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of the system of differential equations, that the gene expressions
in the T-cell population aggregate at one, two or four points, which
connect to various cell differentiation scenarios.
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1. Introduction

The development of a multicellular organism from a single fertilized egg cell to specialized cells
depends on programs of gene expression. Following the initial stage of cell determination is a mat-
uration process, called differentiation, by which cells acquire specific recognizable phenotypes and
functions. For example, the T lymphocytes of the immune system, upon maturation, differentiate
into either Th1 or Th2 cells. These cells are different by the repertoire of chemokines they produce.
Th1 cells secrete IFNy needed to combat intracellular pathogens and, if abnormal, are associated with
inflammatory and autoimmune diseases. Th2 cells secrete cytokines that activate B cells to produce
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antibodies against extracellular pathogens and, if abnormal, are associated with asthma and other
allergies.

The variables of primary interest in a quantitative description of gene expression are the number
of mRNA copies of a given gene and the number of transcription factors (proteins). The mRNA are
translated into proteins, and transcription factors promote the mRNA transcription by genes. Hence in
order to determine quantitatively the cellular concentration of mRNA and protein, we need a math-
ematical model that connects these two concentrations. In terms of the balance equations, these
concentrations are governed by

d(mRNA)

—gr ~ Vwanscription — VmRNA degradation; (1)
d(protein)

T = Vtranslation — Vprotein degradation (12)

where the v’s are the rates of transcription, translation, and degradation as indicated; cf. [9].

In the case of T cell differentiation, the decision to which cell type to differentiate, Th1 or Th2,
depends on proteins x; and x;, and their mRNA y{ and y;, where x; is the concentration of transcrip-
tion factor T-bet and x; is the concentration of transcription factor GATA-3; y; is the concentration of
the mRNA which translates into x;. By (1.2), we then have

dx; T (13)
vy — X = g, )
dt iYi iXi =: &i
where v;, 7; are constants. On the other hand, the rate of change dy;/dt is far more complex, since
Viranscription depends on intrinsic signals from all the T cells and on extrinsic signals by IL4 and IL12.
Yates et al. [10] introduced the following model for the rate of the transcription of x;:

X Si
i + 0 )
ki+xi pi +Si 1+x;/yj

Vtranscription = < + Bi,

where o, ki, 07, p;, Vi, Bi are constants and j=2 if i=1, j=1 if i =2. Here S; is the combined
intrinsic/extrinsic signal, and x; inhibits x; (j #i); the autocatalytic process, given by c;x} /(k} 4+ x}'),
is modeled by Hill’s dynamics with exponents n > 2. The first balance equation (1.1) then becomes

i _ --+(a- N ) L ip= (14)
a MY WK T i+ S ) 14k U ’

for (i, j)=(1,2) and (i, j) = (2, 1).
Introducing the population density of cells with concentration (x1, x2, ¥1, y2) at time t, ¢(t, X1, X2,
Y1, y2), the mass conservation law then yields

30 < D Z09

— —(gi —(fi¢p) =g%9, 15
o +§ i (g,¢>+§ 5y, 1) =8"¢ (15)
where g* is the growth factor.

For a healthy normal individual in homeostasis, the expressions of mRNA/T-bet and mRNA/GATA-3
are at stationary levels, and, at intermediate times, ThO does not differentiate into Th1 or Th2. How-
ever, when a strong signal S; is generated in response to pathogens, the Th cells differentiate into
either Th1 or Th2, but usually not both. In the present model, a single cell with high (low) con-
centration of T-bet (x1) and low (high) concentration of GATA-3 (xy) corresponds to the polarization
toward differentiation into Th1 (Th2). For cell population model (1.5), the expressions of mRNA/T-bet
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and mRNA/GATA-3 may aggregate at one or several points y1/x; and y,/Xp, respectively. For those
cells whose expressions aggregate at the point with low-x; and low-x;, cell differentiation does not
occur, while the cells whose expressions aggregate at the point with high (low) x; and low (high) xa,
differentiate into Th1 (Th2). The model parameters (although similar to those in Yates et al. [10]) are
not experimentally known; hence our aim is to show that with a specific choice of parameters, the
present model illustrates the main biological phenomena on cell differentiation. The fact that we end
up with 1, 2, or 4 limit aggregations may not be biologically significant; the model with other param-
eters may end up with different number of aggregation points. What is important is that although
there may be a number of limit points, only points with significant contrast of protein concentrations,
i.e, Xy > X1 or X1 > Xy, indicate cell differentiation. In a recent paper, we studied the asymptotic
behavior of the reduced system (with y; =x;)

P + (Ol' ut o ) +Bi=:fi (1.6)
a HiX; lk?—i—x? ,Pi"‘si 14 %/7] i=:Ji, .
for (i, j) = (1,2) and (i, j) = (2, 1), with the conservation law
% iid«p) . (17)
ot ax ’ '

where ¢ = ¢ (t, X1, X2), and proved under some conditions on the parameters of (1.6) that ¢ (t, x1, x2)
converges to a linear combination of one, two, or four Dirac functions, as t — oco.

In the present paper, we consider the more general model (1.3), (1.4), (1.5) and establish
similar asymptotic behaviors for the population density of T cells, ¢(t, x1,x2, ¥1, y2). The proof,
however, involves a far deeper analysis than the analysis we used in the reduced case of (1.6)
and (1.7).

2. The mathematical model
Denote x; and x; as the concentrations of transcription factors T-bet and GATA-3, respectively, and

by y1 and y; their respective mRNA concentrations. By combining the models of Yates et al. [10] and
Mariani et al. [9] (see also [1]), we obtain the following system:

D _ +|o al +o 51 ! +B1=: fr(x1,% S1)

a M1Y1 1,(,1,_“{,11 1/014_51 1+ %2/72 1= J1(X1,X2, Y1, 51),

dy> X5 S2 1

AR =: f2(X1,X2, y2, S2),

T szz-i-<012kg_i_xg +02p2+52 Tt/ + B2 =: f2(x1,x2, y2,52) o)
dxi =V T1X1 =: g1(x )

a 1Y1 1X1 =: 81(X1, Y1),

dXz

o s = g2(%2,¥2).

The first term on the right-hand side of the y;-equation represents the rate of mRNA degradation,
and B; is a constant basal rate of mRNA synthesis. The autoactivation rate of protein x; is represented
by the term

!
ai
ki + X7
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where n > 2 is the Hill exponent that tunes the sharpness of the activation switch. The contribution
of combined cytokine signaling to the rate of growth in y; is given by the term

i+ S

0

The cross-inhibition between y; and y; occurs at both the autoactivation level and the cytokine
(membrane) signaling level, and is represented by the factors

1
1+xj/yj'

The parameter y; is the value of x; at which the ratio of production of y; (i # j), due to the combined
autoactivation and cytokine signaling, is halved.

We denote by ¢(t, x1,x2, y1, y2) the population density of T cells with protein concentration
(x1,x2) and mRNA concentration (yq, y2) at time t. Then the total levels of expression of T-bet and
GATA-3, at time t in the cell population are given by

/M&(t X1, X2) dx1 dxa,

for i =1 and i = 2, respectively, where q?(t, X1,X2) = f¢(t,x1,xz,y1,y2)dy1dy2. If we denote by
Ei(t) the exogenous (non-T cell) signals that stimulate T-bet and GATA-3 expressions, then the total
cytokine S; is given by

Ei(t) + [ xi¢(t, X1, X2) dx1 dx2

Si(t) = =
S o(t. x1,x2) dx1 dxz

i=1,2. (2.2)

Here, a normalization by total cell numbers is adopted in order to impose the limitation of access
to cytokines due to cell crowding. The evolution of the population density is then derived from the
equation of continuity, or mass conservation law:

¢

d 9 9 0 _ g 23
E+a(g1¢)+g(gz¢)+ﬁ(f1¢)+m(fz¢)—g ¢, (23)

where g* is a growth factor. Note that (2.3) is associated with the velocity field described by

dx;(t)

p” = gi(xi(t), yi(D), (24)
dy;
MO — (600,10, 5i0), (2.5)

where f; and g; are defined in (2.1). We shall consider system (2.4)-(2.5) in the rectangular region

2={0<x<B1,0<x< By, 0<y1 <Aq, 0<y2 < A}

where
.
Bi=—A;, i=1,2, (2.6)
T
o+ o+ B
a4ty 2.7)

Mi
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and set

2={0<x <B1, 0<x < Byl

Then £2 is a positively invariant and an attracting set for (2.4)-(2.5). Therefore, in order to solve (2.3)
for (x1,%2,¥1,¥2) in £2, we need to assign both initial and boundary conditions to ¢:

#(0,%1,%2, ¥1, ¥2) = o(X1, X2, Y1, ¥2) in 2, (2.8)
@ (t,x1,%2,¥1,Y2)lae =0 forallt > 0. (2.9)
Assuming, for simplicity, that g* = g*(t), and setting

t

G(t)=[g*(5)ds, No=/¢o(X1,Xz,y1,yz), (2.10)
0 2
Wt x1,%2, y1, ¥y2) =e O (t, %1, %2, y1, ¥2), (2.11)

1l~f(t,X1,Xz)Z/‘lﬂ(f,xl,xzsh,}/z)dw dya,

we can replace (2.3) by the simpler equation

a9 9 D D vy o12)
E—Fa_x](ng)—i_E(gZW)—i_B_y]( 1W)+m( 2¥) =0, .

and rewrite S;(t) in the form

Ei(t)e ¢® n [ %y (t, x1, X2) dxq dxy

Sit) =
i® No No

(2.13)

where Ny is the initial total population, and the integral in (2.13) is taken over £2.
Let @ (t,x1,X2,y1,y2) denote the solution map (flow map) of (2.4)-(2.5) and set 2(t) = @ (t, £2).
Integrating the transport equation (2.12) over £2(t), we find that

d
i / Y (t,X1,X2, Y1, y2) dx1 dxady1dy, =0.
20

Furthermore, if £2(t) — (ai, az, as, as) as t — oo, then for any continuous function h(xy, X2, y1, y2),

/h(xl,xz,J’1,yz)W(t,Xl,Xz,J/LYZ)Xm dxpdyqdys — h(ai, az,as,as)Ng ast— oo,
2

ie.,

Y (t,X1,%2, Y1, ¥2) = Nod@,.a,.45,a,) 1N Measure,ast — oo.

In the subsequent sections, we study the asymptotic behavior of the solutions of (2.4)-(2.5) in con-
junction with the behavior of £ (t). Similarly to [2], one can prove that the system (2.3), (2.8), (2.9)
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has a unique solution for all t > 0. Hence we shall focus here only on the asymptotic behavior of the
solution. We shall prove that £2(t) converges to one, two, or four points, as t — oo, depending on the
parameters of the dynamical system (2.4)-(2.5). The asymptotic study of dynamical system (2.4)-(2.5)

will require a far deeper analysis than that developed for Egs. (1.6)-(1.7) in [2].
3. Upper and lower dynamics

The system (2.1) can be written as a system of two second-order equations,

dZX] dX]
F"‘(T]+M1)E=hl(xl,xz,51(f)),
d2X2 dX2
F+(1’2+M2)W=h2(X1,X2,52(t)),
where
hi(x1, %2, S1(6)) = —p1T1X1 + V1 (Oll u o1 510 ) + 1B
T ki + X P1+510) ) 1+x2/y2 ’
P Sy (t) ) 1
hy(x1,%2,S2(t)) = —u2Tax2 + Vo | 2 0 +V28.
2(x1. %2, S2(D)) H2T2X2 2( Zkg—i—xg 2 450 ) Tt xm 282

We introduce the upper bounds fli for the functions h;:

~

n Sl

~ X
h(X)=—MTX+\)<a ] + o
1 1 141 1 'k?+x? lp'_l’_sl

>+v,-/3,~ for0<xj<o0,i=1,2,

where S; = Sup;.o Si(t), and lower bounds Ei for h;:

v X1 §1
hl(Xl)Z—M1T1X1+U1<Ol1 1L 1o S ) + 181,
k'}—i—x’} ,+ S 1+ By/2
x5 §2

ha(X2) = —[12TaX2 + 12 (052 + V282,

K} -ixg +62p2+§2> 1+Bi/n
where S; = infr-q S;(t). Clearly,
hi)>0,  hj(0) <0,  hix) <0,
hi0) >0,  hj(0) <0,  hi(x) <0,
for B;j < x; < 00. Also
n—1

i) N nki'x;

(X)) = — Ui Ti - Dicts ,

i(Xi MiTi i (k? +x,i1)2

and, as easily verified, the maximum of the last term is attained at the point

U,'Oliﬁ
ki

- n—1\"" -
5"=k"<n+1) . and hi(&) =—uiti +

(3.1)

(3.2)

(3.3)

(34)

(3.5)

(3.6)
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where

i=m+ )"0 —1)1"1" /40,

The maximum of Fl: is also attained at the same point & with
v, o~ vion 1
i) MiTi k; 1+B,/7;

for (i, j) = (1,2) and (i, j) = (2, 1). Clearly, h}(¢) < h/(&) for all &.
The systems

d2&; dxi  ~ . .
=t (Ti +M)E =hi®) (=1,2), (3.7)
d?%; dx; + . .
F'F(Ti‘f‘ﬂi)a =hi(x) (=1,2), (3.8)

will be used to provide the upper and lower bounds for the dynamics of (3.1)-(3.2).
It will be convenient to use a change of variables (x1, y1, X2, y2) <> (X1, V1, X2, v2) where

Vi=V1y1 — T1X1, Vo =12Y2 — T2X2

so that the system (2.1) can be rewritten in the form

dx;
d—t’ =V, (39)
dvi
@ =—(Ti + mi)vi + hi(x1, x2, ), (3.10)

i=1,2, in the transformed region

2 ={0<x <B1, —11x1 < vi < V1A — T1x1, 0<x < By, —Toxy < Vo < 1A — Toxo ).

Notice that £2* remains positively invariant under (3.9)-(3.10).
We need several lemmas to study the asymptotic behavior of (3.9)-(3.10). The first one deals with
a system

du
— =V, 3.11
” (3.11)
D _ syt g (312)
dt i '

where § is a positive constant and q is a continuously differentiable function on [0, c0). We shall
consider (3.11)-(3.12) on a region D C [0, 00) x R, which is positively invariant under the flow ¥;

generated from the system. Let B¢ (i, v) C R2? be an open disc with center (u, v) and radius €, and K
be a compact set in D.
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Lemma 3.1. Assume that limy_, oo q(u) = —oo. Then the following holds.

(i) Every solution of (3.11)-(3.12) tends to the set {(u, 0) € D: q(u) = 0}, as t — oo; if, in addition, the set of
zeros for q is finite, then each solution of (3.11)-(3.12) tends to a single point in set {(u, 0) € D: q(u) =0},
ast— oo.

(ii) If g has a unique zero a with q’'(a) < 0 and (a, 0) € D, then A := {(a, 0)} is the global attractor; thus, for
any small € > 0, there exists a T such that ¥;(K) C B¢(a,0), forallt > T.

(iii) If q has exactly three zeros a,b,c witha <b < ¢, q'(a) <0, g'(b) > 0, q'(c) <0, and (a, 0), (b, 0),
(c,0) € D, then A := WU(b,0) U {(a, 0)} U {(c,0)} is the global attractor, where W" (b, 0) is the
unstable manifold of (b, 0). Moreover, for any small € > 0O, there exists a T > 0 such that |¥;(K \
WZ(b.0)) — {(a,0), (c.0)}| <e, forall t > T, where WZ(b,0) := {(u,v): |(u,v) — W5(b,0)| < €}
is the e-neighborhood of W*(b, 0).

Proof. (i) Consider the Lyapunov function

u

V(u,v)= %vz — /q(s)ds.

0
Then
Vu,v)=v-[-8v+qw)]—q)-v
=-sv: <o, (3.13)
and V =0 if and only if v = 0. All solutions are bounded in forward time due to lim,_, » q(u1) = —oo.

By LaSalle’s invariance principle [4,5], every solution of (3.11)-(3.12) tends to the maximal invariant
set in

{w,v): V(u,v) =0} ={(,0)]}

which is the set

{@,0): q@) =0},

as t — oo. Since the w-limit set of an orbit is connected, if ¢ has a finite number of zeros, then the
w-limit set for an orbit of (3.11)—(3.12) is a single point (u, 0), where u is a zero of q.

(ii) If g has a unique zero a with ¢’(a) < 0, then (a,0) is a sink. From (3.13), it follows that
{(a, 0)} is the global attractor for (3.11)-(3.12). The assertion about ¥;(K) C B¢(a,0) for t > T follows
from [5,8].

(iii) If q has exactly three zeros a,b,c with a <b < c and ¢q'(a) <0, q'(b) > 0, ¢’(c) < 0, then
(a,0), (c, 0) are both sinks, and (b, 0) is a saddle, for system (3.11)-(3.12). By (3.13), the level curve
analysis, and Poincare-Bendixson Theorem, the unstable manifold WY (b, 0) for (b, 0) consists of het-
eroclinic orbits connecting (b, 0) with (a,0) and with (c,0) respectively; cf. Fig. 1. It follows that
A :=WH(b,0) U {(a,0)} U{(c,0)} is the global attractor for (3.11)-(3.12); cf. [6, p. 395]. Therefore,
for any € > 0 there exists a T > 0, so that ¥ (K) falls within a distance € > 0 from A, for all t > T.
Moreover, for every point (u,v) in compact set K \ W¢(b,0), @:(u, v) approaches (a,0) or (c,0),
as t tends to infinity. By the continuity with respect to initial condition and the compactness of K,
there exists a T > 0 such that ¥ (u,v) € B¢(a,0) or Bg(c,0), for all (u,v) € K\ W(b,0), for all
t>T. O
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LN
B

Fig. 1. Stable manifold W*(b, 0) (indicated as blue lines) and unstable manifold W (b, 0) (indicated as red lines) of the saddle
point (b, 0) of (3.11)-(3.12). The green dots allocate three equilibria (a, 0), (b, 0), (c, 0). (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)

Lemma 3.1 applies to system (3.7)-(3.8) on the domain D;, i = 1, 2, respectively, where
Dj:={(xi, vi): 0 <x; < Bj, —Tix; < vi <VjA;} CR%

In particular, every solution X;(t) (resp., x;(t)) of (3.7) (resp., (3.8)) tends to the set of zeros of fli
(resp., hj),as t —>o00,i=1,2.

Lemma 3.2. Consider the non-autonomous equation

2

ettt u)— +az=f(t), 0<t<oo, (3.14)

where a(t) < a, f(t) > 0for 0 <t < oo, and f(0) > 0, 0 < 4a < (T + )2 If 2(0) = (dz/dt)(0) = O, then
z(t) >0 forallt > 0.

Proof. We rewrite (3.14) in the form

2,
Tl +(T+ u) + az= f(t)+ (o —a())z(t). (3.15)
Eq. (3.15) has two linearly independent homogeneous solutions e*f, e*2!{ where

A2 =

—T+w VTP 4
2

and, by assumption, A1 < A < 0. Since z(0) = (dz/dt)(0) = 0, we can represent z, by the variation of
constant formula, in the form

e)nz(t S) _ pA1(t—s)
= - ds; 3.16
z(t) O/ TP [f(5) + (x —a(s))z(s)] ds: (3.16)

indeed observe that the right-hand side vanishes at t = 0 together with its first derivative.

Since f(0) — (@ — a(0))z(0) = f(0) > 0, z(t) > 0 for small t. We claim that z(t) > 0 for all t > 0.
Indeed, otherwise there exists a smallest time t =ty such that z(t) > 0 if 0 <t < tp and z(tg) = 0.
But since o —a(t) > 0, we have f(t) + (¢ —a(t))z(t) > 0 for 0 <t < tp and from (3.16) we obtain
z(tp) > 0, a contradiction. O
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Remark 3.1. By approximation, the lemma remains true if f(0) =0 and 4a < (7 + )2

Lemma 3.2 can be used to compare solutions (x1(t), x2(t)) of (3.1)-(3.2) with solutions X1 (t), X2 (t)
of (3.7), and x;(t), X2(t) of (3.8), provided they have the same initial conditions.

Lemma 3.3. Let (x1(t), x2(t)) be a solution of (3.1), (3.2). Suppose
min{ﬁ;(n): nel0,Bil} > piti, i=lori=2.
(i) If a solution X;(t) of (3.7) satisfies
Xi(0) = x;(0), (dX;/dt)(0) = (dx;/dt)(0)
then
Xi(t) = x;(t) forallt > 0.
(ii) If a solution X;(t) of (3.8) satisfies
Xi(0) = x;(0), (dX;/dt)(0) = (dx;/dt)(0)
then
Xi(t) <x;(t) forallt > 0.
(iii) If solutions X;(t), X;(t) of (3.7)~(3.8) satisfy
Xi(0) = %;(0), (dX;/dt)(0) = (dX;/dt)(0)
then
Xi(t) = x;(t) forallt > 0.
Proof. From (3.3), (3.4), and (3.5), it follows that
R > —wim, Rl > —wiTi. (3.17)

Consider case (i). The function X = x; — x; satisfies

d2X+(r<+ ) G = i x2)
a2 1M1dt—1z i(X1,X2

and the right-hand side is equal to

hi(ki) — hi(x;) 4+ hi (X)) — hi(x1, X2) = fl%(m)X + hi(x;) — hi(x1, x2)
where 1; = n;(t) lies between x; and &;, by the mean value theorem. Hence
2

d-X dX ~
e + (i + Mi)E +a(t)X =hi(x;) —hij(x1,x2)
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where

a(t) = —hj(m) < i

by (3.17) and ﬁi(xi) —hi(xi, xj) >0, (i, j) = (1,2), (i, j) = (2, 1). Applying Lemma 3.2 and Remark 3.1,
we conclude that X(t) >0 for all t > 0. Hence

Xi(t) > x;(t) forallt>0.
The proofs of cases (ii) and (iii) are similar. O
3.1. Single equilibrium

In this section, let us discuss the conditions under which fz,- (resp., ﬁ,-) has a single zero and,
consequently, by Lemma 3.1, all solutions to (3.7) (resp., (3.8)) converge to a single point (a;, 0) (resp.,
(d;,0)), as t — oo.

According to (3.6), if

l),'Otifl

WiTi > (3.18)

then fl;(é) < 0 and, consequently,

—iTi < flg(x,-) <0 forall 0 <x; <Bj;
then also

v oh;(xq, x
hi(xj) <0 and % <0 for0<x; <B;j.
Xi
Note that doh;(x1, xz)/ax, (with x; fixed if i =1 and x; fixed if i = 2) attains its maximum at the same
point x; = & where h; i(x;) attains its maximum.
In addition to condition (3.18), we consider other situations which are more of biological interest.
Analogously to [2], we assume that, for a giveni (i=1 or i =2),

viai 1

it 1 3.19
ki 1+ Bj/y; 17 G19)

MiTi <

These conditions are equivalent to fl/(é,) > 0 and, in that case, if §, < Bj then each of fl,, fl, has
two critical points. Let p", p M (resp., P ,pM) denote the points where h, (resp., h ) achieves its

local minimum and maximum. Each of functions h,, h, may have one or three zeros as illustrated in
Fig. 2.
We consider the following cases for i =1 or i = 2:

(May) hi(pM) <0;
(Mb) E(f)f“>>o
(Bi) hi(p™) <0, hi(pM) > 0.

From Lemma 3.1 we deduce the following:
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A

a1 dl C:1 B| . X
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1
h
(a) (b)
a\\a € B '
i)lm v\\ R xl xl
\ Ay
hl
(c)

Fig. 2. fn and ﬂl have one zero in cases (a), (b), (c), and three zeros in case (d).

Proposition 3.4. Suppose one of the conditions (3.18) or (3.19) with (Ma;), or (3.19) with (Mb;) holds for
i =1 ori=2.Then every solution of (3.7) (resp., (3.8)) converges to a single equilibrium (a;, 0) (resp., (d;, 0)).

3.2. Multiple equilibria
In this section we assume that (3.19) and (B;) hold where i =1 or i = 2. Then the dynamics (3.7)

(resp., (3.8)) has three equilibrium points: (é;, 0), (b;, 0), (&, 0) (resp., (@;, 0, (b;, 0, (¢i, 0)) where d; <
bi < ¢ (resp., d; < b;j < (VI,) and d; < a;, ¢; < ¢j, but

b; > b;. (3.20)

From Lemma 3.1, we conclude the following proposition for i =1 or i = 2.
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Proposition 3.5. Under the conditions (3.19) and (B;), every solution of (3.7) (resp., (3.8)) converges to one
of the equilibrium points (@;, 0), (b,, 0), (¢i, 0) (resp., (a;, 0), (b,, 0), (¢;,0)).

It can easily be computed that the equilibrium pomts (@, 0), (¢i, O) (resp., (d;, 0), (¢;, 0)) of (3.7)
(resp., (3.8)) are both sinks, whereas the equilibrium (b,,O) (resp., (b,,O)) is a saddle. In addition,
one branch of the unstable manifold for (Bj, 0) (resp., (13,, 0)) converges to (a;, 0) (resp., (é,, 0)), and
the other branch converges to (¢;, 0) (resp., (¢j, 0)), as t — oo, cf. Flg 1. We denote by Ws(b ) (resp.,
WS(B,-)) the (one-dimensional) stable manifold for (bl,O) (resp., (b,,O)) and set y; = dx;/dt, y; =
dx; /dt. We partition the phase plane for (3.7) and (3.8) respectively

[Gi, 91): 0<& <Bji, §i e R} =WS(by) UU @) UUE),

v v

[Gi. 71): 0<% < By, yi e R} = WS(by) UU @) UU &),

where U(p) is the basin of attraction for sink (p,0) = @@;, 0), (&;,0), (&, 0), (&, 0). Notice that W (b;)
and WS(Ei) do not intersect. Indeed, if they intersect at one point (ug, vg), then we can apply
Lemma 3.3(iii) with initial point (ug, vo) and deduce that 13,- < Bj, a contradiction to (3.20). In ad-
dition, WS(Bi) lies on the left-hand side of WS(Ei). again by Lemma 3.3(iii). Moreover, WS(B,-) (resp.,
WS(Bj)) is tangent at (B,-, 0) (resp., (B,-, 0)) to the stable subspace E* which is given, respectively, by

—(Ti + i) — \/(r,- + )% + 4Fz;(l3i)> }
5 ,

ES(b;, 0) = span{ (1,

—(Ti + i) — \/(Ti + ii)? + 4 (by) ) }
> .

ES(B,-,O)=span{<1,

Let (X;(t; uo, vo), yi(t; uo, vo)) (resp., (Xi(t; uo, vo), ¥i(t; uo, vo))) be the solution to (3.7) (resp., (3.8)),
starting from point (ug, vg) at t =0, i = 1, 2. Clearly, if (ug, vo) € U(a;) N U(d;), then as t — oo,

(Ri(t; uo, vo), Ji(t: up, vo)) = (@, 0),  (Xi(t; uo, vo), ¥i(t; ug, vo)) — (dj, 0);

if (ug, vo) € U(¢;) NU(E;), then

(Ri(t; uo, vo), Ji(t: uo, vo)) = (,0),  (Xi(t; uo, vo), Vi(t: uo, vo)) — (Ci, 0);

if (ug, vo) € [U(¢;)) NU(a;)], then

(Ri(t: uo, vo), Ji(t; uo, vo)) = (6,0),  (Xi(t; uo, vo), ¥i(t; uo, vo)) — (4;,0) ast— oo.

In addition, U(@;) N U (¢;) =¥, according to Lemma 3.3. As seen in Fig. 3, WS(Bi) lies to the right of
WS (b;). Orbits of (3.9)-(3.10) cannot enter the region bounded by W*(b;) and W*(b;), but an orbit
initially from this region may exit it.
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v ov
Wi(b) W*(b,)

Fig. 3. Stable manifolds WS(Bl), Ws(Bl) (indicated as blue lines) and unstable manifolds W“(ISI), W“(El) (indicated as red
lines) of (b1, 0) and (bq, 0). (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)

4. Asymptotic behavior: single limit point

As in [2], we shall introduce an iterative scheme to prove convergence to a single point; the last
step in the convergence proof will require the following condition:

vi(oq +01) ‘ o viaiit|  vioy
V2 k1 01

vy (0tp + O Voo V0

2 (02 + 02) <’M2T _ Vaaait| 1202 (a1)
Vi ka 02

We also assume that functions G(t) (in (2.10)) and E;(t) (in (2.13)) satisfy the following conditions:
lim G(t) and lim E;(t) exist. (4.2)
t—o00 t—o0

Theorem 4.1. Assume that (3.18) holds for i = 1 and i = 2, and that (4.1) and (4.2) hold. Then every solution
of (3.9)-(3.10) converges to a single point (a1, 0, az, 0), as t — oo.

Corollary 4.2. The solution ¥ of (2.8)-(2.13) has the following asymptotic behavior: v (t, X1, X2, y1, Y2) —
No8(@,,a,,711 /v1, 12082 /v,) I MeaAsUre, as t — oo.

Proof of Theorem 4.1. Set, for t > 0,
STy = inf[Si(s): se[t,00)),  SM(t) = sup{Si(s): s €[t, 00)}.
Then S,T“i“(t) < Si(t) < SP¥¥(t). Note that Sl‘.“i“(t) is nondecreasing, S"®*(t) is nonincreasing, and

s™O - sio  _ SM

i S o s S o g fort > 0.
/01“1‘5,- ®  pi+Si) " pi+ i (t)

Under the condition (3.18), ﬁi (resp., fl,-) is a strictly decreasing function, and has a single zero, denoted
by a; (resp., d;). Let (x1(t), v1(t), x2(t), va(t)) be the solution to (3.9)-(3.10), starting from arbitrary
initial point (x1(0), v1(0), x2(0), v2(0)) € £2*. By Lemmas 3.1(ii), 3.3 and Proposition 3.4, for any small
go > 0, there exists a time Ty > 0 such that
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(x1(6), x2(0)) € 2© :=[a1 — &0, 1 + &0] x [d2 — &0, G2 + &0]

C [0, B1] x [0, B2],

for t > Tp. For the following use of iteration argument, we set a(o) di, &EO) =a;. We define

A (1) T1X1 + v ( 4 e ) 1 e

1) =—/1T1X1 + V1| o1 - e

i KT+ X7 P1+ST(T0) ) 14 @Y — e0)/y2

5 Smin(TO)

h(])(X1)=—M11’1X1+U1< L ) +vib,
1 Tk +X1 o+ ST(To)/ 1+ @ (A(O) +£0)/V2

hS" (x2) U2T2Xy +V (o: 5700 ) +12p

2) = —[2T2X2 + V2 2P

5 K+ x2 2 S3¥(To) ) 14 (a(o) €0)/ 1

5 Smin(TO)

WY (x2) = —pataxz + vz( oy ) +v2fa.
2 21 +x2 P2+ SPINT) ) 14 (a“” +&0)/n

Then E;O)(xi) < fz?)(x-) < fl(l)(xi) < fl(o) (x;) for x; € [0, Bj],i=1, 2. Let a“) and a(l) denote the unique

zeros of fl,.“) and Efl) respectively. Then a(D @) and a(l) > afo). Furthermore,

Y () < hi(x1, %2, Si0) <hM ()

for all (x1,%) € 2@, t>Ty, i=1,2, and ;liﬂ)(xl) >0 for x; < a“) hm(x) <0 for x; > ?1)_ Hence for
any small &1 > 0, there exists a T1 > Tg such that

(x1(0), x2(0)) € 2V := [(15” 81,a§1) +e1] x [ﬁg) 81,a§1) +e1]ce@,

for all t > Tq, for the solution (x1(t), v1(t), xa(t), v(t)) to (3.9)-(3.10), starting from (x1(0), x2(0),
v1(0), v2(0)) € £2*. We can proceed in a similar manner to define successively h(k> and h(k) k> 2, by

ﬁgk)(xﬂ =—Q1T1X1 + W <Ot1 k'llx—i-qxrl‘ o1 o i?:;:;(k(}lk)_])> 1+ (a(k 1)]_ Ry + V1B,
A 00) = i Vl( Rz +X1 ,01 i—gnisn;liT'j}TL)O) 1+ @y ]) +&k-1)/v2 i
RS9 (x2) = —paTaxs + v <a a +X2 pzi_m::rgckal) 1)> 1+ @ 1) PR +v2ha,
R 00) = iz + v (a R pz???(‘?“l}}lk)q) 1+ @ 2 veeom

and their zeros a(k>, afk), ie.,

ﬁgk+1) (algk)) =0, fllgk+1) (égk)) —0. (4.3)
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We can then prove that for any small &, > 0, there exists a T > 0 such that (x1(t), x2(t)) € 2® =
[@® — e, & + 1] x [@F — e, &% + &1 € 2*D for ¢ > Ty, for any solution (x1(£), v1(t), X2(£), v2(t))
starting from (x1(0), v1(0) xz(O) v2(0)) € 2*. We may clearly assume that Ty — oo and &, — 0 as
k — oo.

Note that for each i =1, 2, {a“‘)

. . . (K . .
&} is an increasing sequence, {a?‘) +¢} is a decreasing sequence,

and a(k) & < a§ ) 4 gy for each k. Hence,
& = lim a®, @ = lim 6 exist, and & <a.
k— 00 k—o00

We claim that the intersection (1;2; 2® consists of just one point. To prove it, we assume that
N1 £2® is not a single point, so that &l’f > El;" for either i =1 or i =2 (or both) and proceed to
derive a contradiction. By passing to the limit in (4.3), we obtain

U1T1a; + v _a @" o S +v181=0 (4.4)
—HU1T 101 1 — |- ~ 1$1 =0, :
1 K+ @pn o1 +S11 1+a5/y:
. [ @n 53
— 2 Tol5 + V2| 0 —— + 02 — |- - + 1262 =0, (4.5)
LT @r 8] 1+d /iy
~ [ (aT)" §1 T 1
—uTd + v | — + 0y — | = +v181 =0, (4.6)
LR A@ T o8] 1+a3/r
y [ @)n S3 ] 1
—UaTals + Vo | + 07 — | - = + 128, =0, (4.7)
2 KD + (@3)" p2+ Sl 1+ai/n
where
= lim SP*(@),  $; = lim SM(p), (4.8)
t—00 t—00
and
§y<al+E, Sy >d} +Eq, (4.9)
$» <@ + Ea, Sy > + Ea, (4.10)
with
Ei= lim E;(t)e *®/Nj. (411)
t—o00
Taking the difference of (4.4), (4.6), we obtain
n (@) — &) - Va[ @) @) ] !
Hin U e @ T k@) 1+ /7,

_v[ @: PO ] [ 1 1 }
@ T k8] L@ 1+ an
§1 §1 ] 1

+U101|: — — - — .
p1+S1 pi+S1] 1+8/»
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Thus, by the mean value theorem and the estimates (4.9) for 51, S1,

U viaqi| _ vi(ar +01) ., . V10T 0y x
aj —aj|- 71— < as —ay| + ——\ay —ajl,
| 1 1| m1T ks V2 2 2| o 1 1
or
av v Vil V1o vi(ar+01) ., .
aT—aﬂ-Hmt]— Ll . 1}< 1 +01) as —as). (412)
k1 P1 V2
Similarly, from (4.5), (4.7), (4.10) we obtain
v A Vool V0 vz +02) ., .
’C’;—aﬂ'Hﬂzfz— 222 2]< 2(02 + 02) a; —ayl. (413)
ka P2 71
If the left-hand sides of (4.12) and (4.13) are positive, then these two inequalities yield
HM . Vi V]O’]] H“ . Vooiafl vzaz]
171 — -— 172 — -
k1 P1 ka 02
va(az +02) va(ag +o
- 2(02 +02) valar + 1)’ (414)
12! V2

which is a contradiction to (4.1). We thus conclude that é;‘ = &?‘ for i = 1,2, and the theorem fol-
lows. O

Remark 4.1. Theorem 4.1 and Corollary 4.2 remain true with essentially the same proof under the
conditions in Proposition 3.4 and conditions (4.1), (4.2).

5. Asymptotic behavior: multiple limit points
5.1. Behavior of solutions of (3.5)-(3.6)

We first investigate the dynamical system (3.9)-(3.10) with ﬁ,- and ﬁ,- each having three zeros.
We assume that the conditions (3.19) and (B;) hold for either i =1 or i = 2. Let us denote by
U(p) Cc R? the basin of attraction for sinks (p, 0) = (@;, 0), (¢;,0), (d;,0), (&, 0) of (3.7) and (3.8),
respectively.

We shall consider the orbits (xq(t), v1(t), x2(t), va(t)) of (3.9)-(3.10) initiating from any point
in £2*. However, from Lemma 3.3 and Proposition 3.5, we may take initial conditions to belong to
one of the following regions:

(i) (%(0). vi(0)) € U(@) N U Gy),
(i) (6(0).vi(0) UG NUE), o
(iif) (xi(0), vi(0)) € U@r) N U (E) U WS(Bi) U WS (by) =: U by, by).

For the first two cases, it follows from Lemma 3.3 and Proposition 3.5 that

Jim xi(6) € [a;, @] if (xi(0), vi(0)) € U(@) N U (@),

Jim xi(0) € [¢, &1 if (xi(0), vi(0)) € U(&) NU(&).
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In order to analyze the global dynamics in the next sections, we need to establish uniform-in-time
properties for all orbits of the system. For a small € > 0, we introduce the e-neighborhood of U (b;, b;),
namely,

Ue(bi, by) := {xi,vi): |(xi, vi) — U (b, Bi)! <€}
and sets
Ue (@i, a;) :=[U(@) N U @]\ [Ue(bi, bi) \ U(bi, by)],
Ue @ &) = [U@) NUEH]\ [Ue (bi, by) \ U by, by)].
and consider a decomposition of D; (in the (x;, vi)-plane) as follows
Di = Ue(bi, bi) U Uc (@, @) U Ue (&, &).
By Lemmas 3.1 and 3.2, we conclude that for a small € > 0, there exists a T > 0 such that

xi(t) € (@ — €,8;+€) fort > 7, if (x;(0), vi(0)) € Ue(@;, ),
xi(t) e (G —€,¢i+€) fort> T, if (xi(0), vi(0)) € Ue(&i, &).
We next track the evolutions of points (x1(0), v1(0), x2(0), v2(0)) in case (iii). These are points

(x1 0), v1(0), xz(O) vz(O)) with (x;(0), v;(0)) lying between and on the stable manifolds WS(b) of
(b,, 0) and Ws(b ) of (b,, 0). For these initial points, there are three possibilities:

e (xi(t), vi(t)) enters into U(a;) N U(q;) in finite time,
o (x;(t), vi(t)) enters into U(c )N U(¢) in finite time,
e (x;i(t), vi(t)) stays in U(bl, b;) for all time.

Note that once (x;(t), vi(t)) enters U(@;) N U(d;) (resp., U(¢;) N U(¢;)), then it will be attracted to
segment {(x;, 0): x; € [d;,a;]} (resp., {(xi,0): x; € [(;, Cil}).

Next, we claim that a dichotomy can be established for all orbits (x1(t), v1(t), x2(t), v2(t)) evolved
from U (b;, b;); namely, there exists a T* > 0 such that, for all t > t*, either

(iii-a) (xi(t), vi(t)) enters into U¢(a;, d;) or Ue(Ci, i), or
(ili-b) (x;(t), vi(t)) lies in an arbitrarily small neighborhood of the segment connecting b;, b;.

The assertion will be justified by considerations that involve local Lyapunov functions and analysis
of vector field and level curves of the Lyapunov functions. We first observe that

Xi

n ~ 1 ~
mMmme»=hmwo:5ﬁ—/m@$
0

is a Lyapunov function for (3.9)-(3.10) on the region v; > 0. Indeed,

Li(x1,v1.x2,v2) = vi - [=(Ti + i) vi + hi(x1, %2, S)] — hi(x;) - vi
= —(Tj + L)V — Vi[fli(xi) — hi(x1,x2, S1)]
—(ti + ui)vi <0, (51)
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&1 l;l 6]
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_ U’“ h, (s)ds
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Fig. 4. (a) The vector field for (3.9)-(3.10) projected onto (x1, v1)-plane. (b) The graphs for —jg‘ f1(s)ds and —jg‘ hy(s) ds.

if v; > 0. Similarly,

Xi

v v 1 v
Litxa, v1,x2, v2) = Li(xi, vi) i= Ev%—fhmsms,
0

is a Lyapunov functions for (3.9)-(3.10) on the region v; < 0. Accordingly, the value of L; (resp., L;)
along an orbit or a portion of an orbit of (3.9)-(3.10) is strictly decreasing when lying in {v; > 0}
(resp., {vi < 0}). On the other hand, — (;‘i hi(s)ds (resp., — 8“ hi(s) ds) has a local maximum at b;
(resp., b;) and local minimum at d; and & (resp., 4; and &;). Moreover, the minimal value of L;
(resp., L;) is attained at (x;, vi) = (&;, 0) or (&;,0), (resp., (d;,0) or (&;,0)). Thus, Li(b;,0) < L;i(b;, 0),
and ii(I;,-, 0) > ii(Bi, 0). We depict these scenarios in Figs. 4(a), 4£b) (forvi =1). Note that as we con-
sider solutions evolved from a compact set in £2*, the values of L; and L; on the evolutions of these
points are bounded above and below.
Let § be a sufficiently small positive number. Note that for (x;, v;) € Ue(l;i, E,-) N{|vi| <68},

Lixi, vi) <Li(hi, 8) ifvi>0, Lixi, vi) < Li(hi, 8) ifv; <0; (5.2)



5698 A. Friedman et al. / J. Differential Equations 252 (2012) 5679-5711

Vi

Flg 5. (a) Level curves for Iy in {vi 20}, and for 1 in {vi < 0}. (b) The bounded region enclosed by {(x1, v1): Ly, vy) =
Ly(b1,8), v1 20} {(q,va): Lix1,vi) = L1(b1, —8), v1 <O}, W¥(by), and W3(by), lies in Boe (b, by).

cf. Fig. 5(a). We divide the orbits of (3.9)—(3.10) evolved from points (x1(0), v1(0), x2(0), v2(0)) with
(xi(0), vi(0)) € U (bi, bj) into two classes:

Class-I: Orbit starts from UG(B,-,Bi) N {v; > 8} and remains in {v; > 8} before leaving Ug(lvai,Bi) (ie.,
before entering Ue (d;, &;) or Ue (&, &), or orbit starts from Ue (b;, b;) N {v; < —8} and remains in
{vi < —8} before entering U (d;, ;) or Ue (G, Ci);

Class-II: Orbit initiates from, or enters into, U¢ (B,-, Bi) N{lvi| <8}.

According to (5.1), all class-I orbits take less than a finite time t* to enter U¢(d;, d;) U Ue(Gi, Ci). In
addition, it also takes less than a finite time t* for all class-II orbits initiating from Ue(Ei,Bi) n
{|vi| > 8} to enter Ue(l;i,B,') N {|vij| < 8}, again by (5.1). If an orbit starting from {v; > 0} (resp.,
{vi <0}) crosses {v; =0} to enter {v;j < 0} (resp., {v; >O}) while it remains in Ue(lv)l, b;), then
the value of L; (resp., I;) at such orbit cannot exceed L; (b,,O) (resp., L (bl,O)) at all later times
while lying in {v; < 0} (resp. {v; > 0}). Therefore, the solutions initiating from, or entering into,
Ue (Ei, 131) N {|vi| <8} will be constrained by (5.2) and thus be bounded by the level curves

{i,vi): Lixi, vi) = Li(bi,5), vi> 0},
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{(xi,vi): Lixi, vi) = Li(bi, —8), v; <0}, (53)

at all future time; cf. Fig. 5(b). For & < & and € > 0, we introduce an e-neighborhood of the segment
connecting (£1, 0), (§2,0) in R2 by

Be(&1,82) == {(xi, v): |(xi,vi) — {(,0): &1 < < &)| <€)

Then, the region bounded by (5.3) comprises parts of Uc (d;,d;), Ue (&, &), and part of Bae(bj, by),
provided § is chosen sufficiently small. The dichotomy (iii-a)-(iii-b) is thus justified.

Using the properties of Lyapunov functions L;, Lj, and Lemma 3.1, Lemma 3.3, we also conclude
that solutions lying in Uc(d;,a;) (resp., Uc(Ci, C)) enter Be(di, d;) (resp., Be(Ci,€;)) in finite time.
Summarizing the above discussion, we conclude that for a small € > 0, there exist o > 0 and Tg > 0
such that for all orbits (x1(t), v1(t), x2(t), v2(t)) of (3.9)-(3.10) initiating from £2*, (x;(t), vi(t)) lie in
Be(d, 8;) or Be(&y, ), for all t > To + 7o or enter into Bae(bi, b;) at time t = Tp. In particular, their
xj-coordinates satisfy either

xi(t) €la; —€,0; + €]U[C —€,C + €],
for all t > Tg + 19 or x;(To) € [B,- — 2€, B,- + 2€].
5.2. Two limit points

In this section, we prove that system (3.9)-(3.10) admits two limit points provided the condi-
tions (B1) and (May) or (Mb;) hold. The same result can be established under the conditions (B,) and
(May) or (Mby).

Under the conditions (B1) and (May) or (Mby), fn (resp., El) has three zeros &1,51,81 (resp.,
a1, b1, & ), and hy (resp., Ez) has one zero d; (resp. dz). According to the discussion in Sec-
tion 4 and Section 5.1, for a small g9 > 0, there exist 79 > 0 and Ty > 0 such that all solutions
x1(t), v1(t), x2(t), va(t)) of (3.9)-(3.10) with initial values from the compact set £2* either lie in
[Bey (1. 81)UBgy (C1. 1)) X B, (&2, G2), for all t > Tg+ 1o or stay in By, (b1, b1) x Be, (2, d2) at t = To.
In particular,

(x1(0), x2(8)) € ([d1 — €0, a1 + £0] U [¢1 — €0, C1 + €0]) x [d2 — €0, G2 + €], > To + To,
(x1(t), x2(t)) € (b1 — 260, by + 2e0] x [d2 — €0, G2 + €0, t=To.

Therefore, to determine the asymptotic behavior of (3.9)-(3.10) for t > Ty, we only need to consider
the evolution of points which belong to

[Beo (@1, 1) U By (€1, 81) U Bagy (b1, b1)] x Beg (d2, G2) (5.4)

at time t = Ty.
We first focus on the evolutions of points in By, (b1, b1) x Bg,(d2, d2). Let us define sharper upper
and lower bounds of h;, for the evolutions of points from this region:

A" (x1) = —piTixs 4 11 (Otl ul o1 57 (To) > : + 181
b Ki+xt 7oy 4+ SPR(T) ) 1+ (@2 — 2€0) /12 ’

. xn Smil‘l(TO)

A () = —piTix +v<a 1 o —1— ) _ + V151,
1.m1 H1T1X1 + V1 ]k’]‘ T 1,01 L STnToy) T+ @+ 2600/ 7 181
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h$') (x2) i= —paTaxa + v <a 2 gy S d0) ) ! + 128
2) ‘= —U2T2X2 2 2 2 . ~ 2P2,
2m K+x " 02+ SP(T0) ) 14 (by — 3e0) /11
. P Smin(TO) 1
S (x2) := —paTaxs 4 12 (az 2 0y—2— ) : - + 2.
2m K5 +X5 7% py + STIN(Tg) ) 1+ (by + 3€0)/ 11

Since

by <BD ROy,

hy <R <R fy.

ﬁglgn (resp., flglr)n) has three zeros Elgl.gn,Eglir)n,E?l)n (resp., dglir)n,l;?r)n, 6?3“), and flélsn (resp., fl;]?n) has
x(1) ( A1) ' ' ' '

one zero a, ;, (resp., az,m). Clearly,

(1) _ x g “(1) _
ay o, > ai, b],m<b1, Ci.m > C1,
~(1) ~ (1) N A(1) A
ay o, <dai, b]’m>b1, Cim <C1,
NUR (1) _ -
azym <dap, azym >ap.

By continuity, for a short while after Ty, the evolutions of points in By, (51, 51) X Bgy (G2, G2) under
(3.9)-(3.10) are constrained by the sharper upper and lower dynamics defined by (3.7)-(3.8) with E,-
and h; replaced by hfln)n and hl(];] respectively. Note that WS(b?}n) and Ws(bﬁn) lie between WS (bq)

and W‘(E1), by Lemma 3.3(iii), where WS(B%) is the stable manifold of equilibrium point (Bgll)n 0)
for the new upper system and W* (bgl) ) is the stable manifold of (b(l) 0) for the new lower system.

,m 1,m?
Accordingly, the region U(Bglyzn, Bgly?n), bounded by W‘(Bg%zn) and Ws(bngn), satisfies

u(Bs"),.b$"%) c U(b1.by).

m

In addition, for t > Ty

R 1) < (%12, S1(0) < h{') (x1)  if %z € [d2 — 260, 82 + 2601,

Flgl) (x2) < hz(X1,X2, Sz(t)) < flg) (xp) ifxq e [B1 — 3¢o0, B] + 3¢0l.

,m ,m

Hence, for any &1 with 0 < 3&1 < &g, one can define By, (Bglzn,l;?l)n) and Bg, (égin,&;l?n) as before,
with

8281 (B(])

~1 N v(1 ~(1 v A
(0 bi) C Baey(binbi).  Be, (a5, 85)) C Bey (@2, d2),
and the following holds:

There exists a Ty > Tg, such thatv thAe solutions (x1(t), v1(t), xa(t), va(t)) of (3.9)-(3.10) with
(x1(To), v1(To), x2(To), v2(To)) € Bagy (b1, b1) x Bey (a2, a2) for which (x1(T1), v1(T1), x2(T1), v2(T1)) ¢
Bae, (b0 b)) x Be, @), a5 ) will be attracted to [Bey(d1.81) U Bey (€1, 611 X Bey (@2, @), ie.,
there exists a 71 > 7o such that (x1(t), v1(t), x2(t), v2(t)) € [Bgy (@1, G1) U Bgy (€1, €1)] X Bgy (G2, G2), for
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t > Ty + 71. Hence, after t = T¢, we shall focus on the evolution of points lying in By, (bglzn, b(l) ) X

Bg, (ég]}n, &gl,fn). Proceeding by induction we define successively

i i=—savn - k’fﬁx’f T imsén(;k) 5) (aé"m“ om0

i) 3=~y £ v ( k'ijx'? T, i:mzﬁf‘ilk(}lk) )> 1+ @, ” FETRy nh

ﬁ;’fin(xz) Tl <ot k5 + Xz P2 i'm:;g(k(TL) 1)> 1+ b(k 1) —3&-1)/ e
(k) m(2) = T V2 (a k +x2 /02 im;]”("T“l}Tl) 1)) 1+ (b(k Y4 3g 1)/ e

where 0 < 3¢,_1 < €k—2, Tr—1 > T2, k > 2. Let E(k) and B<k) be the middle zero of flgkin and fz%’f)m
respectively, and a(k) and a(k) be the unique zero of h(k) and h(k) respectively. Then

ng) b(k 1) ng) b(k 1)

1,m ° 1,m
~ (k) ~(k—1) ~ (k) A(k 1)
BGm>Gm Qym <% m -

For any ¢, with 0 < 3&, < &,_1, there exist Ty > 0 and 7 > 0 such that the solutions (x1(t), v1(t),
X(t), v2(t) of (39)~(3.10) with (x1(Ti—1), vi(Tko1), X2(Tie1), V2(Tk1)) € Bag,, (B B x

1,m °
L (k=1) A(k— k k - (k k
Bey (@5 " a5 ") but (1 (Tw), va(Te), X2(Ti). va(Ti)) & Bae, (b0, bY) x Be, (@, a5%) will lie in
[Beo (1, 1) U Bgy (€1, C1)] X Bgy (G2, G2), for t > Ty + 1.
Recalling (5.4), we see that it remains to consider the solutions of (3.9)-(3.10) with

(x1(D), v1(t), X2(t), va(t)) € [Bey (@1, d1) U Bgy (€1, €1) ] X Bgy (2, G2) (5.5)

for all t > Ty + 7. These solutions are constrained by sharper upper and lower dynamics defined by
(3.7)-(3.8) with h,, hl replaced by hﬁ, hﬁ, h(zll), hm on region Bg,(d1,d1) X Bgy (42, d2), and RO D

TLw ' 1uw
hga, hm on region By, (C1,C1) X Bg, (2, d2), where
X! STaX(To + o)
h(l)x —U1T1X +v<a 1l Lo 1 ) + v1 81,
(*1) = —pmix + lkqurxq 01 + ST(To + 10) 1+(a2—80)/y2 11
ST (Tg + 70)
h(])(Xl) —M1T1IX1 + V1< e — ) + Vi1,
3 —|— x1 pl + STiN(To+109) ) 1+ (az +€0)/y2
SmaX(To + 70)
h(l)x — U2 T2X +v<a ) + V202,
(x2) := =iz T2%; + V2 k5 +x2 70+ S§¥*(To+710) /) 1+ (a] —&0)/N 2P
x SMIN (T + 79)
h(l)(Xz) = —U2T2X2 + V2 <Olz X2 2 —_ ) + V22,
5+ X ,02 +S0NTo+10) /) 1+ @ +80)/V1
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and flgli,ﬁgli,flgi,fvl(zli are defined similarly. Denote the smallest zeros of flgll) and Flgll) by &gll)
and égll), largest zeros of flgll)l and Ivlgll)J by Egll)l and E?l)l, and the unique zeros of ﬁ;ll) flgll) ﬁgll)l

fvl(z]zl by &éll), ééll), &Sl)l, 6(211)1, respectively. Then,

NN (1) _ o~ s _ o () _

al’l <daq, al,l >daq, (12’1 <dp, az’l >dy,
A1) _ A (1) _ % A _ A (1) _ ~
C],u <(C, C1’u>C1, az,u<a2, azyu>a2.

For 0 < &1 < &g, there exists a T1 > 0 such that

(1 (0, vi(D). x2(t), va()) € [Be, (&), @) x Be, (5. a57)] U [Be, (€10, &10) x Be, (@51 a5)]

for all t > T1, for those solutions in (5.5). Similarly and successively, for 0 < gy_q < &2, and Tj_; >
Tk—2, we can define

yia) = —pamia + vy (al k’{)fX'f T ign:;ik(flk)])) sy 1)1— o
) =~ £ vy (0“ k’}i'} i Tisnaf‘i‘k(_ff_u) @Yy ”]+ oo
o) = —parwa + kg)fxg R ?;;ik<_flk)1>> Al - om0
35 (xa) i= —HaTaxa + v, <“2 ks)fx’é "0 ?;;ik(flk)_l)> R (aﬁ’fl”l+ om0

and similarly A0 p® 1, 2. The corresponding zeros &gk;,égkl), Eglffl, 55’?1 &(Zk;, ég‘; Elgle,éékfl respec-

. ! iu i,u’

tively satisfy
A(k) _ A(k=1) < (k) _ ~(k=T1) A(k) _ Ak=1) x(k) _ x(k—1)
i) <ayp s 1>y a1 <dyp s G >0 -
Alk) _ Ak=1) (k) ~(k=1) A(k) _ Ak=1) ~ (k) ~(k—1)
Cl,u N Cl,u ’ C1,u > C1,u ’ a2,u = a2,u ’ a2,u > aZ,u .

As before for 0 < g < &,_1, there exists a T > Tj_1, such that
v(k) Ak v (k) Ak v(k) a(k v (k) Ak
(%10, V10, %(0). v2(D) € [Be, (3. 817) x Bey (357, 859)] U [Be (615 €1%) x Bey (351 45)]
for all t > Ty, for those solutions in (5.5).

Recall that S}“i“(t) is nondecreasing and S{™*(t) is nonincreasing in t. A review of the above

discussions shows that for t > Ty + Ty + T4,

v(k) Ak v (k) A (k v(k) a(k v(k) Ak
(x1 (0. Vi, x2(0), va(D) € [Be (3. 81) x Be, (a7, 857)] U [Be, (1%, €12) x Bey (351 85:,)]
for all solutions (x1(t), v1(t), x2(t), v2(t)) evolved from £2* except possibly those lying in

ORI (0 Ak
Baey (B - DY) % By (A - B3 )
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at t = Ty. We may clearly assume that Ty, Ty — oo and g, — 0, as k — co. Note that, each sequence
{&gkf}, {bgk)m}, {Egkzl}, {é;’f;} is increasing, and each sequence {&gkf}, {bgk)m}, {Egkzl}, {&gfiv} is decreasing,
@ =1, m, u; in addition, '

~(k) _ ~(k) v(k) _ Alk) 7 (k) 1 (k)
apy <4dpps 61 <% by m <bim:
~ (k) ~ (k) _
U <Uyoyy W= I, m, u,

for each k. Hence,

lima® =a,  lima®=a, lim&P =& limel =g
1,1 1 1,1 1 1,r 1 1,r 1
k— o0 k— o0 k— o0
: k) _ px k) __ px : (k) ~x ; (k) ~x _
lim bl’m_bp lim b],m_b1, lim Uy o =05 o5 lim 4y o =03 75 w=I1,m,u
k— o0 k — 00 k— o0
We shall later prove that
Yk _ A% = L% _ 1k I Mk Ak _ =
a; =aj =dai, bl =b7=b1, ;] =¢1=¢C1,
- - _
0y =0,=0rp, ©=|mu (5.6)

Assuming the validity of (5.6), it follows that

S1(t) = wy - a1 + wy - 1 + Eq,
Sa(t) = wy - + Wy - Ga,y + Eo,

as t — oo, for some nonnegative constants wy, wy > 0 with w;+wy = 1, where E; is defined in (4.11).
We summarize:

Theorem 5.1. Assume that conditions (3.19), (4.1), (B1) and either (May), or (Mby) hold. Then almost every
solution of (3.9)-(3.10) converges to either (a1, 0,ay 1, 0) or (¢1, 0, az u, 0), as t — oo.

Note that wj, w, represent the ratios of cells whose concentrations of protein and mRNA tend to
levels (ai, ay, T1a1/v1, T2G2,1/v2) and (C1, 2,4, T1C1/V1, T2d2,u/V2), respectively. We also observe that
the values ay, ay |, €1,dz,u, and wy, wy satisfy the equations

T a® wy-d;+wy-C1+E 1
_ ]a1+[a1 - 1,,1 + 01 l 1_ 4 ]_ 1_ ] = +p1=0, (5.7)
V1 ki +aj p1+wp-ay+wy-c1+E] 1T+a21/72
71 ct wy-d;+wy-C1 +E 1
—W1Q+Puﬂm+m Lo “‘,1-]- ———— +$1=0, (58)
V1 ki+ci o1+ wp-ar+wy-¢1+E)] 1+024/12
U2To _ ay, wy-dy )+ Wy - oy + Ez
——— W+ |2 02 = — =
ks +a;, P2+ (Wp-ay 1 + Wy -G2u+ E2)
1
) (5.9)
14+ai/n
W2T2 ﬁg’u W|~62,1+Wu-ﬁz,u+l::2
————@ut | Q2 2 ~ ~ =
k3 +aj P2+ (Wy-ay 1+ wy -Gz + E2)

+62=0. (5.10)
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Notice that ay, dy ], €1, Gz,u, W], Wy are not determined uniquely from Egs. (5.7)-(5.10); these quanti-
ties depend also on the initial condition.

Corollary 5.2. Under the conditions of Theorem 5.1, the solution ¥ of (2.8)—(2.13) satisfies

tl~1>no]o 1/f(f, X1,X2, Y1, YZ) = NOWIS(EZ] ,ap1,T101/V1 ,l’zdz{]/l)z)
+ NOWUS(El~aZ.U7f151/V1af262,u/V2) (5.11)
in the sense of convergence in measure, where a1, ay j, C1, dz,y and wj, wy satisfy Eqgs. (5.7)—-(5.10).

To prove the theorem, it remains to justify (5.6). Let

Ri=[a]. 4] x [@5 .85 ] Row=[BY. D7) x (@ .85 ], Rao=[61.61] x (85,85, ).

If (5.6) does not hold, then each R; is either a rectangle or a single point, and at least one R;
is a rectangle. We denote by (df,d},) the upper-left vertex of Ry which is diagonally opposed to
(a3, a3 ,); if Ry is a single point then we take df = aj, a5, = a3 . Similarly we designate the vertices

v

(b, a3 m)s (b, dy ) for Ry, and (€7, 45 ), (¢, a5 ) for Rs. Then the coordinates of these vertices sat-
isfy the following equations:

hi(a7,05,51) =0, h1(a5,d3,,51) =0, (5.12)
ha(d.a3,.52) =0, hy(a}.a3,.52) =0,
hi(65,85.m: $1) =0, hi(B}. 83 . $1) =0,
ho(b7.85 . S2) =0, ha(b7. 5 . 52) =0,
hi (.85, 51) =0, hi(¢].d5,. 51) =0,

ha (61,85, 52) =0, ha(E5,83,, 52) =0, (513)

where $; = lim_, oo STI(¢), S = lim;_, o0 S™(t), i = 1, 2. Furthermore,

S1< (@1} + &b} + £385) /¢ + En, (5.14)

$12 [0 + &bt + ¢385] /¢ + En, (515)

So < [0l ) + Loty o + 8385, ]/ + Ea. (5.16)

S22 [0185) + £285 1y + 0385 ]/ + Ea, (517)

where ¢1,¢3,¢3 are the areas of the regions Ry, R, R3, and ¢1 + &2 + ¢3 = ¢. Among the three
quantities

(@ —aj). (b5 -b}). (& -¢)),
we pick the largest one, say (a —d7), and the corresponding two equations from (5.12),

hi(@j. a5, S1)=0,  hi(aj. a5, S1)=0. (5.18)
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Similarly, among the quantities
. vy s - e v
(‘12,1 - az,l)» @ m =0 m). (@5, —03,).
we pick the largest one, say (@5 , — d; ). and the corresponding equations (5.13),

ha(&5,85 4, 52) =0,  ha(¢5.d3,.52) =0. (5.19)

From (5.14)-(5.17), we deduce that

(95}
—_
|
<
—_
VA
~—
N
—_
—_
Q>
—_%
|
Q
-
SN—
_l’_
N
N
—~
T<
—_ %
|
[
—_%
~
_l’_
v
w
—_
o>
—_%
|
¢
—%
SN—
—_
~
o~

<ay —aj, (5.20)

< ;,u — 0y - (5.21)
We use (5.18) and (5.20) to estimate |a} — d}| in terms of |a} | — a5 [, as in the derivation of (4.12).

We next use (5.19) and (5.21) to estimate |}  — 3 | in terms of |¢} — ¢}[. Finally, from the two
estimates on |@} —dj| and |a}  —a5 | and the inequalities

51— | <83 -3

. and (¢} - <} -

, (5.22)

we derive the estimate (4.14) which is a contradiction to (4.1). The assertion of Theorem 5.1 is thus
established.

5.3. Four limit points

Theorem 5.3. Assume that (4.1), (3.19), (B1) and (By) hold. Then almost every solution of (3.9)-(3.10) con-
verges to one of the four points: (a1, 0,dz 1, 0), (C1,1, 0, 2,4, 0), (@1,u, 0, €21, 0), (C1,u, 0, C2,u, 0), as t — oo.

Corollary 5.4. Under the conditions of Theorem 5.3, the solution v of (2.8)-(2.13) satisfies

tl—l>no]o Yt X1, X2, y1, y2) =1 - 8(51,1452,15151,1/1)1,Tzﬁz.l/vz) + Nyl 8(51,1.,&2,11,1151‘1/\11,Tzﬁz,u/vz)
F 1 8@ 4.8 1m0 /v1. 1280/ v2) T U 8@ G B/ V1 2B V)

in the sense of convergence in measure, where ny + ny, + ny + nyy = No. Furthermore, the coordinates for
the limiting points ay |, Gz 1, €1,1, G2,u, @1,u, 2.1, C1,u, C2,u and the weights wy = ny1/No, Wiy = njy/No, Wy =
ny/No, Wy = nyu/No satisfy the following equations fori =1, 2:

hi(ay,, az,1, wi - @y 1+ wy - €11 + Wiy - @1,u + Wuu - C1,u + Ei) =0,

hi(C1,u, C2,us Wit - G1,1 + Wy - €11 + Wiy - G1,u + Wyy - C1,u + Ej) =0,

hi(C1,1, a2,u, Wi - Q1,1 + Wyt - €11 + Wiy - G1,u + Wuy - C1,u + Ei) =0,

hi(@,u, C2,1, Wy - @11 + Wy - C1,1 + Wiy - A1,y + Wyy - C1,u + Ej) =0.

The proof of Theorem 5.3 combines the considerations of Section 5.2 with the convergence scheme
which was described in [2]; the details are omitted.
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Fig. 6. ODE simulation (a) x1, X2, y1, y2 versus t, (b) the trajectories in (x1, x2)-plane, (c) the trajectories in (y1, y2)-plane.

Remark 5.1. Low-x; and low-x; represent a situation where both T-bet and GATA-3 have low concen-
trations; hence the T cells do not differentiate. On the other hand, if x; is high (low) and x; is low
(high), then the T cells will differentiate into Th1 (Th2). The case where both x1, x, are high would
be biologically rather abnormal.

6. Numerical illustrations

In this section, we provide numerical simulations for the single cell model (2.1) and the population
model (2.3). The parameters used in some of the simulations do not satisfy the assumptions made in
the previous theorems.

The single cell model is a system of four ODEs which can be easily solved by the Runge-Kutta
method, using ode45 in MATLAB. The population model (2.3) is essentially an integro-differential
equation. The integrations in the S;(t) need to be carried out through quadrature rule (numerical
integration); we shall use midpoint rule which has second-order accuracy. The solution of Eq. (2.3) is
then obtained by using standard Lax-Friedrichs method [3,7]. Notice that the asymptotic solution of
the population model becomes singular for large time.

6.1. The single cell model

In Fig. 6, we first show the dynamics of ODE system which exhibit single limit point, with param-
eters
n==6, a1 =0y =5, ki =ky =5, p1=ppm=1, B1=pB2=0.05,
o1 =03 =>5, M1 =2 =35, Vi=y2=1, v =2 =10, T1=T2=5.(61)
All the parameters are as in [10] except for k; (the level of T-bet or GATA-3 at which the rate of auto-

stimulation is half-maximum) which is altered from 1 to 5 to make sure that the conditions in (3.18)
are satisfied. We choose six different initial points

(x1(0), x2(0), y1(0), y2(0)) = (ésl, (55 D, A, (55 l)A2>,
for integer i from 0 to 5. This means that there are six cells with different initial levels of transcription
factors and mRNA. The polarizing cytokines are S; = B1/2 and S; = B,/2. (The same choice is used
in the ODEs’ simulations unless otherwise mentioned.) It is clear that all the points from different
initial locations converge to a single limit point which has low concentration of T-bet (x;) and low
concentration of GATA-3 (x3). Thus all six cells do not differentiate. The plot of (x1, X2, y1, y2) versus
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Fig. 7. ODE simulation (a) x1, X2, y1, y2 versus t, (b) the trajectories in (x1, x2)-plane, (c) the trajectories in (y1, y2)-plane. (For
interpretation of the references to color, the reader is referred to the web version of this article.)

time is shown in Fig. 6(a). The trajectories in (x1, x2)-plane and (y1, ¥2)-plane are shown in Figs. 6(b)
and 6(c) respectively. The trajectories may cross each other on these projection planes. However, they
do not cross each other in the four-dimensional space.

In Fig. 7, we illustrate the case of two limit points with parameters

k1 =0.9, ks =0.6, B1=pB2=0.05,

T1 =T =5.

n=~6, o1 =0 =5, pr=p2=1,

01=03=2, M1 =2 =235, y1=y2=30, V=V =5,
The corresponding time evolution and projection on (x1, x2)-plane and (y1, y2)-plane are given in
Figs. 7(a), 7(b), and 7(c) for 16 different initial conditions. This case demonstrates that there are two
stable limit points (blue dot and green dot). The trajectories which converge to blue (green) limit point
are colored as blue (green). In this parameter setting, the green point has larger attracting basin. Thus
there are more cells with low concentrations of T-bet (x1) and high concentrations of GATA-3 (x,) and
they differentiate into Th2 cells.

In order to generate quadstable phase, we choose the parameters as

k1 =ky=0.6, B1=pB2=0.05,

T1 =T =5.

n=_6, o1 =0y =25, p1=p2=1,

01=03=2, M1 =2 =235, y1=y2=30, V=V =5,
We can see that the system is quadstable, as illustrated in Fig. 8. The corresponding time evolution
and projection on (X1, x2)-plane and (y1, y2)-plane are given in Figs. 8(a), 8(b), and 8(c). We start
with 81 different initial conditions; the trajectories converge to one of the four stable limit points.
For example, there are nine different trajectories emitting from the center point (0.705,0.705) on
(x1,x2)-plane because their initial locations on (y1, y2)-plane are different. One, two, two, and four
trajectories tend to blue, red, green, and cyan limit points, respectively, which indicate no differenti-
ation (low-x1, low-x,), Th1 (high-x1, low-x;) differentiation, Th2 (low-x1, high-x,) differentiation and
undetermined (abnormal). It is hard to distinguish two of the trajectories (colored as mixed cyan and
blue) because they overlap each other.

In Fig. 9, we use the same parameters as in [10]:
k1 = kz =1,

n=6, B1=p2=0.05,

V1 =v =10,

ar=0a=>5, p1=p2=1,

01 =03 =75, M1 =2 =3, =1, y2=0.5, T1 =T =5.

The parameters do not satisfy the conditions (Maj), (Maz), (B1) and (B;). The number of limit points
vary with respect to the polarizing cytokines S; and S;. When S; = 0.05, S = 0.025, the trajectories
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Fig. 8. ODE simulation (a) x1, x2, ¥1, y2 versus t, (b) the trajectories in (x1, Xx2)-plane, (c) the trajectories in (y1, y2)-plane. (For
interpretation of the references to color, the reader is referred to the web version of this article.)

approach to a low-low single limit point (no differentiation). When S; = 0.15, S, = 1.0, the trajec-
tories approach two limit points. If we further increase S, to 1.7, it becomes one single limit point
again. However, the limit point is at a low-high level which indicates the differentiation toward Th2.

6.2. The population model

The main difference between single cell model and population model is the coupling dynamics
generated from the total signals S; and S, defined in (2.2) for population model. Since S1 and S, are
not constants, their evolutions depend on both the initial population of cells and the external signals
Eq(t), E2(t). In [2], we have demonstrated, for the model (1.6), an interesting behavior, namely, the
system may switch from one-peak to two-peak profile at intermediate times. Here we will focus on
the singular behaviors which demonstrate one-, two- and four-peak solutions by choosing specific
parameters.

In the subsequent numerical simulations we assume that g =0, ¥y = ¢o =0 on 952, and E;(t) = 0.
We take Ay, A3, B1, By as in (2.6), (2.7) and choose the initial condition

1
X1,X2, V1, =constant= — 6.2
Yo(x1,X2, Y1, ¥2) 417,515, (6.2)

so that Ng = 1. Even though the discretization method is the same as the one used in [2], the com-
putations for the present four-dimensional model are much more intensive.

6.2.1. Asymptotic one-peak solution

In Fig. 10, we show numerical results under conditions (Ma;) and (Ma;) which guarantee a sin-
gle attracting point. The choice of parameters is as (6.1). In Figs. 10(a), 10(b), and 10(c), we plot
J¥dyidy,, at times t = 0.5,1,5 respectively, because it is hard to visualize the original four-
dimensional density function. Since (Ma;) and (May) are satisfied no matter what S; and S, are,
there is only one stable equilibrium point. The normalized population density gets more and more
concentrated at an attracting point with low-x; and low-x; so there is no polarization toward differ-
entiation into Th1 or Th2.

6.2.2. Asymptotic two-peak solution
Fig. 11 displays the bistable case (two-peak solution). We choose parameters

n==a6, a1 =0y =5, k1 =0.9, kz =0.6, P1=pP2= 1, ﬂ] = ,32 =0.05,

01=03=2, M1 =2=3, y1=y2 =30, Vi =V =3, T1 =T =35.
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Fig. 9. The trajectories in (x1, x2)-plane and (y1, y2)-plane for (a) S; =0.05, S, =0.025, (b) S; =0.15, S, =1.0, and (c) S1 =
0.15, S, =1.7.
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Fig. 10. Monostable: fnpdyl dy, at (a) t=0.5,(b)t=1, (c)t=5.
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Fig. 12. Quadstable: [y dyidy; at (a) t=0.5, (b) t=1, (c) t=5.

We see that integration of the population density with respect to y; and y, starts to accumulate at
two attracting points and the population density is higher in low-x; high-x, state as time evolves.
Thus a large portion of cells differentiates into Th2 while others do not differentiate. The weights wq
and w; in the asymptotic solution depend on the initial population density and the parameters. If
most of the initial population is distributed in the attraction basin of low-x; low-x; state, then the
weight for the Dirac function with center at low-x; low-x, state would be higher (not shown here).

6.2.3. Asymptotic four-peak solution
In Fig. 12, the population density becomes highly concentrated at four attracting points as expected
from Theorem 5.3. In this example, the parameters are chosen as

n =206, o1 =0 =5, ki =k, =0.6, p1=p2=1, B1=pB2=0.05,

01 =03=2, M1 =2 =23, y1=y2 =30, Vi =V =3, T1 =T =35.

The weights wy, wy, wy, and wy, depend on the parameters of the system as well as on the ini-
tial population density. In this case, the population density is higher in high-x; high-x, state as time
evolves. Even though the population densities at the other three points are small and hardly notice-
able, there is indeed some population. The parameters chosen satisfy conditions (B1) and (By). Note
that the mutual inhibition is small (i.e., 1 and y», are large), in this case.
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