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A Spatial Beam Splitter Consisting of a Near-Zero
Refractive Index Medium

Ruey-Bing Hwang, Neng-Chieh Hsu, and Cheng-Yuan Chin

Abstract—A novel metamaterial-based beam splitter is demonstrated in
this communication. The metamaterial is a three-dimensional (3 D) fishnet
structure arranged in a two-dimensional (2 D) square lattice. According to
Snell’s law, the refracted wave from medium into air tends to be normal to
the interface if the effective refractive index of medium is approximately
zero. In light of this concept, the study presents a metamaterial with near-
zero effective refractive index and an internal line source inside as excita-
tion. Metallic flares with specific tilting angle were installed at four sides of
the beam splitter to reduce reflection coefficient and match the impedance
of the fishnet structure and free space. In addition to calculating the phase
relation of eigenwaves in the metamaterial, this study measures the radia-
tion patterns to verify its spatially beam-splitting characteristics.

Index Terms—Metamaterial, near-zero refractive index medium, peri-
odic structures, spatial beam splitter.

1. INTRODUCTION

Metamaterial is an artificially engineered material that obtains its un-
usual electromagnetic properties from structure rather than its compo-
sition. Metamaterial is generally constructed by embedding specific in-
clusions such as periodic structures in a host medium. Previous studies
have applied metamaterial in waveguides and antenna designs [1], [2].
A metamaterial with a near-zero effective refractive index can reshape
the far-field pattern of an embedded antenna. A matched zero-index
slab can also transform curved wave fronts into planar ones [3]. Meta-
material made of wire medium has been studied intensively and partic-
ularly on its effective refractive index, permittivity, and permeability.
A structure composed of metallic mesh wires, which has very small
electrical length in the period and wire thickness, can be treated as
a homogeneous medium with a low plasma frequency [4]. Regarding
the optical domain, a dielectric medium embedded with metallic nano-
particles and nano-wires has zero effective permittivity, creating band
gaps [5]. Moreover, split ring resonators can produce an effective neg-
ative permeability over a microwave frequency band [6]. The first left-
handed metamaterial in microwave frequency was developed while the
extraordinary refraction phenomenon was also demonstrated [7]. Meta-
materials with both negative permittivity and permeability over an over-
lapping near-infrared wavelength range have a low loss negative-re-
fractive-index [8], [9]. A three-dimensional optical metamaterial made
of cascaded “fishnet” structures has a negative index within wide-band
range [10]. Some researchers also used the effective medium method to
consider the metamaterial slab as a uniform medium. Single-mode ap-
proximation can mathematically extract the effective parameters using
the reflection- and transmission-coefficients of the metamaterial slab
[11]. Antenna design benefits from the specific properties of metama-
terial. For instance, a metamaterial consisting of six identical metallic
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Fig. 1. Structure configuration: (a) photo of the 3 D fishnet metamaterial, and
(b) front view of the fishnet structure.

grids with a square lattice embedded in a foam [12]. They placed a
monopole source in the middle of the structure, and a metal plate on
the bottom of structure to control the emission. Experimental and nu-
merical analysis proves that this metamaterial can modify the emis-
sion of an embedded source. Researchers have proposed and analyzed
an epsilon-near-zero metamaterial for tailoring the phase of radiation
pattern of arbitrary sources for some canonical geometries [13]. Other
researchers studied a strongly modulated photonic crystal with an ef-
fective refractive index controllable by the band structure [14]. Experi-
mental results prove that such a metamaterial can modify the emission
of an embedded source and enhance its gain and directivity [15].

II. STRUCTURE CONFIGURATION

Fig. 1(a) shows the two metallic parallel plates sandwiching the
fishnet structure. The numbers of the unit cell along the x- and y-di-
rections are both 5; the periods (or lattice constant) along the - and
y-directions are d, (14.2 mm) and d, (14.2 mm), respectively. Each
row or column of the 3 D fishnet structure was constructed by the
building block depicted in Fig. 1(b). Photo lithography and chemical
etching processes were used to print a jungle-gym-like pattern on
the dielectric substrate RO4003 with a relative dielectric constant
of 3.55 and a thickness of 0.508 mm. The same pattern was printed
on both sides of the dielectric substrate. This figure also shows the
dimensions of the metal strip. The metallic parallel plates were made
of aluminum measuring 1.6 mm thick, and the distance between them
was h (12.8 mm). The experiments in this study excited cylindrical
wave with a coaxial probe in this structure to observe its beam-splitting
characteristic.
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Fig. 2. Phase relation of waves propagating in the metamaterial.

III. CHARACTERIZATION OF THE METAMATERIAL

A. Phase Relation

When analyzing a periodic structure, the dispersion (or phase) rela-
tion of the eigen-wave supported in the medium is an important issue.
The boundary conditions of the top and bottom surfaces are perfect
electric conductors. Since the metamaterial is assumed to have infinite
2 D periodicity, the phase differences along the - and y-directions
can be expressed as k,d, and k,d, respectively, where phase con-
stants k,. and k, must comply with the Bloch-Floquet theorem, namely,
the periodic boundary condition. Therefore, it is possible to solve the
eigen-value problem of the closed structure using the finite-element
method. Notice that the eigen-value (frequency) obtained corresponds
to a propagating mode subject to every given combination of phase
constants k., and k, . After iterating the phase constants, it is possible
to determine the phase relation (the relationship among frequency, k.
and k, ). Fig. 2 shows a contour map of the phase relation, in which the
horizontal and vertical axes represent the normalized phase constants
(k«/ko and k, /k,) along the z- and y-axis, respectively. This figure
also reflects the symmetric properties of the unit cell. The colored cir-
cles with smaller radii represent the phase relations in the metamaterial
calculated from 7.2 GHz to 8.0 GHz with 0.2 GHz step, while the circle
with larger radius is the phase relation in air for reference. Apparently,
the n.yy of a wave in the metamaterial is much smaller than that in
air. No real root (frequency) is apparent below 7 GHz due to the cutoff
phenomenon (plasma-like property) of this structure.

The phase relation above provides physical insights into wave prop-
agation at the interface. For easy interpretation, we regard the meta-
material as a homogeneous medium with a refractive index n. s ;. The
incident and transmitted angles in the medium and air are denoted by
#; and 6, respectively. According to Snell’s law, the relation between
the incident and transmitted angles is as follows.

Neffsing; =sin b, (€))]

Since n.y; < 1, the transmitted angle (#;) must be near zero. This
means that the transmitting wave is likely perpendicular to the interface
between the two media.

B. Effective Medium Approach for Extracting the Uniform
Transmission Line Parameters

Nicolson and Ross proposed a method for determining the permit-
tivity and permeability of a homogeneous material using time-domain

measurements in 1970 [16]. The scattering property of a homogeneous
material can be determined by calculating its z and n from reflection-
and transmission-coefficients. Here = refers to the wave impedance nor-
malized to 377 €2 inside metamaterial whereas n refers to the effective
refractive index. The effective medium approach extends same idea of
characterization to metamaterial when it is regarded as a homogeneous
material. For better characterization, many researchers have attempted
to improve the retrieval processes. Existing methods [17]-[20] use the
scattering parameters of a metamaterial slab under the normal inci-
dence of a plane wave. This study performs the parameter retrieval anal-
ysis on a 3 D fishnet structure with a periodic arrangement. However,
the retrieval process may fail for several reasons such as inaccurate esti-
mates of the effective thickness, relatively small scattering parameters,
or incorrect determination of the branch index of the refractive index
n. To avoid these issues, this study chooses a robust method [11] for
effective parameter extraction. The effective permittivity and perme-
ability are calculated from y¢t = nz and e = n/z.

Since metamaterial is a passive medium, the signs of computed z
and n must satisfy the requirement

Re{z} >0 (2)
Im{n} >0. 3)

Thus z and n can be determined independently by
(1+511)? — 53,
(1—-511)2~ 53

e Rerd — X 4 51— X2 5)

z== 4)

L —jkond ,
n_kod{ [Im{ln(e™’ )} 4 2mm]
+ jlRe{in{e 7"} ©)

where X = (1 — S% + 551)/2521, S11 and S individually repre-
sent the reflection- and transmission-coefficients. The terms %, and d
are the free-space wave-number and slab thickness, respectively. Since
this study extracts effective parameters of the fishnet-type metamaterial
under the normal incidence of a TEM wave in a parallel-plate wave-
guide of height %, the analysis can be simplified by considering only
the unit cell inside a waveguide with two horizontal PEC walls and two
vertical PMC walls. Solving (6) directly may lead to an ambiguous re-
sult because the logarithmic function itself is multi-valued. Therefore,
the choice of branch index i is critical and affects the real part of 7.
Nevertheless, the continuity of both permittivity and permeability as
functions of frequency is an essential condition that helps determine
the branch index. This study employs an iterative method to address
this problem, as noted in [11, sect. D].

The constitutive effective parameters of metamaterial are shown in
Fig. 3 using (4)—(6). The plasma-like dielectric function is negative
for the operational frequency below 7 GHz, while the effective perme-
ability is positive. Consequently, the wave should have a pure imag-
inary number of propagation constant (refractive index) as depicted
in (c), exhibiting the below-cutoff phenomenon. Interestingly, the ef-
fective refractive index is zero at 7 GHz, while the impedance is ex-
tremely high. Once the wave is excited in the effective medium at 7
GHz, the high wave impedance causes a strong reflection from the in-
terface between the effective medium and air. Specifically, the wave
impedance inside metamaterial is difficult to match the free-pace wave
impedance, and therefore we append the flared opening between fishnet
structure and free space as an impedance transformer. The effective
medium approach can properly model the complicated structure as a
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Fig. 3. Retrieved constitutive effective parameters of the 3 D fishnet metamaterial: (a) permittivity, (b) permeability, (c) refractive index, (d) normalized impedance.
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Fig. 4. (a) Poynting vector distribution in the structure with metamaterial and (b) Electric-field strength in the structure with metamaterial.

uniform dielectric medium, providing uniform transmission-line pa-
rameters when the operational wavelength exceeds the period of a pe-
riodic structure.

After identifying the phase- and dispersion-relation of eigen-waves
supported in the metamaterial, it is possible to observe the physical pic-
ture of wave process. By properly tuning the length of the monopole
(line source) in the metamaterial, it is possible to diminish the reflec-
tion between the coaxial probe and whole structure. The refractive wave
should then be normal to the metamaterial surface based on previous
predictions. Therefore, this study calculates the electric-field distribu-
tion and vectorized Poynting power in the parallel-plate region to verify
this conjecture. Fig. 4(a) shows that the refracted wave leaving the
metamaterial (highlighted by a grid region) tends to be perpendicular
to the metamaterial surface, particularly around the central part. On the
other hand, the wave propagates with a small angle deviated from direc-
tion perpendicular to side faces of the fishnet structure in the horizontal
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plane for the reason that the effective refractive index of metamaterial
is not perfect but approximate zero in our design.

C. Radiation Characteristics

This study demonstrates the spatial power-splitting characteristics
of the original structure equipped with a flared opening on each of the
four output ports. The flared opening in this design enhances the di-
rectivity of the original structure. As is well known in microwave and
millimeter wave engineering, an E-plane horn antenna uses a flared
opening to taper its dominant waveguide mode from the waveguide end
to a large opening while maintaining field uniformity. This study uses
the same design to obtain a uniform electric-field distribution on the
flared opening. The radiation patterns along the X-Y and X-Z plane
were measured in an anechoic chamber using a vector network ana-
lyzer (HP 8722 D) and standard horn antennas.
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Fig. 5. Reflection coefficient (in dB) versus frequency of this spatial beam-
splitting structure.
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Fig. 6. Radiation patterns of the spatial beam-splitting structure on X -Z and
X-Z planes at 7.5 GHz.

This study includes the numerical simulations to determine far-field
radiation patterns and verify the proposed design concept. Fig. 5 shows
the reflection coefficient having bandwidth of 0.2 GHz with VSWR
less than 2. Fig. 6 shows both measured and simulated co-polarization
patterns. Due to the smaller dimension along the flared-opening direc-
tion compared to the width along the x- (or y-) axis, the beam pattern
has a wider beam-width along the X -Z plane. Although not shown in
the figures, measurements of the cross-polarization patterns are much
smaller than those of co-polarization. These figures show that the four
cone-type beam patterns indeed can serve as a spatial beam splitter to
distribute the input power in four directions. The excellent agreement
between numerical and measured results confirm the near-zero-refrac-
tive-index properties of the metamaterial.

IV. CONCLUSION

This communication develops an artificial medium based on the 3
D fishnet structure. Using the effective medium approach, the pro-
posed approach regards a 2 D periodic structure as a homogeneous
medium and extracts its effective parameters, including the permit-
tivity, permeability, refractive index, and wave impedance. Interest-
ingly, the medium possesses a near-zero refractive index. A spatial
beam splitter incorporating this metamaterial was developed to dis-
tribute the input power in four directions. To determine the underlying
physics of wave process in the metamaterial, this study analyzes the dis-
persion characteristics of the fishnet structure. In addition, the Poynting

vector and electric-field distribution in the metamaterial verifies the
property of near-zero refractive index. The excellent agreement be-
tween measured and calculated results confirms the design concept of
this study.
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