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a b s t r a c t

For a single finite-capacity machine that can process several product types of jobs, uncertainties in job
arrival time and product type can make the calculation of required setup time and the setting of output
target very complicated. Setup activities may cause wastage in machine capacity and extend job lead
time. In such circumstances, the family-based scheduling rule (FSR) can be used to reduce setup fre-
quency and amount of setup time. To efficiently evaluate the effects on capacity-saving, both expected
setup time and service time are estimated by the FSR analytic models. The effect of FSR in reducing setup
time and capacity loss is explored further by comparing the results with FIFO rule. Finally, the perfor-
mances of the developed analytic models for estimating setups and setup time are evaluated in the exper-
imental design, and a simulation model is built for accuracy comparisons with the analytic models.

� 2011 Elsevier Ltd. All rights reserved.
1. Introduction

For a single finite-capacity machine that can process several
product types of jobs, the setup is a necessary process change to
adjust current machine settings in order to complete a particular
product type of job. It was reported that 20% or even as much as
50% loss of available capacity may arise from setup activities (Liu
& Chang, 2000; Trovinger & Bohn, 2005). Market demand, uncer-
tainties in job arrival time and types of product, make the estima-
tion of required setup time—especially sequence-dependent setup
time—very complicated. Moreover, due to the possible heavy loss
of capacity and the difficulty in calculating required setup time,
the setting of output targets may have significant errors compared
with actual levels. This gap cannot be disregarded. At least three
additional factors affect the magnitude of required sequence-
dependent setup time: (1) the total arrival rate of all types of
incoming jobs, (2) the mix of the arriving rates of various types
of jobs, and (3) the dispatching rule applied to select the next job
for processing by the machine. If a lengthy setup is required in
product type change and peak demand is encountered, then the
setup activities may cause wastage in machine capacity apart from
extending the job lead time. In such circumstances, the family-
based scheduling rule (FSR), which consecutively handles some
jobs belonging to the same product family, and which require
the same machine setting, can be used to reduce setup frequency
ll rights reserved.
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and amount of setup time. Hence, developing an analytic model
capable of estimating expected setup time under FSR can contrib-
ute to an intensive analysis on the exact effects of FSR for the
reduction of setup time.

Missbauer (1997) proved that setup time could be saved using
FSR for the single-machine system. Jensen, Malhotra, and Phili-
poom (1998) considered the case of the semiconductor testing
facility with parallel machines and dynamic job arrival; FSR has
been credited for the reduction of setup time in batch production
industries. Chern and Liu (2003) proposed FSR to dispatch wafer
lots in the photolithography stage of the wafer fabrication system.
Kannan and Lyman (1994) examined the combined effect of lot
splitting and family-based scheduling in a manufacturing cell by
simulation and showed that FSR can reduce the negative impact
on flow time by lot splitting. Nomden, Van Der Zee, and Slomp
(2008) extended the existing rules for family-based scheduling
by including data on upcoming job arrivals and showed that flow
time performance can be improved significantly. Therefore, FSR
not only has an effect on savings of setups of the machine, it also
indirectly causes reduction in job flow time. In the foregoing inves-
tigations, except for Missbauer (1997) and Chern and Liu (2003),
the simulation approach is applied to evaluate the effect of FSR
on the reduction of setups and flow time. Numerous computer runs
are needed to produce reliable results; however, this method is
both time-consuming and costly. Thus, the primary focus of this
paper is the conduct of an analytic methodology.

Studies on estimations on setup numbers have attracted the
attention of some researchers. Vieira, Herrmann, and Lin (2000a,
2000b) developed an analytic model for both single and parallel
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machines to estimate the setup frequency (the average number of
setups executed per time unit) under FSR. Under this context, jobs
of different product types arrive dynamically; the number of jobs
arrivals is a Poisson distribution. However, the authors did not con-
sider the possible differences in the arriving rates of various job
types; instead, they simplified the setup probability by categoriz-
ing all types of arriving jobs as a constant. Rossetti and Stanford
(2003) considered the aforementioned problem on the single ma-
chine and presented a case study that examines the use of a heu-
ristic to estimate the expected number of setups. In calculating
setup time, both the number and type of setup should be consid-
ered. Two types of setup exists: (1) sequence-independent and
(2) sequence-dependent. The second type is a generality of the first
and is the one considered in this paper. For the first type, the total
expected setup time is easily calculated by the product of total ex-
pected number of setups and unit setup time. Meanwhile, for the
second type, setup time depends on the product type of any two
consecutive jobs on machine. Studies on the estimation of se-
quence-dependent setup time, however, are quiet limited. Miss-
bauer (1997) developed the analytic model to estimate the
sequence-dependent setup time of single-machine systems under
the first-in first-out (FIFO) rule and FSR. Jobs of different product
types arrive dynamically with Poisson distribution, and the same
setup time for each product type is assumed to simplify the model.
Chern and Liu (2003) extended the result of Missbauer (1997) to
the parallel machine problem having multiple re-entrances.
Bagherpour, Noghondarian, and Noori (2007) estimated the se-
quence-dependent setup time for the single machine using the fuz-
zy approach. However, their fuzzy estimation was significantly
lower compared with that of simulated results. Estimation error
of the fuzzy setup time cannot be controlled in an acceptable
range.

In this paper, FSR analytic models are developed to estimate the
number of setups and the setup time for the single-machine prob-
lem in order to evaluate the effect of capacity-saving with the
adoption of FSR. The inter-arrival time of jobs, assumed as distrib-
uted independently and exponentially, is considered to reflect the
uncertainty in market demand. Due to the difficulty in directly
solving analytical solutions for the expected setup time and service
time, a numerical analysis is used. A numerical analysis, a function
of work-in-process (WIP), has been studied by Missbauer (1997).
In this paper, the numerical solutions of the expected setup time
and service time are solved, and the amount of capacity wastage
due to changes in the machine setting across several product types
are evaluated. Developed models, such as those by Yang, Chung,
and Kao (2009), are adopted to estimate the expected setup time
under FIFO, and consequently, for comparison with those under
FSR. After replacing FIFO with FSR, the effect of the latter on reduc-
ing setup time and capacity loss is explored further. To evaluate
the accuracy of the analytic models for estimating the number of
setups and setup time, a simulation model is built to compare
the results with those calculated by analytic models. This paper
is organized as follows. Section 2 develops the analytic models to
calculate the expected values of the number of setups, setup time,
and service time under FSR. Section 3 shows the FSR effects on the
reduction of setup time and capacity wastage as compared with
FIFO, and then investigates savings in machine utilization rate
upon application of FSR into job dispatches as a result of setup time
reduction. Section 4 presents the performance analysis for the pro-
posed FSR analytic models. Section 5 gives the conclusions.
2. Development of FSR analytic models

FSR implies following the criterion for selecting jobs that are of
the same product type and need the same machine setting, hence
those that are processed consecutively. Queued jobs with the same
product type as the previous job on the machine indicates higher
priority for processing (Missbauer, 1997). In this section, the num-
ber of setups, setup time, and service time are estimated for a sin-
gle machine with inter-arrival time for each job type that is
distributed independently and exponentially.

We assume that the number of setups and setup time spent on
changing machine settings are observed for a period of time RT,
where RT is a positive integer. Beginning time is labeled 0. We
then assume that the number of arriving jobs of product type j
follows the Poisson distribution with arrival rate kj. Inter-arrival
time Tj for the arriving jobs of product type j is an exponential
distribution with parameter kj. Arrival time Tij of the ith arriving
job of product type j is the gamma distribution with parameters
i and kj. Thus, the probability for ith job of product type j arrives
at the system at the time interval (0,RT] can be shown as Eq. (1),
where i = 1,2, . . . ,nj, j = 1,2, . . . , J, nj = kjRT, and J is the number of
product types.

Pr½Tij 6 RT� ¼
Z RT

0

ðkjÞi

CðiÞ ðtijÞi�1e�kj tij dtij: ð1Þ

The probability of ith job of product type j arriving at the system but
out of time interval (0,RT] is denoted by Pr[Tij > RT] =
1 � Pr[Tij 5 RT].

2.1. Probability of requiring setups

When a job of specific product type arrives at the system, it may
enter the queue of the batch (i.e., by product type) and wait for
processing on machine, as required by FSR. FSR consists of two
parts: (1) the assignment of a newly arrived job to a specific batch
on queue based on the type of product family, which cannot be dis-
patched immediately on the machine, and (2) the dispatching of a
next candidate job from several batches on queue that should be
processed by the busy machine.

The operation executed by FSR is illustrated in Fig. 1. When a
job of a specific product type arrives at the system, if the machine
is idle, FSR immediately dispatches this newly arrived job on ma-
chine. However, if the machine is busy and there is at least one
job on queue or on machine, by carrying the same type as the
new arrived job, FSR moves the arrived job to the batch with the
same product type. If the machine is busy but there are no jobs
(i.e., either on queue or on machine), by carrying the same type
as the newly arrived job, FSR by itself transforms the arrived job
into a new batch. When an arrived job is moved into an existing
batch, jobs are sorted according to job arrival time in increasing or-
der. Once the busy machine has completed one job on a specific
batch, then the job with the first order in the same batch is pro-
cessed. After all jobs in this batch are completed, another batch
designated as having the earliest arrival time of the first job among
all jobs on queue is picked. Then, the first job is dispatched on ma-
chine. If FSR cannot find another batch on queue for machine pro-
cessing, implying that no jobs are waiting on queue, then the
machine becomes idle.

Note that before starting the processing of a new job, a setup is
required if the type of job is different from the last completed job
on machine. Similarly, when a job of specific product type arrives
at the system at a time when the machine is busy, a setup is re-
quired if there is an additional new batch generated. For this pur-
pose, let Ps,ij,FSR be the probability of requiring a setup under FSR,
given that ith job of product type j arrives at the system at time
interval (0,RT]. The probability Ps,ij,FSR is given by Eq. (2), where
Ps,j,FSR is the probability of requiring a setup under FSR, given that
product type j job arrives at the system at time interval (0,RT].

Ps;ij;FSR ¼ Pr½Tij 6 RT� � Ps;j;FSR: ð2Þ
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Fig. 1. Flow chart of family-based scheduling rule.
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The probability Ps,j,FSR should consider the number of jobs queued in
the system. This includes two cases: (1) no jobs and (2) n (n = 1)
jobs. Thus, Ps,j,FSR is defined by Eq. (3).

Ps;j;FSR ¼ p0;FSRPn¼0
setups;FSR þ

X1
n¼1

pn;FSRPnP1
setups;FSR: ð3Þ

In Eq. (3), p0,FSR and pn,FSR are the probabilities under FSR under con-
ditions that there are no jobs and there are n (n = 1) jobs in the sys-
tem, and Pn¼0

setups;FSR and PnP1
setups;FSR are the probabilities of requiring a

setup under FSR for a job of type j arriving at a time when there
are no jobs and there are n (n = 1) jobs in the system.

The probability Ps,j,FSR is presented as follows: For the first con-
dition, the ith job of type j arrives at time interval (0,RT] and there
are no jobs in the system. A setup is necessary if this arrived job is
different from the job previously completed by the current idle
machine. Therefore, Pn¼0

setups;FSR can be expressed as (1 � kj/k), which
indicates the probability that the previously completed job on
the current idle machine is different from type j. For the second
condition, the ith job of type j arrives at time interval (0,RT] and
there are n (n = 1) jobs in the system. A setup is necessary if there
are no jobs in the system belonging to type j. Therefore, PnP1

setups;FSR is
equal to (1 � kj/k)n.

By referring to Eqs. (2) and (3), the probability of requiring a set-
up for ith job of product type j under FSR (Ps,ij,FSR) is rewritten as Eq.
(4). Note that Pns,ij,FSR is the probability of a setup that is not re-
quired by ith job of product type j under FSR, which is given as
(1 � Ps,ij,FSR).

Ps;ij;FSR ¼ Pr½Tij 6 RT� p0;FSR 1� kj

k

� �
þ
X1
n¼1

pn;FSR 1� kj

k

� �n
" #

: ð4Þ

To simplify the calculation of Ps,ij,FSR, the probabilities (p0,FSR and
pn,FSR) need to be defined. If p0,FSR and pn,FSR are approximated by
the M/G/1 formula, then p0,FSR and pn,FSR are approximately set to
(1 � qFSR) and (1 � qFSR)(qFSR)n, respectively, as executed in Miss-
bauer (1997) & Chern & Liu (2003). Subsequently, Ps,ij,FSR can be
reformulated as Eq. (5), where qFSR is the machine utilization rate
under FSR for the single machine. It is equal to kE[STFSR], where k
is the total arrival rate and E[STFSR] is the expected service time of
jobs under FSR.

Ps;ij;FSR ¼ Pr½Tij 6 RT� 1� kj

k

� �
1� qFSR 1� 1þ qFSR

1� qFSR

kj

k

� ��1
" #( )

:

ð5Þ
2.2. Expected number of setups

Ps,ij,FSR represents the probability of requiring ‘‘one’’ setup under
FSR and given by ith new job of type j; (1 � Ps,ij,FSR) represents the
probability of requiring ‘‘no’’ setup under FSR and given by ith new
job of type j. The expected number of setups under FSR for the ith
arrived job of product type j can be derived as Eq. (6).

E½NSij;FSR� ¼ 1� Ps;ij;FSR þ 0� ð1� Ps;ij;FSRÞ ¼ Ps;ij;FSR: ð6Þ

Suppose there arrives nj independent product type j jobs at time
interval (0,RT]. Using the summation of E[NSij,FSR] for all i, the ex-
pected number of setups of product type j under FSR is computed
as E½NSj;FSR� ¼

Pnj

i¼1E½NSij;FSR�, where nj = kjRT and j = 1,2, . . . , J. Finally,
using the summation of E[NSj,FSR] for all j, the expected number of
setups for all jobs under FSR is calculated as E½NSFSR� ¼PJ

j¼1

Pnj

i¼1E½NSij;FSR�.
2.3. Expected setup time

For this purpose, let sjr be the setup time prior to the processing
of a job with product type j right after the last completed job
belonging to product type r, referred to as predecessor. The length
of the required setup time depends on product type change be-
tween any two consecutive jobs. We consider the following three
cases with the inclusion of job arrival time: (1) The ith job of prod-
uct type j does not arrive at time interval (0,RT]. Then, the setup
time should equal 0 with the probability (1 � Pr[Tij 5 RT]). (2)
The ith job of product type j arrives at time interval (0,RT] but a
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setup is not needed. Thus, the setup time sjj would be equal to 0
with the probability Pr[Tij 5 RT](1 � Ps,j,FSR). (3) The ith job of prod-
uct type j arrives at time interval (0,RT] and a setup is needed. This
implies that the product type of the arrived job is different from
the predecessor. Therefore, the setup time would be equal to sjr

with the probability Ps,ij,FSR(kr/kc), where r = 1,2, . . . , J, r – j, and

kc ¼
PJ

r¼1;r–jkr .
Based on the abovementioned three cases, Eq. (7) can be used to

estimate the expected setup time for ith job of product type j arriv-
ing at time interval (0,RT] under FSR.

E½Sij;FSR� ¼ ð1� Pr½Tij 6 RT�Þ � 0þ Pr½Tij 6 RT�ð1� Ps;j;FSRÞ � sjjþ

Ps;ij;FSR
PJ

r¼1
r–j

kr
kc sjr ¼ Ps;ij;FSR

PJ

r¼1
r–j

kr
kc sjr :

ð7Þ

Then, the expected mean setup time for product type j jobs and the
expected mean setup time for a job under FSR are expressed as

E½Sj;FSR� ¼ E
Pnj

i¼1Sij;FSR=nj

h i
and E½SFSR� ¼ E

PJ
j¼1

Pnj

i¼1Sij;FSR=
PJ

j¼1nj

h i
,

respectively. Applying Eq. (7) to E[Sj,FSR] and E[SFSR] yields Eqs. (8)
and (9), where nj = kjRT and j = 1,2, . . . , J.

E½Sj;FSR� ¼ n�1
j

Xnj

i¼1

Ps;ij;FSR

XJ

r¼1
r–j

kr

kc sjr; ð8Þ

E½SFSR� ¼
XJ

j¼1

nj

 !�1XJ

j¼1

Xnj

i¼1

Ps;ij;FSR

XJ

r¼1
r–j

kr

kc sjr : ð9Þ
2.4. Expected service time

The service time of a job is equal to the sum of its processing
time and its setup time. Therefore, the expected service time for
a job also relates to the three cases when estimating the setup
time, as mentioned in Section 2.3. Moreover, the processing time
of a job depends on its product type.

In this context, let STij,FSR be the random variable of service time
for ith job of product type j under FSR. The probability mass func-
tion of STij,FSR can then be shown as Eq. (10). The expected mean
service time for specific type j jobs and expected mean service time

for a job are defined by E½STj;FSR� ¼ E
Pnj

i¼1STij;FSR=nj

h i
and

E½STFSR� ¼ E
PJ

j¼1

Pnj

i¼1STij;FSR=
PJ

j¼1nj

h i
, respectively. According to

the probability mass function of STij,FSR, E[STj,FSR] and E[STFSR] can
be derived as Eqs. (11) and (12), where ptj is the job processing
time of product type j, nj = kjRT, and j = 1,2, . . . , J.

PðSTij;FSR ¼ stijÞ ¼
1� Pr½Tij 6 RT�; if stij ¼ 0;
Pr½Tij 6 RT�ð1� Ps;j;FSRÞ; if stij ¼ ptj;

Ps;ij;FSR kr=k
cð Þ; if stij ¼ ptj þ sjr ; r ¼ 1;2; . . . ; J; r – j;

8><
>:

ð10Þ

E½STj;FSR� ¼ n�1
j

Xnj

i¼1

Pr½Tij 6 RT� ptj þ Ps;j;FSR

XJ

r¼1
r–j

kr

kc sjr

2
664

3
775; ð11Þ

E½STFSR� ¼
XJ

j¼1

nj

 !�1XJ

j¼1

Xnj

i¼1

Pr½Tij 6 RT� ptj þ Ps;j;FSR

XJ

r¼1
r–j

kr

kc sjr

2
664

3
775:
ð12Þ
3. Analyzing the effect of FSR on the reduction of setup time and
capacity loss

With the analytic models developed in Section 2, the effect of
FSR on the reduction of setup time and capacity loss is further ex-
plored by comparing the results with the FIFO rule. Relative to FSR,
FIFO dispatches jobs even without batching some jobs into the
same type in order to process them consecutively. This implies
wastage in setup frequency. Based on the FIFO principle, a setup
occurs when any two consecutive jobs in the sequence have differ-
ent product types and the total setup time may take up a large part
of the machine capacity. Therefore, selecting FSR instead of FIFO
may contribute to a reduction in setup frequency, setup time,
and machine capacity utilization rate, and consequently, lessened
capacity loss. In this section, we first compare the effect of FSR with
FIFO in terms of reduced setup time and machine utilization rate.
Second, we provide details on how machine utilization rate is
saved by FSR while dispatching jobs as a result of setup time reduc-
tion, and then demonstrate how the effect of FSR on reducing uti-
lization rate is related to the level of total arrival rate.

3.1. The effects of FSR

According to Eq. (5) and the definition of Ps,ij,FIFO as Ps,ij,FIFO =
Pr[Tij 5 RT](1-kj/k) (Yang et al., 2009), the probability of Ps,ij,FSR

can be rewritten as Eq. (13), where Ps,ij,FIFO is the probability of
requiring a setup under FIFO, given that the ith job of type j arrives
at time interval (0,RT].

Ps;ij;FSR ¼ Ps;ij;FIFO 1� qFSR 1� 1þ qFSR

1� qFSR

kj

k

� ��1
" #( )

: ð13Þ

The following theorems can then be used to state the effect of FSR in
relation to FIFO.

Theorem 1. Ps,ij,FSR5Ps,ij,FIFO, if J > 0 and 0 � qFSR<1 with kj > 0 for all j.
Theorem 2. Ps,ij,FSR < Ps,ij,FIFO, if J > 0 and 0 < qFSR <1 with kj > 0 for all
j.

The inequality expressed as Eq. (14) can be used to explain the
above theorems. In particular, the probability of requiring a setup
under FSR is always less than or equal to the probability of requir-
ing a setup under FIFO. Therefore, FSR can be used to reduce the
setup frequency by assigning jobs on queue to a specific batch
according to their product type. The effect of FSR on reducing setup
time, service time, and capacity loss based on Theorem 1 can be ex-
pressed as the following.

1þ qFSR

1� qFSR

kj

k

¼ 1; if qFSR ¼
P1
n¼1

pn;FSR ¼ 0 with kj > 0; 8j;

> 1; if 0 < qFSR ¼
P1
n¼1

pn;FSR < 1 with kj > 0; 8j:

8>><
>>:

ð14Þ
Lemma 1.

E½SFSR�5E½SFIFO�:
The expected mean setup time under FIFO for jobs arriving at

time interval (0,RT], E[SFIFO], has been expressed as Eq. (15) (Yang
et al., 2009). According to Theorem 1, the expected mean setup
time under FSR in Eq. (9), E[SFSR], is always less than or equal to
that under FIFO.

E½SFIFO� ¼
XJ

j¼1

nj

 !�1XJ

j¼1

Xnj

i¼1

Ps;ij;FIFO

X
r¼1
r–j

J kr

kc sjr ð15Þ
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Lemma 2.

E½STFSR�5E½STFIFO�:
The expected mean service time of jobs under FIFO, E[ STFIFO],

can be given by Eq. (16) (Yang et al., 2009). The expected mean ser-
vice time of jobs under FSR, E[STFSR], can be reformulated as Eq.
(17) based on Eqs. (9) and (12).

E½STFIFO� ¼
XJ

j¼1

nj

 !�1XJ

j¼1

Xnj

i¼1

Pr½Tij 6 RT�ptj þ E½SFIFO�; ð16Þ

E½STFSR� ¼
XJ

j¼1

nj

 !�1XJ

j¼1

Xnj

i¼1

Pr½Tij 6 RT�ptj þ E½SFSR�: ð17Þ

Then, E[STFIFO] � E[STFSR] = E[SFIFO] � E[SFSR] is derived from Eqs. (16)
and (17). Note that E[STFSR]5E[ STFIFO] is the result of E[SFIFO]=E[SFSR].
This means that service time can be reduced by using FSR when dis-
patching jobs.

Lemma 3.

qFSR5qFIFO:

For a single machine, machine utilization rates under FIFO and FSR
are shown as qFIFO = kE[STFIFO] and qFSR = kE[STFSR], respectively. In
accordance with E[STFSR] 5 E[STFIFO], qFSR 5 qFIFO if the total arrival
rate is given. This implies that machine utilization rate can be re-
duced by replacing FIFO with FSR when dispatching jobs. Savings
in machine utilization rate by replacing FIFO with FSR can be writ-
ten as Dq = qFIFO � qFSR = k(E[SFIFO] � E[SFSR]). From Eqs. (9), (13),
and (15), Dq can then be written as Eq. (18) depending on the ma-
chine utilization rate under FSR (qFSR).

Dq ¼ kqFSR

XJ

j¼1

nj

 !�1XJ

j¼1

�
Xnj

i¼1

Ps;ij;FIFO

XJ

r¼1
r–j

kr

kc sjr

0
BB@

1
CCA 1� 1þ qFSR

1� qFSR

kj

k

� ��1
" #

; ð18Þ

dDq
dqFSR

¼ k
XJ

j¼1

nj

 !�1 XJ

j¼1

Xnj

i¼1

Ps;ij;FIFO

XJ

r¼1
r–j

kr

kc sjr

0
BB@

1
CCA

� 1� 1þ qFSR

1� qFSR

kj

k

� ��1

þ kj

k
qFSR

ð1� qFSRÞ
2 1þ qFSR

1� qFSR

kj

k

� ��2
" #

P 0:

ð19Þ
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Prior to the discussion of the influence of qFSR on the savings in
machine utilization rate, the first derivative of Dq with respect to
qFSR is used and given by Eq. (19). Note that dDq/dqFSR = 0 with
0 � qFSR < 1 and kj > 0 based on Eq. (14). Let qFSR1 and qFSR2 be
two different machine utilization rates under FSR and qFSR1 = qFSR2.
Using qFSR1 and qFSR2 in Eq. (18), Dq(qFSR1) and Dq(qFSR2) can then
be computed. Next, Dq(qFSR1) =Dq(qFSR2) is set in accordance with
Eq. (19), where 0 5 qFSR1<1 and 0 5 qFSR2<1. Thus, savings in ma-
chine utilization rate achieved by replacing FIFO with FSR increases
with the rise in utilization rate of the machine. This implies that
more savings in machine utilization rate is achieved with high lev-
els of workload on machine.
3.2. Relationship between the reduction of service time and the saving
of utilization rate by varying total arrival rate

In earlier discussions, we mentioned that savings in machine
utilization rate (Dq) depends on machine utilization rate under
FSR (qFSR), which also depends on total arrival rate (k) and reduced
service time. Next, we investigate how savings in machine utiliza-
tion rate can be affected by the changes in total arrival rate and
reduction of service time. The result is plotted in Fig. 2.

For a single machine system, by referring to the queuing theory,
the expected service time (E[ST]) is proportional to the utilization
rate of machine (q) with gradient 1/k; this denotes an inverse of to-
tal arrival rate (Ross, 2007). Thus, the expected service time be-
haves as a function of machine utilization rate. In relation, the
straight line in Fig. 2 can be depicted, which passes through the ori-
gin with the slope equal to the inverse of total arrival rate (1/k). In
Fig. 2a, a line with slope 1/k⁄ and intercept zero, E[ST] = q/k⁄ can be
obtained for a given specific total arrival rate k⁄ and the vector of
job processing time PT. Therefore, the expected service time under
FIFO ðE½STFIFO�jk� ;PTÞ is calculated by Eq. (16) using k⁄ and PT. The
machine utilization rate under FIFO ðqFIFOjk� ;PTÞ can then be com-
puted by k�E½STFIFO�jk� ;PT.

Similarly, a curve of expected service time under FSR (E[STFSR])
by varying the machine utilization rate under can be seen in
Fig. 2a. Based on Eqs. (5), (9), and (17), the estimation of expected
service time under FSR (E[STFSR]) is required by the machine utili-
zation rate under FSR (qFSR) in order to compute the expected setup
time (E[SFSR]). However, by referring to the queuing theory, the ma-
chine utilization rate under FSR (qFSR) also depends on the ex-
pected service time under FSR (E[STFSR]). Therefore, it is difficult
to solve an analytical solution for E[STFSR]. Instead, a numerical
analysis can be used to compute E[STFSR]. The numerical solution
of E[STFSR] can be solved by solving the two equations,
E[STFSR] = qFSR/k and E[STFSR] = E[STFIFO] � E[SFIFO] + E[SFSR], derived
[ ]FSRE ST

( )FSRf ρ

[ ] *
=E ST

ρ
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* , , FSRλ ρ∗PT
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FSR λ ρρ
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Machine
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FSR for a given total arrival rate k⁄.



1236 S.-H. Chung et al. / Expert Systems with Applications 39 (2012) 1231–1242
from Eqs. (16) and (17). If E[STFSR] = qFSR/k is substituted in
E[STFSR] = E[STFIFO] � E[SFIFO] + E[SFSR], then a new equation can be
written as f(qFSR) = E[STFIFO] � E[SFIFO] + E[SFSR] � qFSR/k = 0 and then
it can be rewritten as Eq. (20) based on Eq. (16), where E[SFSR] can
be derived by substituting Eq. (5) with Eq. (9).
f ðqFSRÞ ¼
XJ

j¼1

nj

 !�1XJ

j¼1

Xnj

i¼1

Pr½Tij 6 RT�ptj þ E½SFSR� �
qFSR

k

¼ 0: ð20Þ
As f(qFSR) is differentiable, the Newton’s method can be used to
solve the nonlinear equation, f(qFSR) = 0. According to f(qFSR) and
its derivative with respect to qFSR, we begin with a first guess of
q0

FSR by setting 0 < q0
FSR 6 1. An approximate solution q1

FSR can be ob-
tained by calculating q0

FSR � f q0
FSR

� �
=f 0 q0

FSR

� �
, in which q1

FSR should be
a better approximation to the solution of f(qFSR) = 0. Once we have
q1

FSR, the process can be repeated to obtain q2
FSR. After n steps, if

we have an approximate solution of qn
FSR, then the next step is to

calculate qnþ1
FSR and qnþ1

FSR ¼ qn
FSR � f qn

FSR

� �
=f 0 qn

FSR

� �
. Note that value of

qn
FSR moving closer to the value of qnþ1

FSR indicate that the approxi-
mate solution of f(qFSR) = 0 after n steps has been determined.

The curve of the function f(qFSR) = 0 for various machine utiliza-
tion rates is plotted in Fig. 2a. The function of f(qFSR) = 0 is the ex-
pected service time under FSR (E[STFSR]) that shifts down with
shifts in quantum qFSR/k. Thus, a root of f(qFSR) = 0; that is, q�FSR is
identified using the Newton’s method. By giving qFSR ¼ q�FSR for
Eq. (17) to calculate E[STFSR], then machine utilization rate under
FSR is obtained; that is, qFSRjk� ;PT;q�

FSR
¼ k�E½STFSR�jk� ;PT;q�

FSR
.
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In Fig. 2b, by changing the total arrival rate from k⁄ to k⁄⁄, k⁄⁄ is
found to be smaller compared with k⁄ along with the same vector
of job processing time PT. A line E[ST] = q/k⁄⁄ is drawn with slope
1/k⁄⁄; that is, the inverse of the total arrival rate and this line is stee-
per because 1/k⁄⁄ is larger compared with 1/k⁄. By repeating the
aforementioned steps, the expected service time and the machine
utilization under FSR can then be depicted as E½STFSR�k�� ;PT;q��

FSR
and

k��E½STFSR�jk�� ;PT;q��FSR
. The expected service time and machine utiliza-

tion rate under FIFO can be computed as E½STFIFO�jk�� ;PT;q��
FSR

and
k��E½STFIFO�jk�� ;PT;q��FSR

.
The varied total arrival rate from k⁄ to k⁄⁄with small increment is

depicted by the two bold curves in Fig. 2c. They represent the rela-
tionships between the expected service time and the machine utili-
zation rate for various total arrival rates under FIFO and FSR,
respectively. Fig. 2c also illustrates the effect of varying total arrival
rates on the reduction of service time, which corresponds to the pairs
of machine utilization rates under FIFO and FSR. These show that the
reductions of service time and machine utilization rate become lar-
ger as total arrival rate increases. Therefore, FSR can effectively re-
duce service time and machine utilization rate at peak demand
times.

4. Performance analysis for the proposed FSR analytic models

To evaluate the accuracy of the proposed FSR analytic models, a
simulation model is built for job inter-arrival time in exponential
distribution and for the selection of next jobs on queue to be pro-
cessed on machine according to FSR. First, the simulation results
are collected from a fixed time period of jobs arriving with various
arriving rates. Next, results for the number of setups and setup time
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are compared with those calculated by FSR analytic models. Finally,
the numerical results of the sensitivity analysis on the reductions of
the expected setups and expected setup time for each product type
are conducted by replacing FIFO with FSR analytic models.

4.1. Experimental design

The magnitude of required setup time depends on the total ar-
rival rate of various types of incoming jobs and the mix of the ar-
rival rates of various job types. Thus, the total arrival rate (k) and
the coefficient of variations among job arrival rates (CV) are consid-
ered in the experimental design to implement the simulation. Run
time (RT) is also considered. The number of setups and the setup
time are observed for a period of run time (RT).

First, there are six levels of total arrival rate to be considered. The
arrival rates among eight product types are defined by kj = asj. Total
arrival rate can be computed as k ¼

P8
j¼1kj ¼ a

P8
j¼1sj jobs in 60 s.

The various values of sj are shown in Table 1. Constant a has six lev-
els with a = 1.00, 0.95, 0.90, 0.85, 0.80, and 0.75. If a = 0.95, then the
total arrival rate is calculated as k ¼ 0:95

P8
j¼1sj ¼ 0:0095, where

the arrival rates among eight product types are equal to kj = 0.95sj.
For this reason, the six levels of total arrival rate in the experimental
design are given by 0.0100, 0.0095, 0.0090, 0.0085, 0.0080, and
0.0075 for varying the values of a.

Next, the coefficient of variation is set as a percentage and cal-
culated from the mean and the standard deviation of the job arrival
rate of product types. This is defined by
CV ¼ ðsk=�kÞ � 100% ¼ ðss=�sÞ � 100%, where �k and �s are the means
of kj and sj and are given by

P8
j¼1kj=8 and

P8
j¼1sj=8, respectively.

Additionally, sk and ss are the standard deviations of kj and sj and
are derived as

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP8
j¼1ðkj � �kÞ2=7

q
and

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP8
j¼1ðsj � �sÞ2=7

q
, respec-

tively. According to Table 1, the CVs are calculated as 0, 27.9753,
and 53.7234, which imply that the dispersion of the job arrival
rates among various types increases with the rise in CV. Finally,
three levels of run time (RT) are considered: 8, 16, and 24 h. There-
fore, there are 54 combinations.

For each combination, the simulation model uses the same vec-
tor of job processing time (PT) among eight product types. The ma-
trix of setup time (ST = [sjr]) is used for switching the machine
setting along changing product types, where sjr is the setup time
for product type j job after product type r job, and is numbered
by the j row/r column position in ST. ‘‘Second’’ is the unit of pro-
cessing time and setup time. Note that the simulation results are
collected for each combination after 10,000 independent simula-
tion runs.

PT ¼ 15 75 85 45 55 10 80 125½ �;

ST ¼ ½sjr � ¼

0 90 60 15 15 30 45 30
15 0 75 30 45 75 90 45
30 60 0 45 90 90 75 60
45 75 90 0 45 30 60 45
60 75 45 45 0 45 75 15
45 30 30 30 75 0 60 75
60 45 60 15 45 15 0 45
15 30 15 30 60 30 45 0

2
66666666666664

3
77777777777775
:

Table 1
Coefficient of variations among job arrival rates.

CVs (%) Parameters among eight product types

s1 s2 s3 s4

0 0.001250 0.001250 0.001250 0.00125
27.9753 0.001342 0.001577 0.001804 0.00091
53.7234 0.001821 0.001255 0.000297 0.00172
4.2. Accuracy analysis for the FSR analytic models

4.2.1. Accuracy analysis for the FSR analytic models in estimating
number of setups

Fig. 3 shows that the numbers of setups for each product type
are observed for a period of run time in the simulation model
and the FSR analytic model by varying the CVs of job arrival rate,
total arrival rates, and run times. The expected number of setups
for each product type using FSR depends on its arrival rate (kj)
according to Eqs. (5) and (6). If the arrival rate parameters among
eight product types are the same (CV = 0) for a given specific total
arrival rate, then the expected numbers of arrived jobs for each
product type are fixed and the expected numbers of setups for each
product type are equal. However, the numbers of arrived jobs for
each product type in the simulation model are not exactly equal
when CV = 0 because the jobs are generated at random to respond
to the reality of market demand. Thus, for a given specific total ar-
rival rate, the numbers of setups for each product type by the sim-
ulation model are not all the same as CV = 0. These conditions are
apparent in Fig. 3(a)–(c).

The dispersion of the number of setups for each product type in
the simulation model and the FSR analytic model increases with
the rise in CV. This implies that the extreme values of the arrival
rate parameters among various product type increase and can lead
to higher and lower setup frequencies. Moreover, the number of
setups in the simulation model and the FSR analytic model in-
creases as a result of the rise in the numbers of arrived jobs accu-
mulated over time. According to earlier discussions, the trends in
the numbers of setups for a given specific CV in the simulation
model and the FSR analytic model are the same when the factors
(RT and k) are changed.

To compare the result of the numbers of setups under FSR gen-
erated by the simulation model and the analytic model, the error
percentage of estimated setups is given by
EPsetps;j ¼ jðSNSj;FSR � E½NSj;FSR�Þ=SNSj;FSRj � 100%, where SNSj,FSR and
E[NSj,FSR] are the number of setups of product type j jobs under
FSR under the simulation model and FSR analytic model, respec-
tively. The mean error percentages of estimated setups for each
product type, as compared with the data from simulation model
upon varying the CVs of job arrival rate and run times, are plotted
in Fig. 4(a)–(c). Fig. 4(d)–(f) illustrate the mean error percentages
of estimated setups under FSR by varying the CVs of job arrival rate,
total arrival rates, and run times. In Fig. 4, the overall mean of error
percentage of estimated setups for a given specific run time is the
arithmetic mean of all individual error percentage of estimated set-
ups, which is obtained in a specific run time for each combination.

Regardless of run times, the CV equal to 27.9753% has the smal-
ler error percentage of estimated setups compared with the CV
equal to 0 and the CV equal to 53.7234% (Fig. 4). As the CV equals
to zero, the expected numbers of setups for each product type
using the FSR analytic model become the same. However, the num-
bers of arrived jobs for each product type by the simulation model
are different. Thus, owing to the reality of market demand, uncer-
tainty in the number of jobs can influence the performance of the
error percentage of estimated setups. Moreover, the extreme val-
ues of the arrival rate parameters among various product types in-
crease with larger CV. This can lead to an increase in extreme
s5 s6 s7 s8

0 0.001250 0.001250 0.001250 0.001250
7 0.001145 0.001443 0.000817 0.000955
1 0.000946 0.000363 0.001467 0.002130
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Fig. 3. Number of setups for each product type by simulation model and FSR analytic model.
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values in the number of setups and can make the error percentage
of estimated setups rise as well. Thus, the moderate dispersion of
job arrival rate among various types is related to the accuracy of
the proposed FSR analytic model in estimating the number of
setups.

The values and dispersions of the error percentage of estimated
setups for each CV in Fig. 4(a)–(c) decrease with a lengthened RT.
The larger error percentage of estimated setups occurs at RT = 8 h
because of the few setups. When the run time becomes longer,
the error percentage of estimated setups decreases as a result of
the larger setups. The overall mean of the error percentage of esti-
mated setups ranges from 12.1776 to 8.3446%, as RT changes from
8 h to 24 h. In addition, when the total arrival rate increases, the
mean error percentage increases correspondingly, as shown in
Fig. 4(d)–(f). In particular, the larger mean error percentage occurs
at a higher level of machine utilization rate.

4.2.2. Accuracy analysis for the FSR analytic models in estimating
setup time

Fig. 5 shows the setup times of single job for each product type
in the simulation model and the FSR analytic model by varying the
CVs of job arrival rate, run times, and total arrival rates. The setup
time of a single job is defined by the total setup time of all jobs
with the same product type at a time interval divided by the total
number of jobs arrival specific for that.
According to Eq. (8), the setup time of a single job for each prod-
uct type depends on its arrival rate and setup time matrix. When
CV is equal to zero (i.e., the arrival rate parameters among eight
product types are the same), the setup time of a single job for each
product type only depends on the setup time matrix. The average
setup time of product type j job ð�sjÞ can be calculated as the sum-
mation of sjr in ST for all r divided by the number of product type.
Product types 3 and 4 have larger average setup time (�s3 ¼ 56:2500
and �s4 ¼ 48:7500, respectively), and product type 8 has the mini-
mum value of average setup time ð�s8 ¼ 28:1250Þ. The setup times
of a single job for each product type in the simulation model and
the FSR analytic model, as shown in Fig. 5(a)–(c), are near its aver-
age setup time as CV = 0.

When CV is equal to 27.9753%, product type 3 obtains the lar-
ger arrival rate, whereas product type 4 achieves the smaller ar-
rival rate. The gap between the setup times by the simulation
model and the FSR analytic model in Fig. 5(d)–(f) narrows as
compared with CV = 0 because the setup time of product type
3 is reduced due to its larger arrival rate. In contrast, product
type 3 has the smaller arrival rate while product type 4 has
the larger arrival rate with CV = 53.7234%. Thus, the wider reduc-
tion in setup time for product type 4 leads to the larger gap be-
tween the setup times in the simulation model and the FSR
analytic model as compared with CV = 0, which is apparent in
Fig. 5(g)–(i).
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Fig. 4. Mean of the error percentage of estimated setups between FSR analytic model and simulation model.
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Product type 8 also has the smaller arrival rate as CV = 27.9753%
and the larger arrival rate as CV = 53.7234%. However, its setup
time reduction is limited as CV = 53.7234% because of the shorter
average setup time. Thus, the setup times of product type 8 upon
varying the CVs are nearly equal, whether to adopt the FSR analytic
model or to implement the simulation model. In general, the pat-
terns of the setup time for a given specific CV in the simulation
model and the FSR analytic model are identical in terms of the
changes of the other two factors in the experimental design (RT
and k).

A comparison of the results of setup time for single jobs gener-
ated by the simulation model and the analytic model suggests that
the error percentage of estimated setup time is defined by
EPsetuptime;j ¼ jðSSTj;FSR � E½STj;FSR�Þ=SSTj;FSRj � 100%, where SSTj,FSR

and E[STj,FSR] represent the setup times of a single job of product
type j under FSR by the simulation model and the analytic model,
respectively. The mean error percentages of estimated setup time
for each product type between FSR analytic model and simulation
model by varying the CVs of job arrival rate and the run times are
shown by Fig. 6(a)–(c). Meanwhile, Fig. 6(d)–(f) show the mean er-
ror percentages of the estimated setup time between FSR analytic
model and the simulation model by varying the CVs of job arrival
rate, total arrival rates, and run times.

As setup time depends on the number of setups, the behavior of
the error percentage of estimated setup time in Fig. 6 is similar to
that in Fig. 4. From shorter to longer run time, the error percentage
of estimated setup time decreases and the lower error percentage
of estimated setup time is attained at longer run time, regardless of
the CVs of job arrival rate and total arrival rates. The overall means
of the error percentage of estimated setup time range from
10.9263 to 7.9113% as RT changes from 8 h to 24 h. Meanwhile,
when CV equals 27.9753%, the lowest error percentage of esti-
mated setup time is obtained. Finally, when total arrival rate in-
creases, the error percentage of estimated setup time increases
correspondingly; that is, lower error percentage of estimated setup
time occurs at lower levels of machine utilization rate.
In general, the number of setups and the setup time can be esti-
mated accurately using our models to a certain extent. Based on
the analysis, better accuracy of the proposed FSR analytic models
in estimating the number of setups and setup time can be obtained
for longer run times, smaller total arrival rates, and moderate dis-
persion of job arrival rates among various types. This result can be
offered to managers as reference for evaluating capacity loss and
others.
4.3. Sensitivity analysis for the FSR analytic models

4.3.1. Sensitivity analysis of the reduction of number of setups for each
product type

The differences of the expected number of setups between FIFO
and FSR are defined by the expected number of setups under FIFO
minus the expected number of setups under FSR. The mean of the
difference of the expected number of setups between FIFO and FSR
for each product type by varying the CVs of job arrival rate is illus-
trated in Fig. 7(a). The mean of the difference of the expected num-
ber of setups between FIFO and FSR for each product type is
constant when CV equals zero. Moreover, the dispersion of the
mean of the difference of the expected number of setups between
FIFO and FSR increases with CV, which implies that the extreme va-
lue of arrival rate parameters among various product type in-
creases and can influence the performance of the FSR analytic
model in reducing setup frequency. The positive correlation coeffi-
cients are calculated as 0.998 and 0.991 when the CVs equal
27.9753 and 53.7234%, respectively. These positive correlation
coefficients indicate a relationship between the mean of the differ-
ence of the expected number of setups between FIFO and FSR and
the arrival rate parameters among eight product types. As values
for the arrival rate parameters among eight product types increase,
the values for reducing setup frequency also increase. Therefore, by
replacing FIFO with FSR, the largest reduction of the number of set-
ups occurs at CV = 53.7234%, which is apparent in Fig. 7(b) and (c).
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Fig. 5. Setup time of single job for each product type in simulation model and FSR analytic.
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4.3.2. Sensitivity analysis of the reduction of expected setup time for
each product type

The differences of the expected setup time between FIFO and
FSR are defined by the expected setup time under FIFO minus
the expected setup time under FSR, and the mean of the difference
of the expected setup time between FIFO and FSR for each product
type by varying the CVs of job arrival rate is displayed in Fig. 8(a).
The dispersion of the mean of the difference of the expected setup
time between FIFO and FSR increases with CV. The correlation coef-
ficients are positive and are calculated as 0.906 and 0.845 when the
CVs equal 27.9753 and 53.7234%, respectively. Therefore, the arri-
val rate parameters among eight product types and the mean of the
difference of the expected setup time tend to increase and de-
crease, respectively, along with each other.

Job arrivals tend to concentrate on fewer product types as CV in-
creases. The types obtaining high possibilities of setup reduction
leading to the largest reductions of the setup time occur at
CV = 53.7234%, which are showed in Fig. 8(b) and (c).
5. Conclusions

In this paper, we consider a single finite-capacity machine
responsible for processing several product types of jobs when set-
up time is dependent on product type. With uncertainties in job ar-
rival time and types of demand, setting an output target may be
significantly different from actual scenarios due to possible heavy
capacity loss and difficulty in calculating the required setup time.
Thus, FSR analytic models are developed to estimate expected set-
up time and service time. The effect on capacity wastage due to
changes in machine setting among several product types can then
be evaluated. Due to the difficulty in obtaining analytical solutions
for the expected setup time and service time, the numerical solu-
tions of expected setup time and service time are provided in this
paper.

Results of the proposed FSR analytic models are compared with
simulation results. Computational results show that error percent-
ages of estimated setups and setup time are larger when CV and to-
tal arrival rate increase, but they are reduced when run time is
lengthened. Generally speaking, the smaller error percentage of
estimated setups and setup time can be obtained with longer run
time, smaller total arrival rate, and moderate dispersion of job ar-
rival rate among various types. In this paper, we also provide the
sensitivity analyses to discuss how the reductions of the setup fre-
quency and the setup time can be affected by the changes of three
factors (CV,k, and RT). Compared with FIFO, FSR can be used to re-
duce the frequency of setups and the length of the setup time,
hence leading to a reduction in machine utilization rate, especially
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Fig. 6. Mean error percentage of estimated setup time between FSR analytic model and simulation model.
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Fig. 7. Mean of the difference of the expected number of setups between FIFO and FSR.
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Fig. 8. Mean of the difference of the expected setup time between FIFO and FSR.
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at conditions of high total arrival rate and high dispersion of arrival
rates among several types of job.

The FSR models can, to some extent, estimate accurately the
setup time and evaluate efficiently the capacity of wastage arising
from switching the machine setting responding to uncertainties in
job arrivals. Managers can utilize the expected setup time as
threshold and tolerance during production planning. Moreover,
in this paper, the sequence of batches by FSR is sorted according
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to arrival time of the first jobs in each batch in increasing order. In
the future, the rule of sorting batches may change to using the set-
up time for any two batches in increasing order in order to mini-
mize total setup time.
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