ),

then integrating the resultant equation with respect to ξ and t over R× [0, t] and ap-
plying Lemma 3.3, we can similarly prove (3.16). The details are omitted.

Similarly, by taking ∫ t

0

∫
R

∂2
ξ (2.1)× w(ξ)∂2

ξu dξds

and applying Lemmas 3.3 and 3.4, we obtain the energy estimates for uξξ.
Lemma 3.5. Let u(t, ξ) ∈ X(−r, T ). Then it holds that

‖uξξ(t)‖2L2
w
+

∫ t

0

e−2μ(t−s)‖uξξ(s)‖2L2
w
ds

≤ Ce−2μt
(
‖u0(0)‖2H2

w
+

∫ 0

−r

‖u0(s)‖2H2
w
ds
)
,(3.17)

provided Mu(T ) � 1.
Remark 5. In order to establish the energy estimate (3.16), technically we need

a good enough regularity for the solution u(t, ξ). To do this, the usual approach is
via the mollification [22, 25], e.g., let us mollify the initial data such that it can be
in C∞, which then ensures the solution u will have good enough regularity. Thus,
the approach taken in the proof of Lemma 3.4 is applicable. Here, for the sake of
simplicity, we omit the details. Actually, the same mollification procedure is also
needed in the proof of Lemma 3.1, but we ignore it for the same reason.

Combining Lemmas 3.3 and 3.4, we prove the following a priori estimates.
Lemma 3.6. Let u(t, ξ) ∈ X(−r, T ). Then

‖u(t)‖2H2
w
+

∫ t

0

e−2μ(t−s)‖u(s)‖2H2
w
ds

≤ Ce−2μt
(
‖u0(0)‖2H2

w
+

∫ 0

−r

‖u0(s)‖2H2
w
ds
)
,(3.18)

provided Mu(T ) � 1.
Next, we establish the following Sobolev inequality.
Lemma 3.7. Let u ∈ H2

w(R). Then it is equivalent to
√
w u ∈ H2(R) and

(3.19) ‖√w u‖C1 ≤ C‖u‖H2
w

and

(3.20) sup
ξ∈(−∞,x0]

|u(t, ξ)| ≤ Cδ0e
−μt, t > 0.
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STABILITY OF NONMONOTONE TRAVELING WAVES 1071

Proof. Since u ∈ H2
w(R), i.e.,

√
w u ∈ L2(R),

√
w uξ ∈ L2(R), and

√
w uξξ ∈

L2(R), it immediately yields ∂ξ(
√
w u) =

√
w uξ −λ

√
w u ∈ L2(R) and ∂ξξ(

√
w u) =√

w uξξ − 2λ
√
w uξ + λ2

√
w u ∈ L2(R). So, we prove that

√
w u ∈ H2(R). Thus, by

using the Sobolev inequality H2 ↪→ C1, we get ‖√w u‖C1 ≤ C‖u‖H2
w
, which implies,

from (3.18) and the fact w(ξ) = e−2λ(ξ−x0) ≥ 1 for ξ ∈ (−∞, x0], that

sup
ξ∈(−∞,x0]

|u(t, ξ)| ≤ Cδ0e
−μt, t > 0.

This completes the proof.
Next, let us investigate the time-exponential decay of u(t, ξ) at ξ = +∞. Let

u(t, ξ) ∈ X(−r, T ). By the definition of Cunif [0, T ], we have that limξ→+∞ u(t, ξ) ex-
ists uniformly with respect to t ∈ [0, T ], and limξ→+∞ uξ(t, ξ) = limξ→+∞ uξξ(t, ξ) = 0
uniformly with respect to t ∈ [0, T ]. Denote z(t) := u(t,∞) and z0(s) := u0(s,∞) for
s ∈ [−r, 0]. By taking ξ → ∞ to (2.1), we have

(3.21)

{
z′(t) + dz(t)− b′(v+)z(t− r) = Q(z(t− r)),

z(s) = z0(s), s ∈ [−r, 0].

In order to estimate this nonlinear delayed ODE, let us recall the exponential
decay of the solution for the following linear equation in a general form:

(3.22)

{
z′(t) + k1z(t) = k2z(t− r),

z(s) = z0(s), s ∈ [−r, 0],

where k1 and k2 are arbitrarily given constants.
Lemma 3.8 (see [2, 8, 13, 15, 33, 36]).
(i) When 0 < k2 < k1, then, for any time-delay r > 0, it holds that

(3.23) |z(t)| ≤ Me−ε1(k1−k2)t, t > 0,

for some positive constant 0 < ε1 < 1, where M is chosen as

(3.24) M ≥ max
s∈[−r,0]

|z0(s)|.

(ii) When 0 < k1 ≤ k2, then, for any time-delay r > 0, it diverges as

(3.25) |z(t)| = O(1)eνt, t > 0,

where ν > 0 is uniquely determined by

(3.26) ν + k1 = k2e
−νr,

which implies

(3.27) 0 < ν <
1

r
(ln k2 − ln k1).

(iii) When k2 < 0 < k1 and |k2| ≤ k1, then, for any time-delay r > 0, it holds that

(3.28) |z(t)| ≤ Ce−νt, t > 0,

for some ν > 0.
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(iv) When k2 < 0 < k1, |k2| > k1, then it holds that

(3.29) |z(t)| ≤ Ce−νt, t > 0,

for some ν > 0 if and only if 0 < r < r, where

(3.30) r :=
[
π − arctan

(
k−1
1

√
|k2|2 − k21

)]/√
|k2|2 − k21 .

(v) Here, for k2 < 0 < k1, when time-delay r > r, where r > 0 is defined by

(3.31) |k2|rek1r+1 = 1,

then all solutions z(t) of (3.22) are always oscillatory.
The proof is standard. Here, (i)–(iii) are immediately derived from the textbooks

[13, 15, 33], (iv) is originally from the stability analysis for linear delay differential
equations by Boese [2] (see also the summery in the textbook [13]), and the oscillation
part (v) is a simple corollary of [36] (see also the textbook [8]).

Next, let us consider a nonlinear perturbation to the linear delay differential
equation (3.22):

(3.32)

{
z′(t) + k1z(t)− k2z(t− r) = αf(z(t)) + βg(z(t− r)),

z(s) = z0(s), s ∈ [−r, 0],

where k1, k2, α, and β are some arbitrarily given constants, and f(z) and g(z) satisfy

(3.33) |f(z)| ≤ C|z|m and |g(z)| ≤ C|z|n, m > 1, n > 1.

We then obtain nonlinear stability as follows.
Lemma 3.9. Let z(t) be the solution of (3.32). If |k2| ≤ k1 with any time-delay

r > 0, or if |k2| > k1 but with small time-delay 0 < r < r, where r is defined in
(3.30), then it holds that

(3.34) |z(t)| ≤ C‖z0‖L∞(−r,0)e
−νt, t > 0,

for some constant 0 < ν = ν(k1, k2, r) < k1, provided ‖z0‖L∞ � 1.
Proof. Inequality (3.34) can be proved by the iteration technique with the energy

estimates based on Lemma 3.8 and the Banach fixed point theorem. It can be also
proved by the C1-perturbed Grownwall inequality; see the textbook [13]. So, the
details are omitted.

Now we are at the stage to derive the time-exponential decay of u(t, ξ) for ξ = ∞.
Lemma 3.10. If d ≥ |b′(v+)| with arbitrary time-delay r > 0, or if d < |b′(v+)|

but with small time-delay 0 < r < r, where r is defined in (1.14), then

(3.35) |u(t,∞)| ≤ CMu(0)e
−μ2t, t > 0,

for some 0 < μ2 = μ2(p, d, r, b
′(v+)) < d, provided Mu(0) � 1.

Proof. For (3.21), in order to apply the nonlinear Halanay inequality (Lemma 3.9),
we take k1 = d and k2 = b′(v+) < 0 in (3.32). Thanks to Lemma 3.9, either when
d ≥ |b′(v+)| with any time-delay r > 0, or when d < |b′(v+)| with small time-delay
0 < r < r, then

(3.36) |u(t,∞)| = |z(t)| ≤ CMu(0)e
−μ2t, t > 0,
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for some constant 0 < μ2 = μ2(p, d, r, b
′(v+)) < d, provided Mu(0) � 1. The proof is

complete.
Since

lim
ξ→∞

|eμ2tu(t, ξ)− eμ2tu(t,∞)| = 0 uniformly in t ∈ [0, T ],

namely, for any given positive number ε > 0, there exists a number x0 = x0(ε) � 1
but independent of t, such that when ξ ≥ x0,

|eμ2tu(t, ξ)− eμ2tu(t,∞)| < ε,

which implies

|eμ2t|u(t, ξ)| − eμ2t|u(t,∞)|| ≤ |eμ2tu(t, ξ)− eμ2tu(t,∞)| < ε.

Notice that, from (3.35), eμ2t|u(t,∞)| ≤ CMu(0) is uniformly bounded with respect
to t; we then immediately obtain

eμ2t|u(t, ξ)| ≤ CMu(0) + ε for ξ ≥ x0, t ∈ [0, T ].

Now, let us take ε = Mu(0); we immediately prove the following lemma.
Lemma 3.11. If d ≥ |b′(v+)| with arbitrary time-delay r > 0, or if d < |b′(v+)|

but with small time-delay 0 < r < r, where r is defined in (1.14), then there exists
large number x0 � 1 (independent of t) such that

(3.37) sup
ξ∈[x0,∞)

|u(t, ξ)| ≤ CMu(0)e
−μ2t, t > 0.

Proof of Proposition 2.3. Combining (3.37), (3.18), and (3.20), we immediately
prove (2.12), namely,

‖u(t)‖2C + ‖u(t)‖2H2
w
+

∫ t

0

e−2μ(t−s)‖u(s)‖2H2
w
ds

≤ C0e
−2μt

(
max

s∈[−r,0]
‖u0(s)‖2C + ‖u0(0)‖2H2

w
+

∫ 0

−r

‖u0(s)‖2H2
w
ds
)

for some positive constant C0, where μ is taken as 0 < μ ≤ min{μ1, μ2}. The proof
of Proposition 2.3 is complete.

4. Proof of uniqueness of traveling waves. In this section, we prove Corol-
lary 1.3. As a special case, Corollary 1.5 directly follows from Corollary 1.3.

Let φ1(x+ct) and φ2(x+ct) be two different traveling waves with the same speed
c > c∗ and the same exponential decay at −∞:

φ1(ξ) = Ae−λ1|ξ| as ξ → −∞
and

φ2(ξ) = Be−λ1|ξ| as ξ → −∞
for some positive constants A and B, where λ1 = λ1(c) > 0 is defined in (1.10). Let
us shift φ2(x+ ct) to φ2(x+ ct+x2) with some constant shift x2. By taking ξ → −∞,
obviously ξ + x2 < 0. Then

φ2(ξ + x2) = Be−λ1|ξ+x2| = Beλ1(ξ+x2) = Beλ1x2e−λ1|ξ| = Ae−λ1|ξ| as ξ → −∞
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by selecting x2 as

x2 =
1

λ1
ln

A

B
.

Thus, we have

|φ2(ξ + x2)− φ1(ξ)| = O(1)e−α|ξ| for α > λ1 as ξ → −∞.

This implies

φ2(ξ + x2)− φ1(ξ) ∈ C(R) ∩H1
w(R).

Now we take the initial data for (1.1) by

v0(s, x) = φ2(x+ cs+ x0), x ∈ R, s ∈ [−r, 0].

Obviously, with such selected initial data, the corresponding solution to (1.1) is

v(t, x) = φ2(x+ ct+ x2).

Applying the stability theorem, Theorem 1.2, when d ≥ |b′(v+)| with any time-delay
r > 0, or when d < |b′(v+)| but with 0 < r < r, then

lim
t→∞ sup

x∈R
|φ2(x+ ct+ x2)− φ1(x+ ct)| = 0,

namely, φ2(x+ct+x2) = φ1(x+ct) for all x ∈ R as t � 1. This proves the uniqueness
of the traveling waves up to a constant shift.

5. Numerical computations. In this section, we carry out some numerical
simulations in different cases. We take b(v) = pve−av. Without loss of generality, we
may always fix d = 1, D = 1, a = 1, but leave p, r, and the initial data v0(s, x) to be
selectable. The initial data are taken as

(5.1) v0(s, x) =
v+

1 + e−kx
+ 0.1(sinx)e−0.001(x−500)2 , s ∈ [−r, 0],

which implies

|v0(s, x)− v±| = O(1)e−k|x| as x → ±∞,

where k > 0 can be selected in different cases. According to our stability theorem,
Theorem 1.4, when e < p

d ≤ e2, for any time-delay r > 0, the solution v(t, x) is
expected to converge time-asymptotically to a monotone/nonmonotone traveling wave
with c > c∗, where the wave is monotone for small time-delay r < r, but possibly
nonmonotone (oscillating around v+) if r ≥ r, where r > 0 is given in (1.7), i.e.,

d
(
ln

p

d
− 1

)
rerd+1 = 1.

Inspired by Gomez and Trofimchuk’s analysis [7], there exists a certain region D (see
also the summary presented in Theorem 1.1) such that the wavefronts φ(x + ct) are
monotone if and only if the speed c and the time-delay r belong to D; namely, even
though r > r, if c ∈ [c∗, c∗], where c∗ and c∗ are defined in (1.9) and (1.12), the
wavefronts are still monotone, but the wavefronts are oscillatory around v+ if the
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Table 1

Different cases for selection of p, r, and the initial data v0(s, x).

Case p r Zone of p
d

Zone of r k for v0 Behavior of v(t, x)

1 6 0.5 e < p
d
≤ e2 r < r k = 1 monotone wave with

c ≈ 2.1 ∈ [c∗, c∗]

2 6 0.5 e < p
d
≤ e2 r < r k = 0.075 oscillatory wave with

c ≈ 22 � c∗

3 6 10 e < p
d
≤ e2 r � r k = 1 oscillatory wave with

c ≈ 0.35

4 10 0.2 p
d
> e2 r < r k = 1 monotone wave with

c ≈ 3.1

5 10 0.5 p
d
> e2 r < r < r k = 1 oscillatory wave with

c ≈ 2.1

6 10 3 p
d
> e2 r > r k = 1 unknown case in Theo-

rem 1.4

7 10 10 p
d
> e2 r � r k = 1 unknown case in Theo-

rem 1.4

wave speed c is big, c > c∗, or the time-delay is big, r � 1, such that (c, r) �∈ D. Here,
we will numerically test it in three cases (see Cases 1–3 below). On the other hand,
when p

d > e2 and 0 < r < r, where

r :=

(
π − arctan

√
ln

p

d

(
ln

p

d
− 2

) )/(
d

√
ln

p

d

(
ln

p

d
− 2

) )
,

our stability theorem, Theorem 1.4, predicates that the monotone/nonmonotone trav-
eling waves are still exponentially stable. In this case, we will carry out two numerical
experiments to confirm it. One (Case 4) shows that, with 0 < r < r, the solution
v(t, x) converges to a monotone traveling wave, but the other (Case 5) shows the
convergence to an oscillatory traveling wave if r < r < r. Finally, in the last two
cases (Cases 6 and 7), when p

d > e2 with r > r, we numerically show that the solution
will always chaotically oscillate and never behave like an oscillatory traveling wave.
We observe that when the time-delay r is getting bigger, then the amplitudes and
the widths of those chaotic oscillations become larger. Unfortunately we are not clear
about the asymptotic profile of the solution when p

d > e2 and r > r. The study on
this case is quite difficult and remains an open problem. Now we summarize all above-
mentioned cases in Table 1 and discuss each case individually with many numerical
simulations.

The adopted numerical scheme is the unconditionally stable Crank–Nicolsonmeth-
od to a finite computational domain [−L,L]. Here, we take L to be at least 800 so
that the computational domain is sufficiently large to avoid a numerical boundary
effect. The spatial step size is chosen to be Δx = 0.1, and the temporal step size is
Δt = 0.05.

Case 1: e < p
d
≤ e2 with time-delay r > r and c ∈ [c∗, c∗]; the case of

convergence to a monotone traveling wave. In this case, we take p = 6, r = 0.5,
and k = 1 in the initial data v0(s, x) (see (5.1)), which may allow us to expect the
solution to behave like a traveling wave with small wave speed, because, in our expe-
rience, when the initial perturbation decays faster at x = −∞, the solution usually
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(a) (b)
−600 −400 −200 0 200 400 600

0

50
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250

Fig. 2. Case 1: e < p
d

= 6 < e2 with small time-delay r = 0.5 > r = 0.33304 · · · and faster
decaying initial data v0(s, x). The solution v(t, x) behaves like a stable monotone traveling wave
φ(x + ct) with small wave speed c ∈ [c∗, c∗]. (a) Three-dimensional mesh of v(t, x), and (b) the
contour of v(t, x).

(a)
−800 −600 −400 −200 0 200 400 600 800

0

0.5

1

1.5

2

(b)
−800 −600 −400 −200 0 200 400 600 800

0

0.5

1

1.5

2
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(f)
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Fig. 3. Case 1: e < p
d
= 6 < e2 with small time-delay r = 0.5 > r = 0.33304 · · · . From (a) to

(f), the solution v(t, x) plotted at times t = 0, 50, 100, 150, 200, 250, which behaves like a stable
monotone traveling wave (no change of the wave’s shape for the sense of stability) and travels from
right to left.

travels slower. We compute the solution v(t, x) up to time t = 250. The numeri-
cal simulations presented in Figures 2 and 3 confirm that the solution of Nicholson’s
blowflies equations (1.1) and (1.2) converges to a monotone traveling wave.

Figure 2 (a) shows that, after a small initial oscillation, the solution v(t, x) quickly
behaves like a monotone traveling wave which travels from right to left (i.e., the wave
speed c > 0). From the contour map shown in Figure 2 (b), we observe that the
interface region of left and right states, v− and v+, travels from right to left. The
contour lines are straight and the width of interface region at each time appears
constant. Both facts indicate that the solution’s profile remains unchanged for larger
times. The wave speed can be also estimated from the contour line as c ≈ 2.1. Again,
in Figure 2 (a), and particularly in Figure 3, the increasing shape of the solution v(t, x),
at different times t = 50, 100, 150, 200, and 250, is the same and travels from right
to left. These phenomena indicate that the solution v(t, x) of Nicholson’s blowflies
equations (1.1) and (1.2) behaves like a certain monotone traveling wave φ(x + ct)
with c ≈ 2.1; in other words, the solution v(t, x) converges time-asymptotically to
the monotone traveling wave φ(x + ct) with c ≈ 2.1. This also completely matches
what was predicated in [7] for the case of existence of monotone traveling waves.
In fact, it can be verified that p

d satisfies e < ν0 = 2.808 · · · < p
d = 6 < e2 and

r = 0.5 > r = 0.33304 · · · and the critical wave speed (see (1.9)) c∗ = 1.8 · · · , and
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STABILITY OF NONMONOTONE TRAVELING WAVES 1077

c∗ = 2.4 · · · (see (1.12)), and then c ≈ 2.1 ∈ [c∗, c∗] = [1.8 · · · , 2.4 · · · ], the region to
possess the monotone traveling waves.

Case 2: e < p
d
≤ e2 with r > r and c > c∗; the case of convergence to an

oscillatory traveling wave. We take p = 6 and r = 0.5 to be the same as in Case
1, but k = 0.075 in the initial data v0(s, x) (see (5.1)), which may allow us to expect
the solution to behave as a traveling wave with a large wave speed, because the initial
data decays to 0 slowly like e−0.075|x|. We compute the solution v(t, x) for x from
−5000 to 5000 and for t from 0 to 400. Figures 4 and 5 both indicate that the solution
v(t, x) behaves like an oscillatory traveling wave with small amplitude of oscillations.
In order to easily see those oscillations, we enlarge the part of oscillations for the
solution in Figure 5 (b). Notice that the shape of the solution at different large times
stays the same, and the oscillations never disappear. This means that the solution
v(t, x) converges to its corresponding oscillatory traveling wave φ(x+ct). From Figure
4 (b), the contour line estimates the wave speed to be really big like c ≈ 22. This
also completely matches the theoretical prediction in [7], because it is just the case
to possess the nonmonotone traveling waves for e < ν0 = 2.808 · · · < p

d = 6 < e2,
r = 0.5 > r = 0.33304 · · · , and c ≈ 22 � c∗ = 2.4 · · · .

Case 3: e < p
d

≤ e2 with large time-delay r � r; the case of conver-
gence to an oscillatory traveling wave. In this case, we still take p = 6, but
r = 10. The initial data is the same as in Case 1. So, we verify that e < ν0 =
2.808 · · · < p

d = 6 < e2 and r = 10 � r = 0.33304 · · · . The solution is expected to
converge to a certain oscillatory traveling wave. We compute it up to time t = 500.

The numerical simulations in Figures 6 and 7 present the large time behavior of
the solution v(t, x) of Nicholson’s blowflies equations (1.1) and (1.2). It can be easily
observed from Figure 6 (a) and Figure 7 that, after the initial oscillations, the solution
v(t, x) develops gradually with some small oscillations at the interface region of right
state v+, but these oscillations never disappear and keep the same shape. At times
not shown in Figure 7, the shape of solution v(t, x) looks identical, but travels from
right to left.

In Figure 7, since the oscillations of the solution v(t, x) around the interface region
of v+ are slow and the amplitudes of oscillation are small, it is hard for us to see these
oscillatory phenomena. In Figure 8(a) we enlarge these oscillation parts of the solution
v(t, x) for t = 300, 350, 400, 450, and 500. It is also easily seen that the shape of
these oscillations for v(t, x) at different times is the same. Furthermore, we test the
maximum of oscillations for v(t, x):

(5.2) h(t) = max
x∈[−L,L]

v(t, x) − v+.

As shown in Figure 8 (b), we can observe that the maximum amplitude of oscillations
above v+ (i.e., the function of h(t)) looks like a positive constant after a large time.
This means that the oscillations never disappear, and keep the same maximum am-
plitude. From the contour line shown in Figure 6 (b), we can estimate the traveling
speed for the solution v(t, x) as c ≈ 0.35. By solving c∗(r) = c∗(r), we get the unique
intersection point r0 = 0.63178 · · · . Since r = 10 � r0 = 0.63178 · · · is out of the
domain D = [0, r0]× [c∗, c∗] for the existence of monotone traveling waves (see Figure
1), the wavefront is expected to be oscillatory around v+ [7]. In fact, our numerical
results show that the original solution v(t, x) behaves like such a stable oscillatory
traveling wave φ(x + ct) with c ≈ 0.35 after a long time, which also perfectly match
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(a) (b)
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Fig. 4. Case 2: e < p
d

= 6 < e2 with small time-delay r = 0.5 > r = 0.33304 · · · and slowly
decaying initial data v0(s, x). The solution v(t, x) behaves like a stable oscillatory traveling wave
φ(x + ct) with large speed c > c∗. (a) Three-dimensional mesh of v(t, x), and (b) the contour of
v(t, x).

(a)
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(b)
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Fig. 5. Case 2: e < p
d

= 6 < e2 with small time-delay r = 0.5 > r = 0.33304 · · · and
slowly decaying initial data v0(s, x). (a) Two-dimensional solution v(t, x) plotted at times t =
0, 50, 100, 150, 200, 250, 300, 350, 400, which behaves like a stable oscillatory traveling wave (no
change of the wave’s shape for the sense of stability) and travels from right to left. (b) Enlargement
of oscillation parts of v(t, x) around v+ for time t at 100, 200, 300, 400.
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Fig. 6. Case 3: e < p
d
= 6 < e2 with large time-delay r = 10 � r = 0.33304 · · · . The solution

v(t, x) behaves like stable oscillatory traveling wave φ(x+ct). (a) Three-dimensional mesh of v(t, x),
and (b) the contour of v(t, x).
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Fig. 7. Case 3: e < p
d
= 6 < e2 with large time-delay r = 10 � r = 0.33304 · · · . From (a) to

(f), the solution v(t, x) plotted at times t = 0, 300, 235, 400, 450, 500, which behaves like a stable
oscillatory traveling wave (no change of the wave’s shape for the sense of stability) and travels from
right to left.

D
ow

nl
oa

de
d 

11
/2

5/
14

 to
 1

41
.2

17
.5

8.
22

2.
 R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
://

w
w

w
.s

ia
m

.o
rg

/jo
ur

na
ls

/o
js

a.
ph

p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

STABILITY OF NONMONOTONE TRAVELING WAVES 1079

(a)
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Fig. 8. Case 3: e < p
d

= 6 < e2 with large time-delay r = 10 � r = 0.33304 · · · . (a)
Enlargement of oscillations presented in Figure 7 for the solution v(t, x) plotted at times t = 0, 300,
350, 400, 450, and 500 (from right to left), and (b) the graph of h(t) given in (5.2).
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Fig. 9. Case 4: p
d

= 10 > e2 with small time-delay r = 0.2 < r = 0.22546 · · · . (a) Three-
dimensional mesh of v(t, x) for t from 200 to 500, and x from −600 to 1000, and (b) the contour of
v(t, x).

what Gomez and Trofimchuk [7] theoretically analyzed, and demonstrate the stability
of oscillatory traveling wave φ(x + ct) with c ≈ 0.35.

Case 4: p
d
> e2 with small time-delay r < r; the case of convergence to

a monotone traveling wave. Here, we take p = 10, r = 0.2, and v0(s, x) the same
as in Case 1. We can verify that p

d = 10 > e2 and r = 0.2 < r = 0.22546 · · · . Thus,
the solution is expected to behave like a certain monotone traveling wave. In fact,
the numerical simulations shown in Figures 9 and 10 perfectly confirm this theoretical
prediction, and the contour line in Figure 9 (b) estimates the wave speed to be c ≈ 3.1.

Case 5: p
d
> e2 with r < r < r; the case of convergence to an oscillatory

traveling wave. In this case, the parameters are taken as p = 10, r = 0.5, and
v0(s, x) as in Case 1. Thus, p

d = 10 > e2, and r satisfies

(5.3) 0.22546 · · · = r < r = 0.5 < r = 2.93048 · · · .

Figures 11 and 12 show that the solution v(t, x) behaves numerically like a stable
nonmonotone wave traveling from right to left. Since the amplitude of oscillation
around v+ is very small, we enlarge it in Figure 12 (b). Notice that when t =
750, 900, 1050, 1200, 1350, we find that the amplitude of oscillations for the solution
v(t, x) around v+ for the parts v ≥ v+ is really small,

h(t) := max
x∈[−L,L]

v(t, x)− v+ ≈ 0.006,

but almost identical for each time t, and never disappears. This indicates that, after
a long time, the solution v(t, x) stably behaves like an oscillatory traveling wave with
small amplitude of oscillations.
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Fig. 10. Case 4: p
d

= 10 > e2 with small time-delay r = 0.2 < r = 0.22546 · · · . Two-
dimensional solution v(t, x) plotted at times t = 0, 300, 350, 400, 450, 460. The solution behaves
like a stable monotone wavefront traveling from right to left.

Case 6: p
d

> e2 with a big time-delay r = 3 > r; the case of chaotic
oscillations. Let p = 10 and r = 3, and let the initial data v0(s, x) be the same as
in Case 1, such that

p

d
> e2, r = 3 > r = 2.93048 · · · .

However, as shown in Figures 13, 14, and 15, the behavior of solution v(t, x) is oscil-
latory but chaotic. Particularly, from Figures 14 and 15, we see that there is much
disorder oscillation around x = 200, and the intervals of oscillations around the lo-
cation x = 200 expand gradually. Such chaotic oscillations tell us that the solution
doesn’t behave like an oscillatory traveling wave.

Case 7: p
d

> e2 with time-delay r = 10 > r; the case of chaotic
oscillation. This case basically is the same as Case 6 by taking p = 10, v0(s, x) the
same as in Case 6, but r = 10 > r (a bit big), such that

p

d
> e2, r = 10 > r = 2.93048 · · · .

From Figures 16, 17, and 18, we observe that the behavior of solution v(t, x) is very
oscillatory and chaotic. Comparing Cases 7 and 6, we know that the larger the time-
delay, the bigger the oscillation amplitudes, and the wider the oscillation intervals in
x. Obviously, the solution doesn’t behave like an oscillatory traveling wave, and its
asymptotic profile is still a mystery.
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Fig. 11. Case 5: p
d
= 10 > e2 with small time-delay r < r = 0.5 < r. (a) Three-dimensional

mesh of v(t, x) for t from 0 to 1500 and x from −1800 to 1800, and (b) the contour of v(t, x).
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Fig. 12. Case 5: p
d

= 10 > e2 with small time-delay r < r = 0.5 < r. (a) Two-dimensional
solution v(t, x) plotted at times t = 0, 300, 400, 500, 600, 700. The solution behaves like a
stable nonmonotone wavefront traveling from right to left, but the oscillation amplitudes around
v+ are small. (b) Enlargement of the oscillation parts of the solution v(t, x) plotted at times t =
750, 900, 1050, 1200, 1350. Although each amplitude of oscillation at different times for the solution
is really small, they are almost equivalent.
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Fig. 13. Case 6: p
d
= 10 > e2 with big time-delay r = 3 > r. (a). Three-dimensional mesh of

v(t, x) for t from 400 to 500 and x from −400 to 400, and (b) the contour of v(t, x).
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Fig. 14. Case 6: p
d
= 10 > e2 with big time-delay r = 3 > r. Two-dimensional solution v(t, x)

plotted at times t = 200, 210, 220, . . . , 500 (the step is 10). The solution behaves like some chaotic
oscillations.
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Fig. 15. Case 6: p
d

= 10 > e2 with big time-delay r = 3. Two-dimensional solution v(t, x)
plotted at times t = 288.75, 289.5, 2290.25, . . . , 300 (the step is 0.75). The solution behaves like
some chaotic oscillations.

(a) (b)

Fig. 16. Case 7: p
d
= 10 > e2 with big time-delay r = 10 > r. (a) Three-dimensional mesh of

v(t, x), and (b) the contour of v(t, x).

Fig. 17. Case 7: p
d
= 10 > e2 with big time-delay r = 10 > r. Two-dimensional solution v(t, x)

plotted at times t = 750, 770, 790, . . . , 1500 with identical step of 20. The solution behaves like
some chaotic oscillations.
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Fig. 18. Case 7: p
d
= 10 > e2 with big time-delay r = 10 > r. Two-dimensional solution v(t, x)

plotted at times t = 1445, 1448, 1451, . . . , 1560 with identical step of 3. The solution behaves like
some chaotic oscillations.
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