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Abstract—This paper provides a closed-form model of the “dark
space (DS)” for Ge MOSFETs with high-k gate dielectrics. This
model shows accurate dependences on barrier height, surface
electric field, and quantization effective mass of the channel and
gate dielectric. Our model predicts that the surface DS due to
quantum confinement decreases with reverse substrate bias and
increasing channel doping. Our model can be also used for devices
with a steep retrograde doping profile. This physically accurate
model will be crucial to the prediction of the subthreshold swing
and electrostatic integrity of advanced Ge devices.

Index Terms—Closed-form model, dark space (DS), eigen-
energy, germanium, wavefunction penetration (WP).

I. INTRODUCTION

A S THE HIGH-k/metal-gate stack is introduced to con-
tinue scaling of equivalent oxide thickness (EOT), high-

mobility channel materials such as Ge have been proposed to
compensate for the mobility loss due to the high-k gate stack
[1], [2]. However, larger “dark space (DS)” [3]–[8] due to quan-
tum confinement is one major concern for Ge devices because it
may significantly increase the overall equivalent electrical ox-
ide thickness [9] (EOTe or CET) in the subthreshold region and
degrade the device electrostatic integrity. Since the quantum-
confinement effect pushes the carriers away from the interface,
“DS” can be viewed as the distance from the interface to the
centroid of the carrier layer (normalized with the permittivity
ratio) [4], [5]. With the triangular well and infinite oxide barrier
approximations, a carrier layer thickness model for Si channel
had been proposed in the past [10]. However, for Ge channel
devices with high-k gate dielectric, these approximations may
result in significant error in the prediction of the DS because
of the small effective mass of the channel carrier and the finite
dielectric barrier height. Although the impact of finite barrier
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height on Si devices has been considered by empirically fitting
the ground-state eigenenergy dependence on the surface electric
field with numerical simulation recently [11], [12], the fitting
results were not scalable and not applicable for Ge devices.

In this paper, we provide a closed-form DS model for Ge
MOSFETs with high-k dielectrics. This model gives insights
to the minimization of the DS, and it can be used to predict
the electrostatic integrity of advanced Ge devices. This paper
is organized as follows. In Section II, we derive the closed-
form models for the ground-state eigenenergy and the DS. In
Section III, we verify our model with technology-computer-
aided-design (TCAD) simulation. In addition, the application of
our DS model on the prediction of the subthreshold swing (SS)
is demonstrated. Finally, we draw the conclusion in Section IV.

II. DS MODELING

As the DS increases overall EOTe and hence degrades the
SS, a closed-form model of the DS can be derived through
the SS. The SS is defined as (d log10(Qi)/d VG)−1 with Qi

being the sheet carrier density, which is proportional to ln[1 +
exp(−(EC,surf + E0 − EF )/kT )] [10] under the ground-state
approximation (i.e., most carriers populate at the ground state
for Ge channel). EC,surf , E0, and EF are the conduction band
edge at the surface, ground-state eigenenergy, and Fermi level,
respectively. When EF is sufficiently smaller than EC,surf +
E0 (e.g., in the subthreshold region), Qi is proportional to
exp(−(EC,surf + E0 − EF )/kT ). Therefore, the SS can be
expressed as

SS=
(

kT

q

)
·ln(10)·

⎧⎨
⎩1 − dFS

d VG
· εch

εdi
·

⎡
⎣Tdi +

d(E0
q )

d FS(
εch
εdi

)
⎤
⎦

⎫⎬
⎭

−1

(1)

with εch and εdi being the permittivity of the channel and the
gate dielectric, respectively. Tdi is the thickness of the gate
dielectric, and FS is the surface electric field in the channel.
Equation (1) shows that carrier centroid X0 due to quantum
confinement can be expressed as

X0 = d(E0/q)/dFS (2)

and DS = X0/(εch/εox). Fig. 1 shows that (2) returns to
2E0/(3qFS) [10] for a triangular potential well with infinite
oxide barrier φb, under which E0 = (�2/(2mch))1/3 · (9/8 · π ·
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Fig. 1. Comparison of the two expressions of carrier centroid X0.
The X0 from the TCAD simulation [13] is calculated by (

∫
x ·

Ψ2
0(x)dx)/(

∫
Ψ2

0(x)dx) with Ψ0(x) being the spatial distribution of the
ground-state wavefunction.

qFS)2/3 [10]. However, for high-k dielectric with finite barrier
height (φb = 0.9 eV), X0 calculated by (2) agrees with the
TCAD simulation [13], and it is significantly smaller than
2E0/(3qFS). In other words, (2) is a more general expression
for X0.

To derive a DS model for a Ge channel with small quantiza-
tion effective mass mch, a more accurate E0 − FS relationship
than the one used in [10] needs to be employed. First, for
a uniformly doped channel with doping concentration Nch

(negative for p-type substrate), a parabolic channel potential
well Vch(x) = q · [FS · x + (qNch/2εch) · x2] has to be used
in the derivation of ground-state eigenenergy E0. Using the
perturbation theory [14] and treating the q · (qNch/2εch) · x2

term as a perturbation to the triangular well Vch,tri(x) = q ·
FS · x, E0 can be expressed as E0,tri + q · (qNch/2εch) ·

∫
x2 ·

Ψ2
0,tri(x)dx with E0,tri and Ψ0,tri(x) being the ground-state

eigenenergy and wavefunction of triangular well Vch,tri(x),
respectively. It can be further shown that

E0 = E0,tri + (4/15) · (Nch/εch) · (E0,tri/FS)2. (3)

To derive an accurate E0,tri for Ge devices with high-k
dielectrics, the wavefunction penetration (WP) effect needs
to be considered. The wavefunction Ψ0,tri(x) for the channel
carrier can be expressed as [10]

Ψ0,tri(x) = c1 · Ai (kch · (x − xch)) (4)

where kch = (2mchqFS/�
2)1/3, xch = E0,tri/(qFS), and

Ai(x) is the Airy function of the first kind. When the dielectric
barrier height is reduced from infinity to a finite φb, E0,tri is
reduced by ΔE0,tri = E0,tri(φb = ∞) − E0,tri(φb) because of
WP. Equation (4) indicates that the wavefunction (and, hence,
the carrier distribution) will be shifted toward the interface
by xch(φb = ∞) − xch(φb) [= ΔE0,tri/(qFS)], which is
responsible for the X0 reduction X0(φb = ∞) − X0(φb) [=
d(ΔE0,tri/q)/dFS ]. Hence, d ΔE0,tri/dFS

∼= ΔE0,tri/FS .
In other words, ΔE0,tri

∼= α · FS with α being a coefficient
independent of FS .

To derive coefficient α, the wavefunction in the gate di-
electric Ψ0,di(x) is needed. Since the potential well in the
dielectric is Vdi(x) = (εch/εdi) · q · FS · x + φb, Ψ0,di(x) can
be expressed as

Ψ0,di(x) = c2 · Ai (kdi · (x − xdi)) + c3 · Bi (kdi · (x − xdi))
(5)

where kdi = (2mdi(εch/εdi)qFS/�
2)1/3, xdi = (E0,tri −

qφb)/(εch/εdi · qFS), mdi is the effective mass in the
dielectric, and Bi(x) is the Airy function of the second kind.
Using the boundary conditions that the eigenfunction and
its first derivative divided by the carrier effective mass are
continuous across the channel/dielectric interface (x = 0) and
Ψ0,di vanishes at the dielectric boundary (x = −Tdi), it can be
shown that E0,tri satisfies the following nonlinear equation:

[Ai(−kch ·xch)·Bi′(−kdi ·xdi)−(mdi/mch)·(kdi/kch)

·Bi(−kdi ·xdi)·Ai′(−kch ·xch)] · Ai (−kdi ·(xdi+Tdi))=0 (6)

where Ai′(x) and Bi′(x) are the first derivatives of Ai(x) and
Bi(x), respectively. Using the first-order Taylor expansion for
(6) around E0,tri(φb = ∞), we can derive the dependences of
ΔE0,tri on mch, mdi, and φb, and then α can be obtained as

α = q · �√
2
·
(√

mdi√
qφb

· 1
mch

)
. (7)

Therefore, E0,tri can be expressed as
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(
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)1
3

·
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9
8
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)2
3

− q · �√
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· 1
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(8)

Substituting (8) into (3), we can obtain a closed-form model
for E0

E0 =
(
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) 1
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8
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) 2
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) 1
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2
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(√

mdi√
qφb

· 1
mch

) ]2

. (9)

It is shown in (9) that E0 is not exactly proportional to
(FS)λ [11]. This explains why in [11] λ has to be treated as a
fitting parameter as relation E0 ∝ (FS)λ was used. In addition,
although λ had been empirically derived by introducing several
fitting parameters to consider the φb and Nch dependence values
[12], the mch and mdi dependences were not considered. There-
fore, the fitting parameters used in [12] cannot be employed for
devices with different channel and dielectric materials.
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Fig. 2. Flowchart demonstrating the derivation of the closed-form model for
DS considering the parabolic well and the WP effect.

Using (2), we can obtain a closed-form model for carrier
centroid X0
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After normalization with the permittivity ratio, the DS can be
determined by X0/(εch/εox). Fig. 2 summarizes the derivation
procedures of the closed-form model for the DS.

III. VERIFICATION AND APPLICATION ON SS

To verify our closed-form model of E0 and DS, we have
performed the TCAD simulation that numerically solves the
self-consistent solution of coupled Poisson and Schrödinger
equations [13]. For a given FS near the onset of threshold,
Fig. 3 shows that E0 for Ge-(100) and Si-(100) nMOS devices
decreases with barrier height φb because of the WP effect, and
our model agrees well with the TCAD simulation. In addition,
the E0 reduction for Ge-(100) is more significant than that for
Si-(100) because Ge-(100) possesses smaller mch and, hence,
larger α [see (7)]. Fig. 4(a) indicates that, when the WP effect is
not considered, the X0 of Ge-(100) is significantly larger than
that of Si-(100). When the WP effect is considered, however,
the discrepancy of X0 for Ge-(100) and Si-(100) is substantially
reduced because of the more significant reduction of X0 for
Ge-(100). After normalization with the permittivity ratio,
Fig. 4(b) shows that the discrepancy of the DS for Ge-(100)

Fig. 3. Barrier height dependences of E0 for Si-(100) and Ge-(100) surfaces
with and without considering the WP effect. Although all results shown in this
paper are for nFET, our model is also applicable for pFET.

Fig. 4. (a) Comparison of X0 for Si-(100) and Ge-(100) surfaces with and
without considering the WP effect. φb and mdi used for HfO2 are 0.9 eV and
0.2m0 [15], respectively. (b) The DS is directly derived by the results from (a)
divided by (εch/εox).

and Si-(100) will be further reduced because of the higher per-
mittivity for Ge channel. The discrepancy of the DS becomes
smaller than 1 Å for the FS near the onset of threshold. Fig. 5
shows that the DS depends on the surface orientation because
of the different quantization effective mass mch. Since the DS
increases with decreasing mch, the DS of the Ge-(100) surface
is larger than those of the Ge-(110) and Ge-(111) counterparts.
This is contrary to the Si devices that the DS of the (100) surface
is smaller than those of the (110) and (111) counterparts. The
DS also depends on the material of gate dielectric because the
properties of gate dielectric such as φb and mdi will determine
the degree of the WP effect. Fig. 6 shows that, among the three
high-k dielectrics, HfO2 possesses smaller DS than Al2O3 and
La2O3.

Since FS is related to Nch and can be modulated by substrate
bias Vsub, the DS also depends on Nch and Vsub. As the FS near
the onset of threshold is [2qNch · (2ϕB − Vsub)/εch]1/2 (ϕB =
(kT/q) · ln(Nch/ni), where ni is the intrinsic carrier con-
centration), FS increases with Nch and reversed Vsub. Fig. 7
shows that the DS near the onset of threshold decreases with
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Fig. 5. Impact of channel quantization effective mass and surface orientation
on the DS of Si and Ge devices. The curve of Ge is below that of Si because
of the higher (εch/εox) ratio for Ge. For Ge nFET, the mch for (100), (110),
and (111) surfaces are 0.12m0, 0.223m0, and 1.59m0, respectively [16]. For
Si nFET, the mch for (100), (110), and (111) surfaces are 0.916m0, 0.316m0,
and 0.26m0, respectively [16].

Fig. 6. Impact of gate dielectric material on the DS of the Ge-(100) device.
φb used for La2O3 and Al2O3 are 2.1 and 2.6 eV, respectively. mdi used for
La2O3 and Al2O3 are 0.25m0 and 0.35m0, respectively [15].

Fig. 7. Channel doping dependence values of the DS for Si-(100) and
Ge-(100) surfaces.

Fig. 8. Substrate bias dependences of the DS for Ge nFET with various
surface orientations.

Fig. 9. Comparison of DS for a steep retrograde doping profile with various
intrinsic region depths xs and the uniform doping profile.

increasing Nch because the DS decreases with increasing FS

(see Fig. 4). Similarly, Fig. 8 indicates that applying reversed
Vsub will reduce the DS because of larger FS . In addition, it is
shown that the Ge-(100) surface exhibits higher DS sensitivity
to Vsub than the Ge-(110) and Ge-(111) counterparts.

In addition to the uniform doping profile, our model is also
applicable for devices with a steep retrograde doping profile [8].
For an ideal retrograde doping profile with an intrinsic region
near the interface (see the inset in Fig. 9), FS is constant and the
potential well is triangular. Therefore, the E0,tri in (8) can be
applied to the ground-state eigenenergy for a steep retrograde
profile. X0,tri can be derived by d(E0,tri/q)/dFS

X0,tri =

[
2
3

(
�

2

2mch

) 1
3

·
(

9
8
π · q

) 2
3

· F− 1
3

S − q · �√
2
·
(√

mdi√
qφb

· 1
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The DS for a steep retrograde profile can be determined by
X0,tri/(εch/εox). Fig. 9 shows that, for a given heavily doped
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Fig. 10. (a) Comparison of the long-channel SS for Ge nFET and Si nFET
with various orientations. (b) Comparison of the short-channel (Leff = 25 nm)
SS for Ge nFET and Si nFET with various orientations.

substrate doping (Nsub = 5 × 1018 cm−3), the DS decreases
with intrinsic region depth xs. This is because the FS near
the onset of threshold increases with decreasing xs. As the
uniformly doped channel is similar to a steep retrograde profile
with xs = 0, it is shown in Fig. 9 that the DS of the uni-
formly doped profile is smaller than that of a steep retrograde
profile.

With the closed-form DS model, we can assess the SS of
Ge devices with high-k dielectric by incorporating EOTe =
EOT + DS in the SS model [2], [7], [17]. In this paper, we
use the reported analytical SS model for short-channel bulk
devices [17]

SS =
kT

q
ln(10) ·

(
1 − EOTe

εox

·
(
−qNchΔWdep

φf
+

2εchXj

L2
eff

· Δν

φf

))
(12)

where Leff and Xj are the effective channel length and the
junction depth of source/drain, respectively. The definitions of
ΔWdep, Δν, and φf can be referred to [17]. Fig. 10(a) shows
that, for long-channel Ge nFETs, the calculated SS of Ge-(100)
is larger than those of the Ge-(110) and Ge-(111) counterparts,
as predicted by the DS in Fig. 5. Moreover, the reduction in SS
for Ge-(100) due to the WP effect is more significant than that
for the Si-(100) counterpart. Fig. 10(b) further shows that this
reduction in SS for Ge devices due to the WP effect increases
for short-channel devices.

For the Ge devices in this paper, only L-valley is consid-
ered in our calculation because other conduction band bottoms
such as Γ- and X-valleys have energy offsets of 0.135 and
0.173 eV, respectively, higher than the L-valley [18]. The
relative importance of Γ- and X-valleys may increase when
the E0 of Γ- and X-valleys plus the energy offset get close to
the E0 of the L-valley. For the Ge-(100) surface with increasing
FS , although the X-valley possesses larger mch (0.27m0) than
the L-valley (mch = 0.12m0) [18], their difference in E0 is not
significant because E0 is weakly dependent on mch [see (9)].
Using (9), we have carried out a detailed calculation and found
that the difference in the minimum energy between L- and

X-valleys is still larger than 5kT under the FS near the onset
of threshold. Therefore, the impact of X-valley is negligible in
this paper. As to the Γ-valley, its impact is even smaller than
that of the X-valley because of small mch (0.062m0 [18]).

IV. CONCLUSION

We have proposed a closed-form model of the DS for Ge
MOSFETs with high-k gate dielectrics. This model shows
accurate dependences on barrier height, surface electric field,
and quantization effective mass of the channel and gate dielec-
tric. Our model predicts that the DS decreases with reverse
substrate bias and increasing channel doping. Our model can
be also used for devices with a steep retrograde doping profile.
This physically accurate model will be crucial to the predic-
tion of the SS and the electrostatic integrity of advanced Ge
devices.
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