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Article

Investigating the stress distribution
of single walled carbon nanotubes
embedded in polyimide nanocomposites

Shi-Hua Tzeng and Jia-Lin Tsai

Abstract

The stress distribution of CNTs embedded within polyimide matrix subjected to applied loading was investigated using

molecular dynamics simulation. The purpose of evaluating the stress distribution of CNTs is to characterize the loading

transfer efficiency between the nano-reinforcement and surrounding polyimide matrix, which basically is an essential factor

controlling the mechanical properties of nanocomposites. Three different interfacial adhesions between the CNTs and

polyimide molecular were considered, that is, vdW interaction, CNTs with surface modification, and covalent bond. The

stress distribution of the CNTs was calculated by using the Lutsko atomistic stress formulation1,2 and by taking the

derivative of the potential functions as well. Results revealed that when the CNTs surface was modified, the higher

load transfer efficiency from the polyimide to the CNTs was observed resulting in the higher modulus of the nanocompo-

sites. It is noted that, if no surface modification on CNTs, the load transfer efficiency which basically depends on the

intensities of the vdW interaction is relatively low. As a result, the surface modification on CNTs is an effective manner to

improve the load transfer efficiency as well as the modulus of nanocomposite, which should be suggested in the fabrication

of CNTs nanocomposites.

Keywords

nanocomposites, stress distribution, carbon nanotubes, interfacial adhesion

Introduction

Since carbon nanotubes (CNTs) were discovered by
Iijima3 using transmission electron microscopy in 1991;
the remarkable mechanical properties have made the
CNTs become the most attractive reinforcement in poly-
meric composites.4,5 According to the theory of rule of
mixture, the mechanical properties of the nanocompo-
sites can be enhanced properly when stiffer reinforce-
ments are introduced in the matrix. However, some
results6 revealed that the CNTs-reinforced nanocompo-
sites cannot fully produce the impressive mechanical
properties as expected by the rule of mixture. Mokashi
et al.7 further indicated that if the load cannot be effec-
tively transferred from the polymer matrix to the CNTs,
the Young’s modulus and tensile strength of the nano-
composites could be less than that of pure resin.
Apparently, the mechanical performance of the nano-
composites is quite relied on the load-transfer efficiency
from the surrounding matrix to the CNTs, and thus

understanding the stress transfer of the CNT embedded
within the nanocomposites is an essential subject in the
nanocomposites.

In conventional composites, the load transfer effi-
ciency as well as the interfacial shear strength (ISS)
between the fiber and composites is determined based
on fragmentation tests8–10 and fiber pull-out tests.10–12

Nevertheless, for the nanocomposites, due to the nano/
submicron scale of the reinforcement, it is difficult to
measure the ISS empirically.13,14 Instead, the numerical
approach based on the concept of fiber pull-out test was
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employed extensively to predict the ISS of nanocompo-
sites.15–19 Gou et al.15 examined the ISS of CNTs/epoxy
nanocomposites using molecular dynamics (MD) simu-
lation revealing the ISS is around 75MPa. Lordi and
Yao16 studied the binding energy and sliding frictional
stresses between CNTs and variousmatrix polymers indi-
cating that the polymers with hydroxy and phenyl side-
groups can exhibit strong interfacial adhesion. In addi-
tion, it was found that the helical polymer conformation
is an essential factor to enhance the ISS. Frankland
et al.17 depicted that with relatively low density of chem-
ical bonds in the interface, there is an order of magnitude
improvement in the shear strength of CNT/polymer
interface and the corresponding critical length required
for load transfer would be decreasing. The same tendency
that the chemical bonding can increase the interfacial
shear strength of nanocomposites was also observed by
Chowdhury and Okabe.18 Zheng et al.19 examined the
influences of sidewall modification of the CNTs with
various functional groups on the interfacial bonding.
Results showed that with low densities of functionalized
carbon atoms, the interfacial bonding strength between
the CNTs and polymer matrix can be drastically
increased. Based on the continuum mechanics approach,
Li and Chou20 compared the load transfer in CNTs-
reinforced nanocomposites with van der Waals (vdW)
interactions and prefect bonding. It was indicated that
for the nanocomposites with perfect interface, the
CNTs sustain higher shear stress and normal stress than
those with only vdW interaction.

In light of the forgoing investigations, it is suggested
when a covalent bond between the CNTs and surround-
ing polymer is established, the ISS can be dramatically
modified. Because most results were derived based on the
fiber pullout simulation, only was the ISS between
the CNTs and polymer presented. There is no construc-
tive correlation between the ISS and the mechanical
properties of the nanocomposites established. In fact,
the mechanical behaviors of the nanocomposites, such
as the tensile Young’s modulus, are mainly dependent
on the load-transfer efficiency from the surrounding
matrix to the nano-reinforcement. In other words, the
amount of stress carried by the CNTs would influence
the mechanical responses of the nanocomposites. If
the loading applied on the nanocomposites can be effec-
tively transferred into the CNTs, the efficiency of the rein-
forcement embedded in the nanocomposites would be
radically improved. There are many factors influencing
the load transfer efficiency, such as the non-bonded atom-
istic interaction, surface modification of CNTs, and
covalently chemical bonding between the CNTs and
matrix. The main objective of this study is to characterize
the load transfer efficiency of the CNTs within the nano-
composites subjected to axial loading. The effects of
the atomistic interactions between the CNTs and the

surrounding polyimide on the load transfer efficiency of
CNTs would be systematically explored. Furthermore,
the correlations between the tensile moduli of nanocom-
posites and the load transfer efficiency in terms of differ-
ent interfacial adhesions were also discussed.

Construction of CNTS/polyimide
nanocomposite model

In order to investigate the stress distribution of CNTs, the
molecular structure of nanocomposites consisting of
CNTs and polyimide polymer was constructed as
shown in Figure 1. The (10, 0) zig-zag CNTs with diam-
eter of 7.83 Å and length of 42.6 Å were considered a
reinforcement embedded in the polyimide nanocompo-
sites, while the polyimide containing 32 molecular
chains was regarded as the polymer matrix. It is noted
that each polyimide chain was generated by 10 monomer
units. Figure 2 illustrates the polyimide monomer unit.
To understand the influences of atomistic interactions on
the load transfer efficiency as well as the modulus of the
nanocomposites, three different interfacial adhesions
between the CNTs and polyimide polymer were taken
into account, that is, non-bonded vdW interaction,
CNTs with surface modification, and covalent bond. It
is noted that the vdW interaction was always taking place
between the CNTs and polyimide polymer, evenwhen the
CNTs with surface modification and the covalent bond
were considered in the simulation. For the CNTs surface
modification, there are eight polyethylene polymer chains

Figure 1. Molecular structure of carbon nanotubes (CNTs)/

polyimide nanocomposites.

Figure 2. Schematic of polyimide monomer unit.
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(C5H11) adhered axial-symmetrically on the CNTs’ sur-
face as shown in Figure 3. The reason for such arrange-
ment of the polyethylene chains is to easily explore the
influence of surface modification on the stress distribu-
tion of the CNTs. With regard to the covalently bonded
interaction, the polyethylene chains originally adhered on
the CNTs’ surface were further bonded to the polyimide
molecular chains. The connection was accomplished by
establishing the covalent bonds between the carbon
atoms at the ends of polyethylene chains and the
carbon atoms in the polyimide chains. As a result, the
interatomistic relation between the CNTs and the sur-
round polyimide matrix is not only vdW force but also
the covalently bonded interaction.

Potential function

In theMD simulation, two kinds of interactions generally
have been accounted for in modeling the interatomistic

behaviors of the atoms,21–22 that is, one is the bonded
interaction, such as the covalent bonding, and the other
is the non-bonded interaction, that is, vdW forces. The
bonded interaction can be described using the potential
energy that23 consists of bond stretching, bond angle
bending, torsion, and inversion as shown in Figure 4,
and the explicit form of which is expressed as:

Ubond ¼
X

Ur þ
X

U� þ
X

U� þ
X

U! ð1Þ

where Ur is a bond stretching potential; Uy is a bond
angle bending potential; Uf is a dihedral angle torsional
potential; and Uo is an inversion potential. For the
CNTs, the detail expression of the bonded potentials
can be found elsewhere,24 while the non-bonded atomistic
interaction between the carbon atoms was modeled using
the Lennard-Jones (L-J) potential as:

UvdW ¼ 4u
r0
rij

� �12

�
r0
rij

� �6
" #

ð2Þ

where rij is the distance between the non-bonded pair of
atoms. For the hexagonal graphite, the parameters
u¼ 0.0556 kcal/mole and r0¼ 3.40 Å suggested in the
literature25 were adopted in the modeling. Moreover,
the cutoff distance for the vdW force was assigned to
be 10 Å, which means that beyond this distance, there
are no vdW interactions taking place.

For the polyimide polymer, the bond and non-bonded
interactions among the molecular chains were modeled
based on the Dreiding force field.26 It is noted that in the
Dreiding force field, the non-bonded interaction was also
depicted by the L-J potential, the parameters of which
between two different kinds of atoms were derived from
the Lorentz Berthelot combining rule.27 Moreover, the

Figure 3. Carbon nanotubes (CNTs) with surface modification

of polyethylene chains.
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Figure 4. A schematic representation of the bonded potentials ((a) bond stretch, (b) valence angle potential, (c) dihedral potential, and

(d) inversion potential).
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atomistic interactions between CNTs and polyimide
polymers were described using the L-J potential. In
order to investigate the influence of vdW intensity on
the load transfer efficiency, four different degrees of
vdW interactions, that is, 0.01, 0.1, 1, and 5 times,
between the CNTs and surrounding polyimide polymer
were considered in the study. It should be noted that the
resultant vdW force associated with 1 time of vdW inter-
actions between the CNTs and polymer is around
0.88nN in our simulation.

Molecular dynamic simulation of CNTs/
polyimide nanocomposites

The equilibrated molecular structure of CNTs/polyimide
nanocomposites with minimized energy was accom-
plished by sequentially performing the NVT and NPT
ensembles in the MD simulation with time increment of
1 femtosecond (fs). It is noted that NVT ensemble stands
for the number of atoms (N), volume (V), and tempera-
ture (T) being fixed during the simulation, and NPT
ensemble represents that the number of atoms (N), pres-
sure (P), and temperature (T) remain constant during the
simulation. The purpose of the NVT ensemble conducted
at 1000K for 400 picosecond (ps) was to supply enough
kinetic energy on the polyimide molecular so that homo-
geneous molecular structure within the simulation box
can be achieved. In the NVT ensemble, the carbon
atoms on CNTs were fixed at their original position
throughout the whole simulation.28 Subsequently, the
NPT process was designated to 0 atm such that the

simulation box with stress-free boundary condition can
be achieved. Three sub-steps were introduced in the NPT
process for the temperature reduction from 1000 to 0K.
In the first and second steps, the temperature was desig-
nated at 600K and 300K, respectively, and the simula-
tion time in each step was 200 ps with time increment of
1 fs. In the third step, the modified NPT ensemble29 with
the characteristics of varying simulation box in shape and
size was employed to obtain the molecular structures of
nanocomposites with stress-free condition. It is noted
that, during the modified NPT ensemble, the frozen
atoms of CNTs in the nanocomposites were released
and the corresponding temperature is allocated at 0K.
Subsequently, the uniaxial loading (0.01GPa) was
applied on the boundary of the simulation box in Z direc-
tion as shown in Figure 5. The corresponding equili-
brated molecular structure subjected to uniaxial
loading was obtained after the modified NPT ensemble
was performed in the MD simulation with the time
increment of 1 fs for 200ps. In this study, the MD
simulations were conducted using a DL-POLY pack-
age30 which is existing software. However, for the sim-
ulation of the modified NPT ensemble as well as the
calculation of the stress distribution on CNTs based on
Lutsko stress formulation, we have to develop our own
home-made subroutine.

Density distribution

The density distribution of polyimide polymer near the
CNTs was first examined based on the atomistic
morphology of the nanocomposites derived from the
MD simulation. Figure 6 illustrates the cross-section
of CNTs/polyimide nanocomposites, and the density
distribution of polyimide along the radial direction
was evaluated as:

�ðrÞ ¼
gr
Vr

ð3Þ

whereVr ¼ �ððrþ drÞ2 � r2ÞL0 indicates the volume of a
cylindrical shell near the CNTs with length equal to L0,
and gr denotes the total atom mass within Vr. Figure 7
shows the density distribution of polyimide polymer in
the radial direction in terms of different degrees of vdW
interactions. It is observed that the polymer density is
relatively high near the CNTs, and then declines to a
typical value of 1.31 g/cc31 as the location is little far
away from the CNTs. Furthermore, when the intensity
of vdW interaction is stronger, the polymer around the
CNTs is denser. Apparently, the density distribution of
the polyimide is noticeably influenced by the presence of
the CNTs and the high-density polyimide near the CNTs
may play an essential role in the load transfer efficiency
of nanocomposites.

Figure 5. Carbon nanotubes (CNTs)/polyimide nanocompo-

sites subjected to uniaxial loading.
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Stress calculation

Definition of atomic stress

In order to understand the load transfer in the nanocom-
posites, the stress distribution on the CNTs has to be
appropriately evaluated. In this study, the Lutsko
stress formulation1,2

�Lutsko¼�
1

VLutsko

XN
a¼1

mava�vaþ
1

2

XN
a¼1

XN
b6¼a

rab�Fablab

( )

ð4Þ

was employed to calculate the stress distribution on
CNTs. In Equation (4), ma and va represent the mass
and velocity of atom a, respectively. � represents the

tensor product of two vectors. rab ¼ ra � rb where ra

and rb denote the positions of atom a and b,
respectively. Fab is the interatomic force between
atoms a and b. VLutsko denotes the average volume and
lab indicates the fraction of the length of the a� b bond
lying inside the average volume. In general, Lutsko
stress formulation provides the averaged value of the
stress within the selected volume. In this analysis, a
hollow cylinder with length of 10 Å and thickness of
3.4 Å as shown in Figure 8 was adopted as VLutsko to
calculate the Lutsko stress along the CNTs

Validation of Lutsko stress formulation

The applicability of the Lutsko stress formulation to
evaluate the stress distribution of CNTs was validated
at first. A (10, 0) CNTs (with diameter of 7.83 Å and
length of 42.6 Å) subjected to an axial deformation was
employed for the demonstration. By applying a small

Figure 8. Schematic of Lutsko volume (LLtusko¼ 10 Å, t¼ 3.4 Å).

Figure 6. Selection of a cylindrical volume element for calcu-

lating polyimide density distribution.
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axial displacement (0.0426 Å) at one end of the CNTs as
shown in Figure 9, the deformed configuration of the
CNTs was obtained directly from the energy minimiza-
tion process. Due to the axial deformation, the corre-
sponding normal stress generated on the CNTs should
be evaluated properly through the Lutsko stress formu-
lation, if it is applicable. In addition to the Lutsko stress
formulation, the stress distribution of CNTs can also be

calculated from the atomistic interactions between the
carbon atoms associated with the bonded and non-
bonded potentials. An imaginary plane crossing the
cross section of CNTs was assumed and the possible
atomistic interactions passing through the imaginary
plane were then calculated in terms of the potential func-
tions. It is noted that the simulation was conducted at
0K, the kinetic energy was disregarded and only the
potential energy was considered in the stress calculation.
Figure 10 illustrates the imaginary plane on the CNTs. By
taking the derivative of the potential function, the forces
Fint infiltrating the imaginary plane was obtained, and
then the axial stress along the CNTs was calculated as:

�int ¼
Fint

A
ð5Þ

where A is the cylindrical cross section of CNTs. The
stress distributions of CNTs calculated based on the
Lutsko stress formulation and the potential function
were compared in Figure 11. It can be seen that the
stress calculated based on the derivative of the potential
function are quite uniform along the CNTs and the
corresponding value is equal to the applied loading.
However, for the Lutsko stress, although the value is
remaining constant in the middle portion of CNTs, it
begins to drop near the ends of the CNTs. This decreasing
behavior is due to the fact that at the ends of CNTs, only
part of atomistic interactions was included in the aver-
age volume VLutsko for the stress calculation. The Lutsko
formulation basically is derived from the statistic
mechanics considering the average stress within the
volume VLutsko. However, the ‘potential function’ is a
straightforward approach that considers the derivative
of potential function as the forces Fint interacting on the
atoms. Although the originality of the two methods is
different, the calculated stresses should be close to each
other as shown in Figure 11. In light of the forgoing dis-
cussion, it seems that both Lutsko stress formulation and
the stress field based on the derivative of potential func-
tions are capable of exhibiting the stress distribution of
deformed CNTs. Thus, both approaches were employed
to calculate the stress distribution of the CNTs embedded
in the nanocomposites when the nanocomposites are sub-
jected to the axial loading.

Stress distribution on CNTS in the
nanocomposites

When the uniaxial loading (0.01GPa) was applied on the
boundary of the CNTs/polyimide nanocomposites as
shown in Figure 5, the equilibrated molecular structure
of nanocomposites was achieved by conducting the
modified NPT ensemble29 with time increment of 1 fs
for 200 ps. In order to explore the influences of

Figure 9. Axial deformation of carbon nanotubes (CNTs).

Figure 10. Imaginary plane assumed on the carbon nanotubes

(CNTs).
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interfacial adhesions on the load transfer efficiency as
well as the mechanical properties of nanocomposites,
the stress distribution of the CNTs was calculated
using the Lutsko stress formulation and the potential
function. Figure 12 indicates the load transfer from the
surrounding matrix to the CNTs associated with differ-
ent degrees of vdW interactions. Apparently, when the
vdW interaction is getting strong, the corresponding
stress field on the CNTs is high accordingly, which
imply that the load transfer from the polyimide to the
CNTs is more efficient. In addition, it is observed that
the axial stress is distributed almost uniformly along the
CNTs. This phenomenon suggests that the load is trans-
ferred to the CNTs mostly through the CNTs both ends

rather than by means of the CNTs wall surface. It is
noted that the stress distribution of CNTs calculated
from the current molecular model is different from
that obtained from Cox model,32 although both set up
are the same. In Coxmodel, the CNTs are assumed to be
perfectly bonded to linear elastic matrix and the stress
can be transferred to the CNTsmainly by the shear force
acting on the wall surface. Therefore, the stress in the
CNTs would increase from both ends and then reach a
peak value in the middle section. On the contrary, in the
molecular model, because the wall of CNTs is quite
smooth and the vdW interaction through the wall
surface is not effective, the load transfer may not be as
efficient as that predicted in Cox model. The moduli of
the CNTs nanocomposites associated with different
intensities of vdW are summarized in Table 1. It can
be seen that the moduli of the nanocomposites are also
improved by the increase of vdW interactions. It is noted
that since the stress fields shown in Figure 12 were
calculated based on Lutsko stress formulation, there is
a perceptible stress drop near the ends of the CNTs. On
the other hand, when we evaluated the stress distribu-
tions using the potential function approach, it can be
seen in Figure 13 that there is no significant stress drop
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Table 1. Comparison of longitudinal moduli of carbon nano-

tubes (CNTs)/polyimide nanocomposites with different degrees

of van der Waals (vdW) interactions

Degrees of vdW interaction Longitudinal modulus (GPa)

0.01 vdW 4.19

0.1 vdW 4.21

1 vdW 4.3

5 vdW 4.9
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near the ends. The almost uniform stress distribution
again validated the fact that the load was transferred
into the CNTs mostly through the CNTs ends. In addi-
tion to the vdW interactions, the influences of the surface
modification and the covalent bond on the mechanical
responses of nanocomposites were also examined.
Figure 14 demonstrates the stress distribution of CNTs
associated with three different interfacial adhesions. It is
noted that the stress curves shown in Figure 14 were
calculated based on the Lutsko stress formulation. The
corresponding moduli of the nanocomposites are also
presented in Table 2. It is illustrated that the CNTs
with surface modification exhibit both higher load trans-
fer efficiency and higher moduli of nanocomposites as
compared to the other two cases. This improvement
could be due to the entangle effect between the polyeth-
ylene surfactant and the polyimide matrix. When the
nanocomposites are subjected to loading, because of
the mismatch of the constituent materials, there is a
relative deformation taking place in the interface. If
the interfacial bonding is weak, the relative displacement
is large and the load transfer efficiency is relatively less.

On the contrary, if the interfacial bonding becomes
strong, the relative displacement would be less and the
load transfer efficiency would be increased. The purpose
of the polyethylene surfactant is to improve ‘friction’
between the CNTs and polyimide matrix, and mean-
while to lessen the relative displacement so that
the load can be effectively transferred into the CNTs.
The effect of the polyethylene surfactant can be clearly
demonstrated from Figure 15 in which the stress curves
were calculated based on the potential approach. It can
be seen that around the positions where the surfactants
were attached on CNTs (indicated by the dash line), the
axial stresses rise dramatically. This phenomenon
reveals that the loads can be efficiently transferred into
the CNTs through the CNTs surfactant. In addition, it
was found that the covalent bonding provides almost the
same enhancement as the surface modification. In other
words, the function of covalent bond is not completely
exhibited in the current simulation. There are several
factors causing the results, that is, the size of the simu-
lation box, the connection of the covalent bond, and the
selection of surfactant. The details regarding the influ-
ence of the covalent bonding on the mechanical
responses of nanocomposites will be explored in the
near future.

Conclusions

The load transfer efficiency of CNTs/polyimide nano-
composites in terms of different interfacial adhesions
was investigated by accounting for the atomistic interac-
tions between the CNTs and the polymeric matrix, which
was rarely explored in literature. The stress distribution of
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Table 2. Comparison of longitudinal moduli of carbon nano-

tubes (CNTs)/polyimide nanocomposites with different interfacial

adhesions

Interfacial adhesions Longitudinal modulus (GPa)

van der Waals (vdW) interaction 4.3

Surface modification 4.52

Covalent bond 4.41
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the CNTs embedded in polyimide nanocomposites was
calculated through Lutsko stress formulation and the
derivative of the potential function, from which the
load transfer efficiency was characterized. It was found
that taking the derivative of the potential function is an
appropriate manner to calculate the ‘local’ stress distri-
bution of CNTs, since it can prevent the perceptible stress
drop near the ends of CNTs. Moreover, it is revealed
when the CNTs surfaces were modified, the load transfer
efficiency of nanocomposites could be appreciably
enhanced by the surfactants. As a result, the surface
modification needs to be employed in the fabrication
process of CNTs to effectively improve the mechanical
properties of nanocomposites. In addition, the load trans-
fer efficiency as well as the moduli of the nanocomposites
could also be modified by adjusting the intensities of the
vdW interactions. However, the vdW force was trans-
ferred into the CNTs mostly through the CNTs ends
rather than by CNTs wall surface, which is unusual in
the conventional fiber composites. With regard to the
formation of covalent bond, due to the limited size of
the molecular structures, the effect is almost the same as
that of the surface modification. A further study is
required to understand the influence of the covalent
bonds on the mechanical properties of nanocomposites.

This research received no specific grant from any
funding agency in the public, commercial, or not-for-
profit sectors.
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