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We theoretically study the effects of single spin-5 /2 magnetic impurity �Mn2+� on the magnetic response of
nanocrystals containing interacting electrons. The energy spectrum and magnetic susceptibility of II-VI spheri-
cal nanocrystals as a function of the electron number �Ne=1–8� and the location of Mn2+ ion are calculated by
using the configuration interaction method. It is found that the sp-d coupling between the carriers and Mn2+ ion
significantly affects the low-field paramagnetism, depending on electron number and the location of the ion.
The competition between electron-electron interaction and the sp-d coupling leads to the pronounced aniso-
tropy of magnetic properties, ground state transitions in magnetic field, and the violation of Hund’s second
rule.
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I. INTRODUCTION

Magnetic ion-doped nanostructures have recently drawn a
great deal of interest because of the potential application in
spin electronics and quantum information technology. Ad-
vances in the technology of material synthesis and fabrica-
tion have made it possible to incorporate a controlled number
of magnetic ions �typically Mn2+� into individual colloidal
nanocrystals �NCs�1–4 or self-assembled quantum dots
�SQDs�.5,6 Spin devices based on such semimagnetic nano-
structures have also been proposed for detecting or manipu-
lating individual spins in quantum computing.7,8 Recently,
optical emission spectra from single magnetic ion-doped
SQDs have revealed the zero-field spin splitting of
exciton-Mn hybridized states, created by the sp-d coupling
between exciton and Mn2+ ion.5 It is known that the sp-d
coupling is associated with a series of fascinating physical
phenomena,9 e.g., the carrier-mediated ferromagnetism,10–12

giant Zeeman splitting,13 and exciton magnetic polaron.14,15

It also plays a crucial role in the development of spin devices
based on semimagnetic nanostructures.

Besides the need for the studies of electron-hole
properties,16–19 there exists also current necessity to explore
the properties of magnetic ion-doped nanostructures with
only one type of carrier �electrons or valence holes� toward
the realization of spinelectronics. While the electrical prop-
erties of individual nonmagnetic nanostructures20–28 and Mn-
ion doped bulk semiconductors10 have been extensively stud-
ied both experimentally and theoretically, relevant studies of
magnetic ion-doped nanostructures are still limited.29–31 In
this paper, we present theoretical results on the magnetic
response of the interacting II-VI NCs with few electrons and
a single Mn2+ ion. We will show that the measurement of
magnetic response provides a way to understand the ground
state properties of the semimagnetic nanostructures. These
theoretical studies are particularly timely because the newly
developed techniques of doping and single-nanocrystal spec-
troscopy have shown the feasibility to synthesize and probe
individual NCs with tunable charge.1,21,32,33

This paper is organized as follows. In Sec. II, we intro-
duce the model Hamiltonian for an interacting spherical NC
with few electrons and a single Mn2+ ion, and describe the

theoretical methods for the calculation of the electrical and
magnetic properties. In Sec. III, we present the numerical
results on the energy spectra and the magnetic susceptibility
of NCs as a function of electron number and the location of
Mn2+, and discuss the effects of dot size and temperature on
the magnetic response of a NC. We conclude in Sec. IV.

II. THE MODEL HAMILTONIAN

We model the confinement potential of a nanocrystal
quantum dot using the hard wall spherical model.34 In the
framework of the effective mass approximation, the eigenen-
ergy of a single electron in a semiconductor NC at zero mag-
netic field is explicitly given by �nl= ��2�nl

2 � / �2m*a2�. The
electron wave function of the corresponding state is
�nlm��r��=�2/a3�Jl��nl /ar� /Jl+1��nl��Ylm�� ,��, where a de-
notes the dot radius, m*=0.15m0 the effective mass of elec-
tron in CdSe, n the principal quantum number, l the angular
momentum, m the z-component of angular momentum, �
= ↑ /↓ the spin of electron, Jl�r� the spherical Bessel func-
tion, �nl the nth zero of Jl, and Ylm�� ,�� the spherical Har-
monic function.34,35

The Hamiltonian of the interacting few-electron NC

doped with single Mn2+ subject to magnetic field B� � z� is writ-
ten as

H = T + HZ + Hee + He-Mn. �1�

Here the single-particle kinetic energy T is given by

T = �
i�

�ici�
+ ci� + �

i�

	B
*Bmici�

+ ci� + �
ij�

e2B2a2

8m* Dijci�
+ cj�,

�2�

where ci�
+ �ci�� is the creation �annihilation� operator for the

electron in the state �i ;�	= �ni , li ,mi ,�	, 	B
* =�e / �2m*� is the

effective Bohr magneton, and the matrix element Dij is de-
fined as Dij 
�i��x2+y2� /a2�j	. The second term in Eq. �2�,
linear in B and referred to as the orbital Zeeman term, arises
from the coupling between the orbital motion of charged
particle and applied magnetic field. It contributes �Curie�
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paramagnetism to magnetic response of dot. In contrast, the
last B-quadratic term contributes �Langevin� diamagnetism.
For a small dot in weak magnetic field �lB
a, where lB

=�� / �eB� is the magnetic length�, the diamagnetism term is
negligible but the paramagnetism from the orbital Zeeman
terms might make a significant contribution to the magnetic
response of dot.

The spin Zeeman term is given by HZ
=	B

*�m* /m0�B�ge�i��zci,�
+ ci,�+gMIz�, where �z

= +1/2�−1/2� denotes the z-component of spin up �down� of
electron, Iz the z-component of spin of Mn2+, ge=1.2 the
g-factor of electron in CdSe NC, and gM =2.0 the g-factor of
Mn2+. The effect of the spin Zeeman terms is weak, com-
pared with that of the orbital Zeeman terms, because of the
small value of the electron effective mass �m* /m0�1�.

The particle-particle interaction is given by Hee

= 1
2�ijkl����Vijkl

ee ci�
+ cj��

+ ck��cl� with the Coulomb matrix ele-
ment defined as Vijkl

ee 
��d3r1d3r2�i
*�r�1�� j

*�r�2��e2 /4��r�1

−r�2���k�r�2��l�r�1�, where =8.9�0 is the dielectric constant of
CdSe.35 The Coulomb matrix elements are evaluated follow-
ing the approach described in Ref. 34.

The sp-d coupling between electron-Mn2+ reads12,35

He-Mn = �
i,�

�
i�,��

Jii��s���� · I��ci�
+ ci���, �3�

with the coupling constant given by

Jii� = − ��Fi
*�R� I�Fi��R

�
I��a−3, �4�

where R� I denotes the position of the Mn2+ ion, the function
Fi is defined as the dot-size independent part of the single-
particle wave function, i.e., �nlm�r��
�1/�a3�Fnlm�r��, and the
e-Mn2+ exchange parameter �N0=0.26 eV is taken for Mn2+

impurity in CdSe, where N0 is the number of cation in unit
volume of crystal.9,35 Here we neglect the electrostatic po-
tential provided by Mn ions and characterize the magnetic
ion with its spin alone. This is based on the fact that, unlike
the Mn ions acting as acceptors and binding holes in III-V
materials,10,20 Mn ions in II-VI compounds are divalent and
neither introduce nor bind carriers.10,12 The approximation
has been widely adopted in previous studies of Mn-doped
II-VI semiconductors.12,16,30,31 Obviously, the sp-d coupling
causes spin flips and the electron transferring between orbital
states. The former �latter� action violates the conservation of
the total spin �the total angular momentum� of electrons. The
minus sign in Eq. �4� indicates that a carrier gains energy
from the spin-exchange interaction if its spin is aligned with
that of Mn ions. The expression of Eq. �4� also indicates that
the strength of the sp-d coupling is significantly increased if
the dot radius a is very small.

The electron-Mn2+ configurations can be classified by the
total number of electron Ne, the z-component of the total
angular momentum Lz, the z-component of total electron spin
Sz, and the z-component of Mn2+ spin Iz. In this paper, we
consider the NCs with electrons �Ne=1–8� filling the two
lowest electronic shells, the s-shell state �n=1, l=0, m=0�
and the p-shell states �n=1, l=1,m�, consisting of the p−

�m=−1�, the p0 �m=0�, and the p+ �m= +1� states. Figures

1�a� and 1�b� show the E-m diagram of the s and p states and
the corresponding wave functions in real three-dimensional
�3D� space, respectively. For strongly quantized small NCs,
particle scattering to higher shells is negligible and we can
build up the configurations �Ne ,Lz ,Sz ; Iz	 in the two-shell �the
s- and p-shells� approximation. In the basis of the configu-
rations, we expand the wave function of few-particle states,
diagonalize the corresponding Hamiltonian matrix, and cal-
culate the eigenstates and energies Ei�.36,37

The magnetization of Ne-electron dot at temperature T is
given by M =kBT�� ln Z /�B�T, where Z=�i exp�
−Ei�Ne ;B� / �kBT�� is the canonical ensemble equilibrium par-
tition function and kB the Boltzmann constant. The magnetic
susceptibility, defined as �
�M /�B, is calculated by stan-
dard three-point numerical derivation.25–28

III. RESULTS AND DISCUSSIONS

A. Magnetic susceptibility as a function of electron number
and Mn2+ position

To explore the effect of electron number and position of
Mn, we study a CdSe NC with single Mn2+ impurity and
electron number Ne=1–8 in three representative cases of the
Mn2+-ion position, i.e., RI= �0,0 ,0�, RI= �a /2 ,0 ,0�, and RI

= �0,0 ,a /2� �see Fig. 1�c��.

1. Dots with filled s-shell

First, we consider the simplest case: the NC quantum dot
containing a single electron and a single magnetic ion at the
dot center. In the absence of the sp-d coupling, the combi-
nation of the electron with Sz=1/2 or −1/2 and the magnetic
ion �I=5/2� with six possible spins Iz= ±1/2 , ±3/2 , ±5/2
yields the 12-fold degenerate ground states �GSs� at zero
magnetic field. Turning on the coupling to Mn, the zero-field
degeneracy is lifted and splits into two groups, correspond-

FIG. 1. �Color online� �a� Schematic E-m diagram of spherical
nanocrystal �NC� at zero and finite magnetic fields. �b� Isosurfaces
of the electron densities of the s- and p-states of NC. �c� Schematic
illustration of the three case studies of the location of Mn ion in NC
in this paper.
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ing to the two possible total angular momenta of electron and

Mn2+ ion complex, J=2 and 3 �J� 
S� + I��. Figure 2�a� shows
the calculated energy spectrum versus magnetic field of the
NC with radius a=5 nm. For comparison, the energy spec-
trum calculated without the inclusion of the sp-d coupling
��=0� is shown in the inset in Fig. 2. The sp-d coupling is
found to lower the energy of the e-Mn GS by only a few tens
of 	eV.

Figure 2�b� shows the magnetic susceptibility of the
single-electron NC as a function of B at the low temperature
kBT=0.1 meV, calculated with and without the inclusion of

the sp-d coupling. We see that, with the S� · I� coupling, the
magnetic susceptibility slightly increases at low field B→0.
In the Curie law, the magnetic susceptibility from a particle
with angular momentum J= I+S in the limit B /T→0 follows
the equation

�J =
	ef f

2

3kB

1

T
, �5�

where 	ef f denotes the effective moment given by 	ef f

=gJ	B�J�J+1�, where 	B is the bare Bohr magneton and gJ

the Lande g-value.38 Accordingly, it can be shown that the
paramagnetism from a single particle with J=3, created by

the S� · I� coupling, is higher than that from a system with
decoupled S=1/2 electron and I=5/2 Mn, i.e., �J��I+�s.

39

However, the increase of the low-field magnetic susceptibil-
ity ��B→0� is small and turns out to be negligible as tem-
perature is further raised or the magnetic ion is moved away
from the dot center. In this one-electron case, the effect of
the sp-d coupling on the magnetic response of the dot is
found to be very weak.

For Ne=2 dot, the terms of the orbital Zeeman, spin Zee-
man, and the sp-d coupling vanish because of the zero total
angular momentum and the zero total spin of the GS. The dot

exhibits a similar feature of paramagnetism vs B to that
shown in Fig. 2�b�, but the paramagnetism is completely
originated from the Mn2+ ion.

2. Dots with filled s- and p-shells

For Ne�3, electrons start to populate the p-shell states
�l=1�. There are two notable features. �1� The paramagnet-
ism of the dot with filled p-shell is significantly increased
because total angular momentum becomes finite. �2� A Mn2+

ion in dot is coupled to certain p-orbital states, depending on
its position, and the orbital states coupled to the Mn2+ impu-
rity are favorable for electron �at low field� prior to fill for
gaining spin-exchange energy. The first feature has been ex-
tensively studied for atoms38 and nonmagnetic quantum
dots.40–42 Figure 3�a� shows the calculated zero-field mag-
netic susceptibility �0=��B→0� as a function of electron
number of the dots with a single Mn2+ impurity at the dot
center for the low temperature kBT=0.1 meV. In this case,
the sp-d coupling actually has no effect on the magnetic
response because the Mn ion resides at the node of the
p-shell wave functions. We see that the magnetic susceptibil-
ity is significantly increased for Ne�3, except for Ne=5
�Ne=8� where the p-shell is half �completely� filled. For Ne

=5 and 8, the GSs have zero orbital angular momentum L
=0 following Hund’s rules, and the magnetic susceptibilities
are minimized. The pattern of the plot of �0 versus Ne is
analogous to that of orbital angular momentum versus elec-
tron number, L vs Ne, and can be treated as the manifestation
of the GS properties.

The second feature, existing only in magnetic ion-doped
dot, might drastically affect the e-Mn GS and even violate
the underlying principle of dots, like Hund’s rules. Unlike
the cases of Ne=1,2, the effects of the sp-d coupling on the
NCs with filled p-shell cause not only the flip of particle spin

FIG. 2. �a� Calculated low-lying energy spectrum of CdSe NC,
a=5 nm in radius, with Ne=1 and single Mn2+ ion located at the
dot center in magnetic field B. �b� Calculated magnetic susceptibil-
ity � of the NC vs magnetic field. The dashed line corresponds to
the result calculated without the consideration of the sp-d coupling
��=0�. The inset shows the energy spectrum calculated with �=0.

FIG. 3. �Color online� Calculated zero-field magnetic suscepti-
bility as function of electron number. �a� Circles show the result of
full calculation for Mn located at dot center. Symbol � ��� labels
the result calculated without the inclusion of the sp-d coupling �the
sp-d coupling and Coulomb interaction�. �b� Filled squares �dia-
monds� show the result of full calculation for Mn located at RI

= �a /2 ,0 ,0� �RI= �0,0 ,a /2��. �c� The anisotropy quantity �� �see
text� is shown as a function of electron number Ne and the dot
radius a.
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but also the transferring of particles between different orbital
states. In finite fields, the latter effect competes with the or-
bital Zeeman term, which favors the electron to stay in the
state with the lowest angular momentum, and gives rise to
abrupt GS transitions for some cases of electron number. We
will see how such GS transitions directly impact the mag-
netic properties of NCs.

Figures 4�a� and 4�b� show the energy spectrum versus B
of Ne=3 NC with the Mn2+ ion located at RI= �a /2 ,0 ,0� and
RI= �0,0 ,a /2�, respectively. There are six configurations in-
volved in the GSs, ci,�

+ cs↓
+ cs↑

+ �0	, where i= p+ , p0 , p− and �
= ↑ /↓. In the presence of Mn2+, two of them are subject to
the sp-d coupling while the other four are not. Thus the
states involving the two Mn2+-coupled configurations are
split into two groups with J=2 and 3. The other states de-
coupled from Mn2+ stay at their original levels. Hence we
see three level groups appearing in the spectra of Figs. 4�a�
and 4�b�.

In the former case, the Mn ion at RI= �a /2 ,0 ,0� is
coupled to both p+ and p− orbital states. The Mn2+ ion as an
impurity in dot causes backscattering and reverses the mov-
ing direction of the particle with some finite angular momen-
tum. Thus, via the coupling, particle transferring between the
two orbital states with opposite angular momentum is pos-
sible. The GS of the Ne=3 NC with the Mn2+ ion turns out to
be the intermixture of the configuration with Lz=−1,
cp−↓

+ cs↓
+ cs↑

+ �0	 and that one with Lz= +1, cp+↓
+ cs↓

+ cs↑
+ �0	. The in-

termixing of the configurations, indicating the break of con-
servation of total angular momentum, weakens the
B-dependence of the GS level and suppresses the magnetic
susceptibility at small fields �see Figs. 4�a� and 4�c��. The
quenching of the orbital angular momentum occurs, how-

ever, only at extremely weak field �Lz�0 as B�0� for the
large dot with a=5 nm. The reduction of the magnetic sus-
ceptibility becomes more obvious if the dot size is reduced to
a�3 nm.

If the Mn2+ ion is moved to the z-axis position RI
= �0,0 ,a /2�, the ion is coupled to the p0 states alone. In this
case, Lz is still a good quantum number and no particle trans-
ferring happens. At small fields �B�0.6 T�, the topmost
electron in the GS stays in the p0 state for gaining spin-
exchange energy and the total angular momentum is zero.
Increasing B, the increasing orbital Zeeman energy lowers
the energy level of the p− state. At the critical field B
�0.6 T, the Zeeman energy overwhelms the strength of the
sp-d coupling and drives the electron in the p0-state to the
lower p−-state. Thus the Ne=3 NC undergoes a abrupt GS
transition in magnetic field, as shown in Fig. 4�b�. The zero
orbital angular momentum of the GS at the small fields leads
to extremely low magnetic susceptibility �see Fig. 4�c��. As a
result, the magnetic response of the dot with filled p-shell to
low field exhibits pronounced anisotropy with respect to the
position of the Mn2+ ion �see Fig. 4�c��. Figure 3�c� shows
the quantity of magnetism anisotropy ��, defined by the

difference of ��
�0�R� I= �a /2 ,0 ,0��−�0��0,0 ,a /2��, as a
function of electron number and dot radius. We see that the
anisotropy of magnetic response strongly depends on elec-
tron number and increases with decreasing the size of NC.
We note that the Ne=3 GSs of the prementioned NCs with a
Mn ion located apart from the dot center have Lz→0 as B
→0. In these cases, Hund’s second rule is found to be
violated.43

For Ne=4 dots, the anisotropy still exists but, interest-
ingly, shows the opposite relationship to the position of mag-
netic ion. Figures 5�a� and 5�b� show the energy spectrum of
the Ne=4 NCs with the Mn2+ ions located at RI= �a /2 ,0 ,0�
and RI= �0,0 ,a /2�, respectively. In contrast to the case of
Ne=3, the low-field magnetic susceptibility is decreased as

FIG. 4. �Color online� Calculated energy spectrum of the CdSe

NC with Ne=3 and a single Mn2+ ion located at �a� R� I

= �a /2 ,0 ,0� and �b� R� I= �0,0 ,a /2�. �c� Solid and dashed lines show
the corresponding magnetic susceptibilities. Symbol � denotes the
result calculated with �=0.

FIG. 5. �Color online� The same as Fig. 4, but for the four-
electron dot.
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the Mn2+ ion is located at the x axis, as shown in Fig. 5�c�. In
this case, an electron in the Ne=4 GS could occupy either p+

or p− states, both of which are coupled to the Mn2+ ion. The
two dominant configurations with opposite total angular mo-
menta �Lz= +1 and −1�, schematically depicted in Fig. 5�a�,
are highly intermixed in the GS at small B via the particle
transferring between the p+ and p− orbitals due to impurity
scattering. In the absence of impurity at the x axis, the par-
ticle transferring cannot occur �Lz is conserved� and the two
configurations shown in Fig. 5�a� are decoupled. The GS
level turns out to be a little sensitive to B and magnetic
susceptibility is reduced in weak magnetic field. As the Mn2+

ion is located at the z axis, the two topmost electrons in the
GS, respectively, occupy the p0 and p− states, and form a
spin-triplet �S=1� state to gain both electron-electron and
electron-Mn exchange energies. Like the case of Ne=1, the
magnetic susceptibility is increased due to the spin-spin cou-
pling between the Mn2+ �I=5/2� and the sole main configu-
ration �S=1�. In Figs. 5�a� and 5�b�, we see that the GSs of
both Ne=4 Mn-doped NCs are spin-triplet, consistent with
the results given by Hund’s first rule. However, Hund’s sec-
ond rule is violated again for the Ne=4 NC doped with the
Mn at the x axis because its GS has Lz→0 ��Lz��1� as B
→0.43

According to Hund’s rules, the GSs of the Ne=5 undoped
dot are those spin-fully polarized states with S=3/2 and Lz
=0, in which the three topmost electrons have the same
aligned spin and each of them singly occupies one of the
p-states. The zero angular momentum of the GS leads to very
weak paramagnetism �see Fig. 3�b��. In the presence of
Mn2+, the ion is coupled to all of the S=3/2 electron con-
figurations because all p-orbital states are filled with elec-
trons, and the GSs split into four groups corresponding to
J=1, 2, 3, and 4. Similar to the case of Ne=1 �both are the
dot with the half filled shell�, the sp-d coupling yields the GS
with J=S+ I=4, and the magnetic susceptibility is slightly
increased at low field.

The magnetic response of the Ne=6 dot is similar to that
of the Ne=4 dot. The result can be straightforwardly under-
stood by simply treating the empty states on the p-shell as
hole with opposite spin. The same symmetry exists also for
Ne=3 and Ne=7 �Ne=2 and Ne=8�. Comparing Figs. 3�a�
and 3�b�, the low-field paramagnetism �0 of the dot is sig-
nificantly affected by the Mn2+, and strongly depends on
electron number and the location of the Mn2+ ion.

B. The effects of dot size and temperature

Nanostructures of semimagnetic semiconductor are ex-
pected to have higher Curie temperature of ferromagnetism
than that of bulk materials.12 The consequence is anticipated
since the sp-d coupling in Eq. �4�, known as the main cause
of carrier-mediated ferromagnetism, is apparently enhanced
if the size of semimagnetic nanostructures is reduced. Here,
we can study the size effect by examining a representative

case, the Ne=3 NC doped with Mn2+ at R� I= �0,0 ,a /2�. In
Fig. 6�a�, we show the calculated magnetic susceptibility �
versus magnetic field B for NCs with Ne=3 and a=3, 4, 5,
and 7 nm at T=0.1 meV. The feature of the magnetic sus-

ceptibility � versus magnetic field B is found to be drasti-
cally changed with varying the size of the NC. For a
�5 nm, the magnetic susceptibility decreases monotonically
with increasing magnetic field. As the radius of NC is re-
duced to a�5 nm, a broad peak of magnetic susceptibility
surprisingly emerges in low field. The � peak arises from the
GS transition in magnetic field of the Ne=3 Mn-doped NC,
induced by the pronounced sp-d coupling in the small NCs.
In the NC with a�5 nm, the strong coupling increases the
critical field of the GS transition and the peak position shifts
to higher field with decreasing the size of NC.

Figure 6�b� shows the calculated �0
−1 versus T for the

same NCs. For large NCs, the curves �0
−1 versus T preserve

the linearity, in agreement with the Curie law. However, as
the NC size is down to a�5 nm, the linearity is broken at
low temperature. For the NC with a=3 nm, a variation of the
linearity appears at T�10 K. At low T, the low-field mag-
netic susceptibility is dominated and suppressed by the GS
with Lz=0. As temperature is sufficiently high so that the
thermal energy becomes comparable with the sp-d coupling,
the excited states with finite angular momenta start to be
involved in the magnetic response. It turns out that the sup-
pression of the low-field magnetic susceptibility is released
at the high T. Notable is that those signatures associated with
the sp-d coupling in the magnetic response of nanostructures
is pronounced only if the size of nanostructures is at the scale
of few-nanometer, which is a typical scale for NCs but too
small for SQDs.

IV. CONCLUSION

In summary, we have presented theoretical results on the
magnetic properties of spherical nanocrystals containing

FIG. 6. �a� � vs B and �b� �0
−1 vs temperature T of the Ne=3

NCs with the Mn2+ ion located at RI= �0,0 ,a /2� and radius a=3, 4,
5, and 7 nm. Here we define �0
��B→0�. The inset shows the
energy spectrum vs B of the Mn-doped NC with a=3 nm. Arrows
denote the critical magnetic field where GS transition occurs.
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interacting electrons and a single spin-5 /2 magnetic impu-
rity. We found that the low-field paramagnetism, strongly
depending on the number of electron and the location of Mn
ion, is viewed as the manifestation of the GS properties of
Mn-doped NCs. The competition between electron-electron
interaction and the sp-d coupling between electron carriers
and Mn ion leads to the pronounced anisotropy of magnetic
properties, ground state transitions in magnetic field, and the
violation of Hund’s second rule. The sp-d coupling is signifi-
cantly enhanced by the quantum confinement of NCs with

radius of a few nanometers and leads to the violation of the
Curie law at low temperature.
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