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The magnetostatic interaction energy and corresponding magnetic force acting on a magnetic point dipole
placed above a type-II thin superconducting film in the mixed state with a single vortex are calculated using
electromagnetics coupled with the London theory of superconductivity. If a vortex is trapped by a circular
defect of radiusb!L, the magnetic forces, caused by the vortex, differ from the results of free from defect
pinning by the factor~12b/L!, whereL is the effective penetration depth. The possibility of formation of the
vortex in the thin film only in the field of the magnetic point dipole is investigated. The critical position of the
dipole for creating the first vortex under the electromagnetic pinning of a circular defect and that position in the
absence of defect pinning are obtained for comparison. In particular, in the limit ofa/L@1, wherea is the
separation between the dipole and the thin film, the only difference between two results is in the cutoff length,
i.e., in the case of a circular defect the only difference in the critical position calculation is the cutoff at radius
b rather than at coherence lengthj. The pinning force of a single vortex by a circular defect is also calculated.
Further, we investigate the conditions of the vortex creation for various cases~including the first, second, and
third vortices! for a free of pinning center in the examining region. It is found that the creation of a new single
vortex in the thin film causes an abrupt change in vertical levitation force: the force changed discontinuously.
@S0163-1829~96!06946-9#

I. INTRODUCTION

The phenomenon of superconducting levitation has al-
ways attracted wide attention. The high-Tc oxide supercon-
ductor has made it easy to directly observe the magnetic
levitation and demonstrated tremendous potential for several
fascinating applications such as magnetic bearing, magnetic
levitation, magnetic suspension, and other magnetic force re-
lated devices.1–4 Concerning the microscopic feature, the
magnetic force microscope5 ~MFM! has been recognized as a
powerful noncontact probe method, which originally devel-
oped on the basis of atomic force microscopy~AFM!.6 The
performance of scanning MFM has been applied to investi-
gate small magnetic structures.7–9 The MFM image of
high-Tc superconductors is now possible,10 especially to in-
vestigate the flux line structure below the transition tempera-
ture. A MFM consists of a tiny magnetic tip which interacts
with a stray magnetic field of the sample. The force on the
scanned tip is measured as a function of the tip position. In a
superconducting levitation system, most researchers11–15cal-
culated the magnetostatic interaction between a magnetic tip
or a point dipole and a type-II superconductor in the Meiss-
ner state, based on the London theory. Recently, Xuet al.16

calculated the levitation force acting on a magnet over a
semi-infinite type-II superconductor with different pairing
symmetries in both Meissner and mixed states to study the

pairing symmetry of superconductors. Coffey17,18also exam-
ined a point dipole above a semi-infinite type-II supercon-
ductor in both the Meissner and mixed states based upon
axisymmetric models of London theory. Moreover, for strati-
fied type-II superconductors of interest to MFM, the static
vortex solutions for both straight line and pancake vortex
have been derived19 by using Fourier transformation and
convolution. However, none of these studies correlated the
creation of the vortex due to the field of the dipole or mag-
netic tip and the effect of the pinning center with the mag-
netic force behaviors, while such correlation could be of
practical importance to design MFM systems for experiment
and understand physical properties of superconductors.

To obtain further insight into the interaction of a magnetic
point dipole over a type-II superconductor in the mixed state
and only one vortex in the superconductor, we investigate
the interaction energy between a point dipole and the screen-
ing currents~or self-interaction energy11,12,14,16!, U in , and the
interaction energy between a point dipole and a vortex line,
Uv . We findU in can be written in the form

U in52
1

2
m•Bin , ~1.1!

wherem is the magnetic moment of the dipole and is located
at the origin.Bin is the induced field caused by the screening
currents in the superconductor.Uv can be written in the form
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Uv52m•Bv , ~1.2!

whereBv is the magnetic stray field of the vortex. This ex-
pression ofUv differs from the expression forU in by a factor
2. The difference between the self-interaction energyU in and
the interaction energyUv comes from the fact thatU in is the
result of an indirect self-interaction between the magnetic
moment and its image.20 Uv typically represents the work
done in establishing the permanent magnetic moment in the
magnetic field, which is induced by the vortex. The magnetic
force acting on the dipole tip then can be expressed as the
negative of the gradient of the interaction energy. The force
includes two parts: one is due to the screening current
caused by the dipole itself, and the other is due to the pres-
ence of the vortex.

The purpose of this study is to theoretically investigate
the magnetic levitation force acting on a dipole tip in the
presence of a single vortex in the superconducting thin film.
The approach is based on the London theory. We also take
into account the pinning effect of a circular defect and the
vortex creation in the thin film on the process to study the
change of the magnetic force acting between the dipole and
the vortex. For calculating the free energy of the system, we
skipped the self-energy of a point dipole because it is a di-
vergent term.

In Sec. III, consider a single vortex in the thin film; the
magnetic force acting on the magnetic dipole is the effect of
the superposition of the magnetic field due to the source of
the vortex and the screening current in the thin film. We find
the vertical force acting on the dipole was contributed by the
induced screen current and the vortex. Only the effect of a
vortex contributes to the lateral force. We also investigate
the influence of electromagnetic pinning of a circular defect
on the magnetic force. If the defect radius is larger than the
superconducting coherence lengthj, then not only is the vor-
tex energy changed, but the vector potential due to the vortex
will also be different. We hope to capture some of the essen-
tial properties of microscopic levitation in this MFM field. In
Sec. IV we extend our treatment to investigate the situations
of vortex creation in the film under the field of the magnetic
dipole when the dipole approaches the film surface. This is
an attempt to relate the magnetic force acting on the dipole to
the vortex creation and the pinning effect. With regard to a
single quantum flux creation in the film, we use the critical
condition of the system transition before and after the forma-
tion of the first vortex equals in free energy to decide the
critical position of the dipole, the critical position at which a
single quantum flux forms in the film. The change of the
magnetic forces after the creation of the first vortex essen-
tially depends on the existence of the pinning effect. We then
study the creation of the vortex for a free of pinning center.
The conditions of critical positions of the dipole for creating
the vortex in the thin film and the equilibrium distances be-
tween vortices for a various number of vortex created in
sequence in the film are expressed. The equilibrium position
of the vortex can be determined by the condition of force
equilibrium. Finally, Sec. V includes discussions and conclu-
sions.

II. CALCULATION OF THE INTERACTION ENERGY

Let us first consider a magnetic point dipole with a mo-
ment m placed outside a type-II superconductor in the
Meissner state. In London approximation, the free energy of
this system is

U5
1

2m0
E B2dv11

1

2m0
E @B21l2u¹3Bu2#dv2 ,

~2.1!

wherem0 is the vacuum permeability andl is the London
penetration depth. The integral of the first term is taken out
of the superconductor except for the volume of the dipole
and the integral of the second term is taken over the sample
volume. We transform Eq.~2.1! into a surface integral. Us-
ing the London equation and divergence theorem,21,22 we
obtain

U5
1

2m0
E ~dipole and supercond!@A3B#•ds, ~2.2!

whereA is the vector potential andB5¹3A. The solutionA
andB can be written as

A5Adip1A in , B5Bdip1Bin , ~2.3!

whereAdip is the vector potential directly contributed from
the dipole, andA in is the induced vector potential due to the
screening current of the superconductor.Bdip and Bin are
magnetic fields corresponding to the vector potentialsAdip
andA in . The surface integral includes the surface of the di-
pole and the surface~inner and outer surface! of the super-
conductor. The boundary conditions ofA andB are continu-
ous at the sample surfaces, but the inner surface and outer
surface are facing in opposite directions; hence the integral
on the surface of the superconducting sample vanishes.
Equation~2.2! becomes

U5
1

2m0
E

~dipole!
~Adip3Bdip12Adip3Bin1A in3Bin!•ds.

~2.4!

The surface integral*dipoleds is taken in the limit the radius
of the dipoler→0. The first term represents the self-energy
of the dipoleUself(d) . The surface integral of the last term
vanishes whenr→0. If the dipole is at the origin of the
coordinate system, we rewrite Eq.~2.4! as

U5Uself~d!1 lim
r→0

21

4p E Fm3r

r 3
3Bin~r !G• r̂ r 2dV,

~2.5!

where r̂ is a unit vector in ther direction anddV is the
element of solid angle subtended at the origin by the area
elementds. The second term of Eq.~2.5! gives the interac-
tion energy between the screening current of the supercon-
ductor and the dipole,U in ,

U in52
1

2
m•Bin~0!. ~2.6!

Next we introduce a vortex into this system. A single
vortex embedded in the type-II superconductor. It is easy to
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find the interaction energy between the vortex and the dipole.
The vortex line produces a magnetic fieldBv . The magnetic
dipole interacts with the stray magnetic fieldBv which
emerges from the superconducting sample. Thus the mag-
netic interaction energy of the permanent magnetic moment
in the field of the vortex,Uv , is

Uv52m•Bv~0!. ~2.7!

Finally, the total interaction energy is the superposition of
Eqs.~2.6! and ~2.7!:

U int5U in1Uv ,

52
1

2
m•Bin2m•Bv .

~2.8!

III. INTERACTION BETWEEN A POINT DIPOLE
WITH A SINGLE VORTEX IN A THIN FILM

We consider a single vortex embedded in an infinite
type-II thin superconducting film and directed perpendicu-
larly to its surface. The basic dimensionless parameter,
which is assumed to be small, is the ratio of the thickness of
the filmd to the penetration depthl. A magnetic dipole with
momentm normal to the plane of the thin film is placed at a
distancea above the film surface, as shown in Fig. 1. The
film lies in thex-y plane with the vortex located at distance
r 0 from the origin of the coordinate system. It can be ana-
lyzed by using the London theory of vortex in the supercon-
ductor, assuming the radius of the vortex core is very small.
From Maxwell’s and London’s equations, the vector poten-
tial A can be expressed as

¹3¹3A52m0m3¹@d~r !d~z2a!#, z.
d

2
, ~3.1!

¹3¹3A1
A

l2 5
f0

2pl2

1

ur2r0u
û8, uzu<

d

2
, ~3.2!

¹3¹3A50, z,2
d

2
, ~3.3!

wheref0 is the flux quantumh/2e and û8 is a unit vector in
theu8 direction when the origin is located at the center of the
vortex.

By the superposition principle, the vector potentialA is
the superposition of the vector potentialA1 andA2 due to the
source of the vortex and the magnetic dipole, respectively.
Now, we solve the vector potentialA1 andA2 individually.
In the case ofd!l, the vector potentialA1 satisfies the
equation23,24

¹3¹3A15
dd~z!

l2 Ff0û8

2pR
2A1G for z50, ~3.4!

¹3¹3A150 elsewhere ~3.5!

whereR5Ar 21r 0
222rr 0 cosu andu is the angle betweenr

andr0. Using the angular symmetry of geometry, the vector
potentialA1 can be written as

A15 f 1~R,z!û8, ~3.6!

which leads to an equation for the scalar functionf 1

]2f 1
]z2

1
]

]r
r21

]

]r
~r f 1!5F2 f 1L

2
f0

Lpr Gd~z!, ~3.7!

whereL52l2/d is the effective penetration depth. Equation
~3.7! was solved by expanding in the first-order Bessel func-
tion

f 15E
0

`

dk J1~kR!e2kuzu f0

2p

1

kL11
. ~3.8!

Similarly, the solution ofA2 is obtained

A25H m0m

4p

r

@r 21~z2a!2#3/2

2
m0m

4p E
0

`

dk
k

kL11
J1~kr !e

2k~z1a!J û, z.0,

~3.9!

A25
m0m

4p E
0

`

dk
k2L

kL11
J1~kr !e

k~z2a!û, z,0.

~3.10!

The first term of Eq.~3.9! comes from the dipole and the
second term is the induced vector potential due to the screen-
ing current. The magnetic inductionB can thus be calculated
by taking the curl ofA, i.e.,B5¹3A. The cylindrical coor-
dinates (r ,u,z) with center on the origin are used to express
B

FIG. 1. The diagram of a magnetic point dipole~m! placed
above a thin superconducting film, and a single vortex embedded in
it.
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B5
m0m

4p H 3r ~z2a!

@r 21~z2a!2#5/2
2E

0

`

dk
k2

kL11

3J1~kr !e
2k~z1a!J r̂1

m0m

4p H 2~z2a!22r 2

@r 21~z2a!2#5/2

2E
0

`

dk
k2

kL11
J0~kr !e

2k~z1a!J k̂1
f0

2p

3E
0

`

dk
k

kL11
e2kz@Crr̂1Cuû1Ckk̂#, z.0,

~3.11!

B52
m0m

4p E
0

`

dk
k2L

kL11
ek~z2a!@J1~kr ! r̂2J0~kr !k̂#

2
f0

2p E
0

`

dk
k

kL11
ekz@Crr̂1Cuû2Ckk̂#, z,0,

~3.12!

where

Cr5J1~kr !J0~kr0!1 (
n51

`

@Jn11~kr !2Jn21~kr !#

3Jn~kr0!cosnu, ~3.13!

Cu5 (
n51

`

@Jn11~kr !1Jn21~kr !#Jn~kr0!sinnu,

~3.14!

Ck5J0~kr !J0~kr0!12(
n51

`

Jn~kr !Jn~kr0!cosnu,

~3.15!

andJn(x) is thenth order Bessel function.
Using the result as we obtained in the Sec. II we can find

the force which acts on the dipole tip. From Eqs.~2.8!,
~3.11!, and~3.12!, we get the interaction energy

U int5U in~a!1Uv ,~a,r 0!

5
m0m

2

8p E
0

`

dk
k2

kL11
e22ka

2
mf0

2p E
0

`

dk
k

kL11
J0~kr0!e

2ka. ~3.16!

The first term in Eq.~3.16! represents the self-interaction
energy caused by the screening current and the second term
in Eq. ~3.16! represents the interaction energy between the
dipole and the vortex. The magnetic force components acting
on the dipole can be obtained as follows:

Fz52
]U int

]a
5

m0m
2

4p E
0

`

dk
k3

kL11
e22ka

2
mf0

2p E
0

`

dk
k2

kL11
J0~kr0!e

2ka, ~3.17!

Fr0
52

]U int

]r 0
52

mf0

2p E
0

`

dk
k2

kL11
J1~kr0!e

2ka,

~3.18!

whereFz is the vertical force~in the z direction! andFr0
is

the lateral force. Them2 term in Eq.~3.17! is the component
of vertical force due to the superconductor in the Meissner
state, and themf0 term in Eq.~3.17! is the component of
vertical force contributed by the vortex. In this system, the
interaction force between the dipole and the screening cur-
rent is repulsive, and the interaction force between the dipole
and the vortex is attractive.

We consider the simplest case to examine the vertical
force, i.e., the dipole is placed just above the vortex. In this
case,r 050, we getJ0(kr0)51 andJ1(kr0)50. Therefore we
obtain immediately from Eq.~3.17!

Fz5F11F2 ,

5
m0m

2

4pL4 FLa2
1

4 S L

a D 21 1

4 S L

a D 32e2a/LE1S 2aL D G
2

mf0

2pL3 F2S L

a D1S L

a D 21ea/LE1S aL D G , ~3.19!

whereF1 and F2 are respectively caused by the screening
current and the vortex, andE1(z) are the exponential inte-
gral. The exponential integralE1(z) are defined as follows:

E1~z!5E
z

`

dt e2tt21. ~3.20!

Taking two limitations in Eq.~3.19!, we have

Fz'
3m0m

2

32pa4 S 122
L

a D2
mf0

pa3 S 123
L

a D for a@L,

~3.21!

Fz'
m0m

2

16p

1

a3L
2
mf0

2p

1

a2L
for a!L. ~3.22!

This result is similar to the results of Refs. 16 and 17 for the
semi-infinite superconductor case, which is given as

Fz'
3m0m

2

32pa4 S 124
l

aD2
mf0

pa3 S 123
l

aD for a@L.

~3.23!

In Fig. 2 we present the dependence of the levitation forceF1
andF2 on the vertical distancea ~normalized in units of the
effective penetration depth! for r 050. We see that these two
force curves intersect at the pointa050.25L, which means
the vertical levitation forceFz becomes equal to zero if
m52f0L/m0. Figure 3 shows the force componentsFz and
Fr0

acting on the dipole, as a function of lateral distance. The
forces have been calculated ata5L. The value of the verti-
cal force due to the screening current is constant because we
have not considered the edge effect of the sample. This force
is independent of lateral distancer 0 and can be seen from the
first term on the right-side of Eq.~3.17!. The vertical force,
caused by the vortex, decreases with increasing lateral dis-
tance from the vortex center. Figure 4 presents the lateral
force as a function of vertical distance. The lateral force has
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been calculated atr 05L. The lateral force show its maxi-
mum some distance away from the center of the vortex.

It is important to knowFr0
since it might be possible for

a vortex to become depinned. How does the lateral force
compete with local pinning force? If the vortex becomes de-
pinned when the dipole is scanning it, then the vortex would
be attracted and moved near the bottom of the dipole, i.e.,
r 0→0, and hence the lateral forceFr0

→0. The local pinning
force for a vortex may be estimated by the difference of the
lateral force for a vortex with and without pinning. In the
limit of r 0!L, Eq. ~3.18! can be reduced to a simple form
for a@L anda!L

Fr0
52

3mf0

2pa4
r 0S 124

L

a D for a@L, ~3.24!

Fr0
52

mf0

2pa3
r 0
L

for a!L. ~3.25!

The lateral force varies linearly with the lateral distance for
both situations.

If the single vortex is trapped by a pinning center, and the
vortex core will coincides with the pinning center, this effect

would influence the magnetic force acting on the dipole. We
consider the pinning center as a circular defect with radiusb.
We assumeb!L, but larger than the coherence lengthj.
Under this condition, a proper correction for the vortex en-
ergy and the vector potential should be made.

The self-energy of the vortex in the superconducting thin
film is24,25

Ev5
f0
2

2pm0L
lnS L

j D . ~3.26!

In the case of the circular defect the only difference in the
vortex energy calculation is the cutoff atb rather than atj,
and the self-energy of the defect with one quanta of the mag-
netic flux is

Evd5
f0
2

2pm0L
lnS L

b D . ~3.27!

Now we find the vector potential,A1d, due to the trapped
vortex. LetA1d have the form

A1d5bA1 , ~3.28!

whereb is the coefficient which relates to the effect of the
defect. The coefficientb can be determined by considering
the condition of flux quantization. The total magnetic flux
trapped in the thin film~including the defect! is equal to the
flux quantumF0. Integrating vector potentialA1d along the
circular contour of the defect in the superconducting film just
as that done in Ref. 26, we have

pb2Bz~r5b!1 R
r→`

A1d•dl12 R
r→b

A1d•dl25f0

for z50, ~3.29!

where Bz is the z component of magnetic fieldB in the
region of the defect core.Bz is distributed uniformly in the
region of r,b and z50 because¹3B5m0Js50. It is con-
venient to use the London equation to obtainBv and we have

Bz'
bf0

2pLr
for r!L. ~3.30!

Substituting Eqs.~3.28! and~3.30! into Eq.~3.29!, we obtain

FIG. 3. The vertical forceFz and lateral forceFr0
as a function

of the lateral distancer 0 at distancea5L. The curves~solid line! of
the vertical force are calculated from Eq.~3.17!, and the curve
~dashed line! of the lateral force is calculated from Eq.~3.18!. The
value of the vertical force due to the screening current is constant.

FIG. 4. The lateral forceFr0
as a function of the vertical dis-

tancea at distancer 05L.

FIG. 2. The vertical force componentsF1 andF2 as a function
of the vertical distancer at distancea050. Both lines are calculated
from Eq. ~3.19!.
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b512
b

L
. ~3.31!

The vector potentialA1d

A1d5S 12
b

L DA15
f0

2p S 12
b

L D E
0

`

dk
J1~kR!e2kuzuû8

kL11
,

~3.32!

which differs fromA1 by the factor~12b/L!. We proceed as
above to see in place of the interaction energy of the second
term on the right-hand side of Eq.~3.16! is the product of the
original form times the factorb and similarly of magnetic
force in Eq.~3.17! with relation to the vortex term and in Eq.
~3.18!. Since in our calculations we assumeb!L, the factor
b is a small amount of correction. Here we propose that the
distance between the dipole and the defect is large, so the
interaction between the dipole and the small defect core need
not be considered.

Let us estimate the interaction force between the vortex
and the defect, i.e., the pinning force. The interaction energy
between the vortex and the defect,Vp , has the form27

Vp52
f0
2

2m0L
(
n51

`

gn~r !•FH2nS rL D
2Y2nS rL D GJ2nS bL D for b!L, ~3.33!

and

gn5H2nS rL D2Y2nS rL D Y H2nS bL D2Y2nS bL D ,
~3.34!

where Hn(x) are the Struve function, andYn(x) are the
Bessel function of the second kind.

The asymptotic behavior is given by

Vp'2
f0
2L

2pm0

b2

r 4
for r@L@b, ~3.35!

Vp'
f0
2

2pm0L
lnS 12

b2

r 2 D for b,r!L. ~3.36!

It is easy to see from Eq.~3.36! that the vortex-defect inter-
action is attractive; indeed, the capture of a vortex by the
defect is always favored. On the basis of Eq.~3.36!, we have

f p52
]Vp

]r U
r5b1j

'
f0
2

2pm0Lj
. ~3.37!

To compare Eq.~3.37! with Eq. ~3.18!, we can estimate the
force necessary to overcome the electromagnetic pinning by
using the calculation in the lateral force of the dipole tip
effect on the pinned vortex.

IV. CREATION OF THE VORTEX IN THE THIN FILM

In the previous section, we discussed the interaction be-
tween a single vortex being in the thin film and a dipole
above the film. A natural question would arise. Are any extra
vortices formed in the thin film when the dipole is near the

film surface? Of course, it is possible to allow a vortex to
form in the thin film in the field of magnetic dipole moment.
We now investigate the interaction between a dipole moment
and one or more vortices which are created in the thin film
by the field of dipole itself. The conditions of creation of the
flux quantum in the film will be found. The behavior of
magnetic force before and after the vortex creation in the
film are also examined.

A. Pinning effect of a circular defect

Let a point dipole be placed just above the circular defect.
Initially, if the point dipole is so far from the thin film that
the film is in the Meissner state, the persistent currents in the
film are established to screen the magnetic field of the dipole.
In this situation, the levitation force acting on the dipole is
obtained as

Fz5
m0m

2

4p E
0

`

dk
k3

kL11
e22ka. ~4.1!

Here the dipole is at the point~0,0,a! and the defect center is
at the origin. Equation~4.1! is equal toF1 which was ob-
tained in Eq.~3.19!.

The point dipole is lowered to a positiona1, the position
at which the first vortex is created in the thin film, and then
trapped by the defect. In order to find the critical positiona1,
we need to compare the free energy of no vortex existence
and the free energy of the appearance of the first vortex
instead of none in the film. The free energy of the system
before,U0, and after,U1, the creation of the first vortex,
respectively, are written as

U05U in~a1!, ~4.2!

U15U in~a1!1S 12
b

L DUv~a1,0!1Evd . ~4.3!

The critical position of the dipolea1 can be found by setting
U05U1 . Then a1 can be determined using the following
equation:

F L

a1
2ea1 /LE1S a1L D G S 12

b

L Da5 lnS L

b D , ~4.4!

wherea5m0m/f0L reflects the normalized strength of the
magnetic moment, andE1(a1/L) is an exponential integral.
Considering the casea1@L, we have

a15A~12b/L!a/ ln~L/b! L. ~4.5!

It is clear that the critical positiona1 for creating the first
vortex depends on the strength of the magnetic moment and
the defect radius. The levitation force acting on the dipole
can be obtained easily by using the result of the last section

Fz5F1~a1!, ~4.6!

Fz1
5F1~a1!1F2~a1!~12b/L!, ~4.7!

whereFz andFz1
represent the vertical force on the dipole

with none and one quanta of the flux in thin film, respec-
tively. The expressions ofF1 andF2 have been expressed in
an earlier section. Equation~4.7! shows clearly how the ver-
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tical force changes as a vortex is captured by the defect. The
forceF1 caused by the dipole itself is still the same after the
creation of the vortex. An additional forceF2, caused by the
pinned vortex, appears after the creation of the vortex.
Hence, from Eqs.~4.6! and~4.7!, the difference of the verti-
cal force,uDFzu, is

uDFzu5US 12
b

L DF2~a1!U
5

mf0

2pL3 S 12
b

L D F2S L

a1
D1S L

a1
D 21ea1 /LE1S a1L D G .

~4.8!

If the dipole is a large distance from the film, Eq.~4.8! be-
comes

uDFzu5
mf0

pa1
3 S 12

b

L D S 123
L

a1
D . ~4.9!

B. Without pinning effect

We continue to make the assumption that the vortex is
formed perpendicularly through the thin film one at a time
when the dipole is vertically approaching the film surface.
Sometimes it is not necessary to have a pinning center in the
examining region, as we did in Sec. IV A. Here we investi-
gate the system free of defect pinning.

In the Meissner state, the levitation force acting on a di-
pole is the same as that given in Eq.~4.1!. As the dipole is
lowered to a positiona1 the creation of the vortex appears in
the film. In this case, the third term in Eq.~4.3! has to be
replaced by the self-energy of the vortexf0

2ln~L/j!/2pm0L
and the factorb of the second term in Eq.~4.3! has to be
removed; then the critical positiona1 satisfies

F L

a1
2ea1 /LE1S a1L D Ga5 lnS L

j D . ~4.10!

This result differs from the result of Eq.~4.4! by the radiusb
which is replaced by the coherence lengthj and the factor
~12b/L!. In the limiting casea1@L, we have

a15Aa/ ln~L/j! L. ~4.11!

After the creation of the first vortex, as we know, a change in
the vertical force is responsible for the vortex creation. The
difference of the vertical force between the first vortex cre-
ated and no vortex existing in the film has the form

uDFzu5
mf0

pa1
3 S 123

L

a1
D for a1@L. ~4.12!

When the dipole continues to approach the film, increas-
ing in magnetic field, the possibility of creation of the second
vortex appears. To perform the corresponding calculations
we should know the interaction energy between two vortices
in the case of infinitely thin superconducting film, which was
obtained in Ref. 25. Now for simplicity to analysis, we pay
our attention to the case of the distance between two vortices
r small enough to satisfyr!L.

If the dipole is at the point~0,0,a2!, the creation of the
second vortex appears. The free energy of the systems be-
fore,U1, and after,U2, the creation of the second vortex are

U15U in~a2!1Uv~a2,0!1Ev , ~4.13!

U25U in~a2!12Uv~a2 ,r 1!12Ev1
f0
2

pm0L
lnS L

r D ,
~4.14!

wherer52r 1 is the distance between two vortices andr 1 is
the equilibrium position of the vortex from the origin~or
equilibrium center!. The last term of Eq.~4.14! is the inter-
action energy between two vortices.25 In this derivation,
r 1!L is assumed. We do not consider these two vortices
coinciding because they need more energy to form two-
quanta vortex. In the following, we express the procedures to
find a2 and r 1:

The condition for equilibrium of vortices is

Fr52
]U2

]r 1

52
mf0

2p E
0

`

dk
k2

kL11
e2ka2S 12 kr1D1

f0
2

pm0L

1

r 1

50. ~4.15!

The critical condition of the system before and after the cre-
ation of the second vortex occurs asU1 is equal toU2; we
have

2
mf0

2p E
0

`

dk
k

kL11
e2ka21

f0
2

2pm0L
lnS L

j D
1

f0
2

pm0L
lnS L

2r 1
D50. ~4.16!

Applying these two conditions to determinea2 and r 1, we
rewrite Eqs.~4.15! and ~4.16!

F L

a2
2S L

a2
D 212S L

a2
D 32ea2 /LE1S a2L D Ga52S L

r 1
D 2,

~4.17!

F L

a2
2ea2 /LE1S a2L D Ga5 lnS L

j D12 lnS L

2r 1
D . ~4.18!

Figure 5 shows the critical positionsa1, a2 and the equilib-
rium positionr 1 versusx. The height of the critical position
a2 is lower than that of the critical positiona1 for the same
reduced magnetic momenta. The vertical force on the dipole
before,Fz1

, and after,Fz2
, the creation of the second vortex

is obtained as follows, respectively:

Fz1
5F1~a2!2

mf0

2p E
0

`

dk
k2

kL11
e2ka2, ~4.19!

Fz2
5F1~a2!2

mf0

p E
0

`

dk
k2

kL11
e2ka2S 12

1

4
k2r 1

2D .
~4.20!

The difference in the vertical force is

54 15 435MAGNETIC FORCE ACTING ON A MAGNETIC DIPOLE . . .



uDFzu5uFz2
2Fz1

u

5
mf0

2p

1

L3 F2S L

a2
D1S L

a2
D 21ea2 /LE1S a2L D G

2
mf0

4p

r 1
2

L5 F2S L

a2
D1S L

a2
D 222S L

a2
D 3

16S L

a2
D 41ea2 /LE1S a2L D G . ~4.21!

From the result of Fig. 5, we see that most values of the
critical positiona2 are much smaller than the effective pen-
etration depthL. We use here the conditiona2/L!1; from
Eq. ~4.21! we obtain

uDFzu5
mf0

2p

1

L3 S L

a2D
2F123S r 1a2D

2G . ~4.22!

The values ofr 1/a2 are about 0.21 to 0.26 for a range ofa
from 0.1 to 10.

In the following, let us treat the problem of three vortices.
We consider these vortices to form an equilateral triangle.
Following similar procedure, we have

F L

a3
2S L

a3
D 212S L

a3
D 32ea3 /LE1S a3L D Ga52S L

r 2
D 2,

~4.23!

F L

a3
2S L

a3
D 212S L

a3
D 32ea3 /LE1S a3L D Ga54S L

r 3
D 2,

~4.24!

F L

a3
2ea3 /LE1S a3L D Ga5 lnS L

j D 16 lnS L

)r 3
D 22 lnS L

2r 2
D ,

~4.25!

wherea3 is the position of the dipole for creating the third
vortex in the film andr 2 and r 3 specify the equilibrium po-
sitions of the vortex from the origin of the system before and
after the creation of the third vortex, respectively. Figure 6
shows the critical positiona3 of the creation of the third
vortex and the equilibrium positionsr 2 andr 3 versusa. It is
clear that the equilibrium position of the vortex~or the dis-
tance between vortices! becomes farther than the position it

was after the creation of the third vortex. The change of the
vertical force acting on the dipole after the creation of the
third vortex in the film is

uDFzu5
mf0

2p

1

L3 F2S L

a3
D1S L

a3
D 21ea3 /LE1S a3L D G

2
mf0

8p

~3r 3
222r 2

2!

L5 F2S L

a3
D1S L

a3
D 2

22S L

a3
D 316S L

a3
D 41ea3 /LE1S a3L D G . ~4.26!

Again, in thea3/L!1 limit, we find

uDFzu5
mf0

2p

1

L3 S L

a3
D 2F12

3

2 F3S r 3a3D
2

22S r 2a3D
2G G.

~4.27!

The values ofr 3/a3 and r 2/a3 are about 0.24 to 0.38 and
0.18 to 0.26, respectively, for a range ofa from 0.1 to 10.
From the above results, the change in the vertical force origi-
nates from the vortex creation. In the free of pinning case,
there is no lateral force signal owing to the symmetry of the
vortex geometry.

V. DISCUSSION AND CONCLUSION

We have shown the interaction energy between a dipole
moment and the screening current of the superconductor us-
ing a direct calculation of the free energy of the system and
compare the result with the image method.20 The interaction
energy between a dipole moment and a single vortex also
have been obtained from energy consideration. The magnetic
force interacting among a magnetic dipole, screening current,
and a single vortex in a type-II superconducting thin film are
calculated. The vertical component of the magnetic force is
attractive or repulsive depending on the strength of the mag-
netic moment and the distance between the dipole and the
vortex. We also have found that there exists a simple rela-
tionship between the vertical levitation force and effect pen-
etration depthL52l2/d for the special case of a dipole
placed just above the vortex. In the limit ofa/L@1, the
vertical levitation force varies linearly withL. This result

FIG. 5. The critical positionsa1 ,a2 and the equilibrium position
r 1 of the vortices as a function ofa for the parameterL/j5103.

FIG. 6. The critical positiona3 and the equilibrium positionsr 2
andr 3 as a function ofa for the parameterL/j5103, wherer 2 and
r 3 specify the equilibrium positions of the vortex before and after
the creation of the third vortex, respectively.
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gave a more complicated characterization of the force as a
function of London penetration depthl and thicknessd than
that obtained in Ref. 16 for the levitation force for a half-
space superconductor. Clearly, the asymptotic result at large
dipole-sample distance depends on the thickness of the su-
perconducting sample, which could be important for analyz-
ing pairing symmetry in superconductors. The lateral force
varies linearly withr 0 for both large and small dipole-sample
distances, in the limit ofr 0!L. If a vortex becomes de-
pinned, the dipole tip will feel a finite change in the lateral
force. The local pinning force for a single vortex then can be
estimated by the difference of lateral force for a vortex with
and without pinning. If a vortex is trapped by a circular
defect, the vector potential due to the source of the trapped
vortex is reduced by a factor~12b/L! as compared with that
of vector potential free of defect pinning. This factor will
appear as long as the interaction with relation to the trapped
vortex. Both the effective penetration depthL and coherence
length j have an inverse proportionality to the electromag-
netic pinning force of a vortex by a circular defect. Our main
results also contain further generality to include angular de-
pendence. Generalization to the case with more vortices is
straightforward.

As concerns vortex creation in the film when the dipole
holds vertically at a certain height to scan the film surface,
the behaviors of the magnetic force acting on the dipole and
the conditions of the vortex creation are quit different for

different pinning mechanisms. A physically important situa-
tion such as the well studied limita@L is readily apparent.
We have found that the critical position of the vortex cre-
ation depends on the strength of the magnetic moment and
the radius of the circular defect. A vortex creation in the film
means a change in magnetic force which acts on the dipole.
These results provide a method of investigating pinning na-
ture in thin films through the measurements of the magnetic
force on the dipole tip.

As concerns vortex creation in free of pinning effect, we
have obtained at what position a created vortex is energeti-
cally favorable for a various number of vortices, including
the first, second, and third vortices. The results have shown
that by increasing the number of vortex creations in the su-
perconducting thin film the position of the dipole comes near
to the film surface. For convenience, we have proposed that
the distance between vortices is much smaller than the effec-
tive penetration depth, and we have found a change in verti-
cal force acting on the dipole when a new single vortex is
created in the film. The force changed discontinuously as the
creation of the vortex occurred.
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