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Abstract In this paper, we find a basis for the space Si(I(4)) of cusp forms of
even weight k for the congruence subgroup I(4) in terms of Eisenstein series. As
an application, we obtain formulas for r45(n), the number of ways to represent a
nonnegative integer n as a sum of 4s integral squares.
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1 Introduction and statements of results
Throughout the paper, we assume that & is an even positive integer. Let I" be a con-

gruence subgroup of SLy(Z), and let My (I") and Sx(I") be the space of modular
forms and the space of cusp forms of weight k on I, respectively.
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26 S. Fukuhara, Y. Yang

For S (11(2)), we have given in [4] a basis {E"X’E,? 2 |j=2,...,d+ 1}, where
E!>® and EY are normalized Eisenstein series of weight n for the cusps ico and
0, respectively, and d = dim S; (I(2)) = |k/4] — 1. The existence of such a basis
was suggested in [1, 6]. In this paper, we will find a basis for Si(I(4)). The main
motivation is to obtain formulas for ry(n), the number of ways to represent a non-
negative integer n as a sum of s integral squares.

To state our main results, let us first recall that the group I(4) has 3 cusps, rep-
resented by ioco, 0, and 1/2. To each cusp « and each even integer k > 4, we may
associate an Eisenstein series

1
E(r) = E —_—,
i (ct —d)*

where the sum runs over all cusps d/c equivalent to & under I'H(4). More explicitly,
we have

. 1 1 1
ioo _ — k _
E°M=3 ), rmar = =7 BBkl — EQn)).
(c,d)=1,4|c
50()_1. 2: ! = 2t (Ex(t) — Ex(27))
K =5 (ct—df k1K KE),
(c.d)=(c.H)=1 (1.1)

£1r2 1 v
(T)_z 2 (ct —d)f

(c.d)=1,2|c,4tc

1
=5 1(—Ek(t) + (28 + 1) Ex27) — 2FEr (40)),

where
= — 1 — _ 2mit
Ek(f)—1+r(k)§(k) E or-1(n)g" =1 E or-1(m)q", gq=eT'",

is the Eisenstein series of weight k on SL>(Z) and By is the kth Bernoulli number;
see Lemma 3.2 of [10] for calculation of Fourier expansions of the Eisenstein series.
In fact, the series S (0, 1), Sx(1,0), and Sx(1, 1) in Lemma 3.2 of [10] are essentially

our £}/ 100 EO and £, 12 here, respectively. This is because 17 (4) is conjugate to I"(2)
by (0 1 ) These Elsensteln series have the property that

1 ifa/c~«a

Jim ELO =10 are o

for all y = (¢ d) € SLy(Z). In particular, if o % B, then Ef Ef is a cusp form of
weight k1 + kp on I(4).

In order to simplify the expressions in the statements of our theorems, we rescale
the Eisenstein series and define

Ei®(t) = (1), EQ(r) = (E;®°| Wa) () =27 (), 1.2)
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A basis for Si(I'p(4)) 27

where W, denotes the Atkin—Lehner involution on My (15(4)). In addition, for k = 2,
we also define the Eisenstein series E ‘2" (1) using the Fourier expansions givenin (1.1).
These Eisenstein series E‘2)‘ (r) are not modular forms, but using the transformation
property of E5(7), it can be easily verified that for any modular form f of weight &
on I(4), the functions

. 1 1
EX*(@f (@) = — '), EY(0) f(r) — — '@

are modular forms of weight k + 2 on I(4). (See (3.6) and (3.7) below.) Now we
can give our basis for Si(I(4)).

Theorem 1.1 Let k > 6 be an even integer. Then the sets

. 1 , .
0 0 0

and

. 1 . .
{ESE;;f’z— loo/}u{E,?E,iiOn|n=4,6,...,k—4}

—EF
witk—2) %72
are both bases for S (IH(4)).

As mentioned earlier, our motivation to study S (/7(4)) is to obtain exact formulas
for ry(n), the number of ways to represent a nonnegative integer n as a sum of s
integral squares. (See [2, 5] for surveys of the long and rich history of this problem.)

To see the connection between Sy (19(4)) and rs(n), let us recall that the generating
function for r;(n) is

@(‘[)SZ (anz>s’ qZEZHiT.

nez

When s is even, we have
1 s/2
O(yr) = (7> (ct +d)*?O (1)
for all y = (‘Cl Z) € Ip(4), where (_71) is the Legendre symbol. Thus, for a positive

integer s, the function O (1)™® is a linear combination of Eisenstein series Eéfo(r),

ESS (1), Ezls/ 2(1), and the functions in Theorem 1.1. In fact, we can do a little better.
The theta function ® () satisfies

o —\/?@
(-3)=VFew

OF o Wy = (—1)'O%.

It follows that
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28 S. Fukuhara, Y. Yang

In other words, ©% € My, (I'h(4), (—1)%), the (—1)*-Atkin—Lehner eigensubspace of
My (I'h(4)). Moreover, ® (1) vanishes at the cusp 1/2. (This is because © (7) has the
infinite product representation 1(27)° /5(7)?n(47)>. Thus, the zeros of © (t) must be
at cusps. From the above transformation, we conclude that ® (t) must vanish at 1/2.)
Therefore, we have

O ()" e C(ESX® (1) + (=D EN (D) ® S (T(@), (=1)°).

Now we have

dim ¢ (I (4), +) = EJ -1,  dimS(Hh4),—)= g - m -1

From the dimension formulas and Theorem 1.1, we easily obtain bases for
Sk(Ip(4), £1).

Corollary 1.2 Ifk > 8 is an even integer, then
{EI®E)_, +EJE;™, |n=4,6,...,2|k/4]}

is a basis for Si (_1"0(4), +). In particular, if k =0 mod 4, then O()* is a linear
combination of E;*°(t) + E',?(r) and the functions above.

Corollary 1.3 Ifk > 6 is an even integer, then

. . 1 / .
0 0 0
{EEOOE](—Z_EZE/ZCO—OZ_ 7Tl(k—2) (Ek—2 _EIZCO—OQ)}

U{EI®E) , — EVEI® |n=4,6,....k —2[k/4] —2}

is a basis for Sy(Iv(4), —). In particular, if k =2 mod 4, then @(‘[)Zk is a linear
combination of E ,ioo(r) — E,?(r) and the functions above.

We remark that since FO+ (4) is conjugate to I(2) by ((1) 142), we can first obtain a
basis for S; (I9(2)) and apply 7 — 7+ 1/2 to the basis to get a basis for Sx (I9(4), +),
and consequently exact formulas for r¢(n). This is the approach adopted in [6]. How-
ever, this method only work for the cases 8|s. Also, the basis for Sx(I5(4), +) ob-
tained in this way is different from the basis in Corollary 1.2.

Another result of similar nature is given by K. Kilger. In his Ph.D. thesis [7],
K. Kilger obtained bases for S (IH(N)), N =1, ..., 4, using modular symbols. His
bases in the case N = 4 are similar, but different from ours.

Example 1.4 Here we give some formulas for r4,(n). In the following, we let

fs0:=EX° +(=1D)*EY,
1

. i 0 s 70 i
fS,Z = EZZOOE2S—2+ (_I)YEZEE(;&Z - 7Tl(25 _2)

/ . /
(E3y_n + (=DESS,),

@ Springer



A basis for Si(I'p(4)) 29

fon:=E®E)  + (=1 EYE®  (n>4, neven).

2s—n

By comparing suitably many Fourier coefficients, we find

6% = fr0,
02 = f30+ fi2,

916 _ 11
O = faot+ f4,4,

134
f50+ fsz——f54,
= foo+ o fo.4 — 0818 fe.6,
07 18657704 T 186577°
2073 561873 . 460309
0% = fro+ 5361772~ 737235 114t 2a57as 6
0y, IBT9631232 13142016 96792344
4392213525 754 7 6506983 “*° T 627459075
% 929569 2997123429668 817033178804
= o0t 3302201 702 T 1165073523075 7 T 317747320475 /¢
130045826398

35305258275 °°®

We now indicate how Theorem 1.1 is proved. We shall see that Theorem 1.1 is,
in fact, a consequence of linear independence of certain period polynomials of cusp
forms on S, (IH(4)).

For convenience, let us set w = k — 2. Assume that N is an integer with N > 1.
For a cusp form f € Sy+2({0(N)) and an integer n with 0 <n < w, we let

rn(f) :=/0 f()7"dz (1.3)

be the nth period of f. Since r,; : Sy+2(I9(N)) — C is a linear functional, there
exists a unique cusp form Ry (n),w,n(z) € Sw+2(I0(N)) such that

ra(f) = cw(fs Reyywm)s  Cw:=2"12i)" ! (1.4)

for all cusp forms f of the same weight on IjH(N). Here
(f,8) = // f@g@y"dxdy, z=x+iy, (1.5)
To(N)\H

denotes the Petersson inner product of f and g. We now explain the relation between
RF0(4),w,n and E,lfo E]?_n

Using Rankin’s method [12] and following the argument in the proof of Proposi-
tion 2 of [6], we can show that if f is a newform of weight k on I'H(4), then for even
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30 S. Fukuhara, Y. Yang

integers n > k/2, we have
(f, EX®E)_,) = cknL(f.k — DL(f,n),

where L(f,s) denotes the L-function associated to f and ci , is a constant depend-
ing on k and n. (See Proposition 3.1 below.) For oldforms from Si(SL>(Z)) and
Sk(I'p(2)), there are also similar formulas. On the other hand, from the definitions
(1.3) and (1.4) of r, and Rp;(4),w,n, it is easy to see that

(fs Rry@y.wn) = ¢, L(fin41)

for some constant c,’(’n independent of f. Therefore, even though E,’;OO E,?_n is not

precisely a multiple of R 4),1,,—1, we can still deduce linear independence among
E,’;OO E,?_n from that among Ry 4),w,n-

To obtain linear independence among R (4),w,,, We consider period polynomials
r(f) which for cusp forms f € Sy (IH(N)) for general N are defined by

i00
r(f)(X) :=/0 J@X —2)"dz.
Furthermore, even and odd period polynomials #*( f) and r~(f) are defined by

i 1
r=(HX) = E{F(f)(X) £r(HEX)

The period polynomials for Rp(y),w,» are computed in [4] and will be crucial in
our proof of Theorem 1.1. To state the formula, we let B, (x) (resp., B;,) denote the
mth Bernoulli polynomial (resp., number). By B,(,)l (x), we denote the mth Bernoulli
polynomial without its B;-term (see [9, page 208]):

B,%(x) = Z (T)Bixm_i= Z (T)Bixm_i.

0<i<m 0<i<m
i#l i even

For an integer n with 0 <n < w, let
n=w-—n

and define a polynomial Sy , in X by

_ Nxv 1 1,
S0 = 5 B\ )~ e

Then the period polynomials rE(R Io(N),w,n) are given as follows [4].

Theorem 1.5 [4, Theorem 1.1] Let N be an integer greater than 1. For an even
integer n with 0 < n < w, we have

r(Rryvy,w,n)(X) = SN wn(X).
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A basis for Si(I'p(4)) 31

Also, for an odd integer n with 0 < n < w, we have

Y (Rryvywn)(X)

= SN,w,n(X)
(w+2)By+1Br41 1—[ 1-— _(”'H) 1_[ —(ﬁ-‘rl)
1+ DG+ DBy \ N | L T—p (3 Nn+1 =

where p runs over all prime divisors of N.

In the sequel, we focus on the case N = 4. Furthermore, we consider only vector
spaces over C, and linear independence means that of over C. First, we will prove the
following theorem:

Theorem 1.6 The polynomials
Sswn(X) m=2,4,...,w—-2)
are linearly independent.

Note that an analogous result for IH(2) was obtained in [4], where explicit eval-
uation of Hankel determinants formed by Bernoulli numbers is the main ingredient.
Here the key to our proof of Theorem 1.6 is the 2-adic ordinal of the coefficients of
S4.w.n(X). The method used here is not applicable to the case Io(2). (This is due to
the fact that ordy(4) =2, but ord,(2) = 1.)

By the similar argument as for proving Theorem 1.6, we can derive the following
result.

Theorem 1.7
(1)
{Rry@ywn In=1,3,...,w—3}

form a basis for Sy +2(Ip(4)).
2

(Rry@),wn ln=2,4,...,w—2}
Jorm a basis for Sy+2(Ip(4)).

Remark 1.8 We now recall the formula

Ry wnlwr2 Wy = (=D INYZRE o i

in [4, page 330] for the Atkin—Lehner involution Wy. In Theorem 1.7(1), the basis
can be replaced by

{Rry@ywnln=3,5...,w—1},
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32 S. Fukuhara, Y. Yang

deleting n = 1 and adding n = w — 1. These correspond to each other by the Atkin—
Lehner involution.

Now, by Theorem 1.7, we know that f =0 if (f, Rry@4),w,») =0 for all n =
,3,...,w—3(orn=2,4,...,w — 2, respectively). This leads us to the follow-
ing I'p(4)-version of the Eichler—Shimura—Manin theorem (see [3, 9, 11, 13]).

Corollary 1.9 Let f € Syy+2(10(4)).

M Ifri(f)=r3(f)=---=rw3(f)=0,then f =0.
Q) Ifra(f) =ra(f) =---=rv-2a(f) =0, then f =0.

The proof of Theorems 1.6 and 1.7 will be given in Sect. 2. Then in Sect. 3, we
will deduce Theorem 1.1 from Theorem 1.7.

2 Proofs of Theorems 1.6 and 1.7

In this section, we give proofs for Theorems 1.6 and 1.7. First, we recall 2-adic ordinal
of a rational number.

Definition 2.1 For a rational number x, let us express x as

x=294
p

where a, p, g are integers such that (p,g) =1 and p, g are odd. Then the 2-adic
ordinal ordj (x) of x is defined by

ordy(x) :=a.
We need the following elementary properties of 2-adic ordinal.

Lemma 2.2 For x,y € Q, it holds that

ordy (xy) = ord (x) 4 orda (y), 2.1
ordy (x + y) = orda(x), if ordy(x) < orda(y), 2.2)
ordy(x + y) > ordy(x) + 1, if ordy (x) = orda (y), 2.3)
ords(Bay) = —1, ifn>1. 2.4)

Proof Proofs of (2.1), (2.2) and (2.3) are straightforward and we omit them. We note
that (2.4) follows from the well-known Clausen—von Staudt Theorem on the Bernoulli
numbers (see, e.g., [8]). Il

Here we recall the polynomial Sy 4, »,(X) for an integer n with 0 <n < w:

4ixw o1 1,
S4,w,n(X)=ﬁ—+lBﬁ+1 ix _n——l—lB"'H(X)'
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A basis for S (Ip(4)) 33
We set
a;j := the coefficient of X%/ ™! in Sy 2i(X) (i, j=1,2,...,w/2—1).
We will show in Lemma 2.4 that
- ;15}2_1 [a;j1# 0. (2.5)
15j<w/2-1

To do so, we need the following lemma:

Lemma 2.3 The 2-adic ordinal ord;(a;;) of a;; satisfies the following:

orda(a; ;) = =2, fori=1,2,...,w/2—1,
orda(a; i+1) =0, fori=1,2,...,w/2 -2,

orda(aiii) =4k — D+ 1, fori=1,2,...,w/2—1; k=2,3,...,w/2—1—1,

orda(a; j) = —1, for j <.

Proof We expand Sy 4,2 (X) as

421 xw 1 1
Saw2i(X) = ————BY ( ) 91X

. — ) - —B5.
w — 21 + 1 w—21+1 4X 21 + 1 2l+l
—2i+1 .
_ 1 wi 4o (u) —2i+ 1>ng2"‘+i
w_21+15=0,leven ¢
2i+1 .
_ 3 2i+1 B, X2+t
2i+1 12
£=0, ¢ even

/2 .
1 N g2 (w201 2j-1
:w—2i+1]z_;4j l ( 2j —2i Baj2i X

1 I 2+ .
- Boi2ja X% 7L,
2i+12}<2i—2j+2> 2-2j+2
]:

Then we know

1 —2i+1 1 2i +1
ajj = ———47" WA By — = o B,
w—2i+1 0 2i +1 2

and we have ord, (a;;) = ordy(4~1) = —2. We also know

1 w—2i+1 1 [2i41
i = ————4! By — Bo,
= 2+ 1 ( 2 ) 2 2i+1( 0 ) 0

and we have ord;(a;;+1) = orda(—1/(2i + 1)) =0.
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34 S. Fukuhara, Y. Yang

Now, for a;; 1 and a;; (j < i), we see

1 w—2i+1
Y ¥ o | B,
Aji+k w—2i+1 2% 2k

1 2+l 0\,
4= — e
T i 1\2i —2j42) H T

Hence we have ords (a;; 1) > orda (4%%~1/2) =4k — 3 fork =2,3,..., w/2 —1—1i,
and ordy(a;j) > orda(Bai_2j42) = —1 for j <i.
This completes the proof. g

The following lemma is crucial in our proofs of Theorems 1.6 and 1.7.

Lemma 2.4 Set
D= det [a,'j].

1<i<w/2—1
1<j<w/2—1

Then
ordy(D) = —w + 2.
In particular, we have

det ii]l#0.
15i5w/2—1[a”] 7
15j<w/2-1

Proof Letus setd = w/2— 1, and let id denote the identity element of the symmetric
group Sy of degree d.
From Lemma 2.3, we know that

ordz(a;;) =—2 and ordy(a;;) > —1 ifi#j.
Therefore, for an element o in S;, we have
ord2 (16120 (2) - * - Ado(d)) = —2d = —w +2 if o =1id,
ordy(@16(1)@20(2) * * * Ado (@) = —w + 1 if o #id.

Noting that the determinant D is given by

D= £(0)aio(1)@20() " ddod)»
o

where the sum runs over all elements in the permutation group Sy, and £(o) denotes
+1 or —1 according to whether the permutation o is even or odd, we have

ordy (D) =ordyr(ar1az - -agqq) = —w + 2.

This proves the lemma. O
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A basis for Si(I'p(4)) 35

Now we are ready to give proofs of Theorems 1.6 and 1.7.

Proofs of Theorems 1.6 and 1.7 In Lemma 2.4, we proved that

det ii]#0. 2.6
151'55/271[0’]] 5& (2.6)
1<j<w/2-1

Since
a;j = the coefficient of X%/~ in Sy, 2:(X) (i, j=1,2,...,w/2— 1),

the inequality (2.6) shows that S4 ,,2; (i =1,2,...,w/2 — 1) are linearly indepen-
dent. This implies Theorem 1.6.
Next we note that

a;j = the coefficient of X% =1in Sa.w,2i (X)

= the coefficient of X>~! in r~ (Rry@y,w,2i)(X)
w
= \2j—1 rw—2j+1(Rry@),w,2i)

w
= —<2J _ 1>Cw(RF0(4),w,2is RF0(4),w,w—2j+]).

Then, from (2.6), we have

w/2—1

w
H (— (2]. B 1)%) 15i§5}2—1[(Rr°(4)’w’2i’ Rry@),ww—2j+1)] #0.
j=l 1<j<w/2-1
From this, it follows that
151';1535271 [(Rry@),w,2is Rry@),w,w—2j+1)] #0. 2.7
1=j=<w/2-1

This implies that Rp@4y,w,2i, i =1,2,...,w/2 — 1, are linearly independent, and
so are Rpy@),w,w—2j+1,J =1,2,...,w/2 — 1. Now taking into account the dimen-
sion of Sy,42(/9(4)), we conclude that both {Rry@4),wn |n=2,4,...,w —2} and
{Rry@y,wn In=3,5,...,w — 1} are bases of S, 12(/(4)). By applying the Atkin—
Lehner involution, we know that {Ry4),w,» |7 =1,3, ..., w — 3} also form a basis
for Sy+2(10(4)). This completes the proof of Theorem 1.7. U

3 Proof of Theorem 1.1 and Corollaries 1.2 and 1.3
In the following proposition, a newform in Sx(Io(N)) means a normalized Hecke
eigenform in the newform subspace of Sy (IH(N)). Also, the Petersson inner product

of two cusp forms f and g in Sx(/9(4)) is defined as (1.5).
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36 S. Fukuhara, Y. Yang

Proposition 3.1 Analogue of [6, Proposition 2] Let k > 6 be an even integer. For an
integer L with2 <{ <k/2 —2, let Eze and Ek »¢ be the Eisenstein series defined in
(1.2), and set

k=2)! 4¢ 1 1
@m)k=l By 1—-226 (1 -220-K)¢(k—20)

Ck,e =

(1) If f is a newform in S;(I'y(4)), then we have
(f. ES Ef*%,) = cxeL(f.k — DL(f.k = 20).

(2) If f is a newform in S (Iv(2)) with f|xW2 = €y f, then for g(t) = f(r) or
f(2t), we have

(g, ES Ei®%) = cie(1+ €27 L(f, k — DL(g, k —20).

(3) If f is a Hecke eigenform in Sy (SLo(Z)) with T» f = Ay f, then for g(7) = f (1),
f 1), or f(41), we have

(8, ENES,) = cre(1+275 A =2 p))L(f k — DL(g, k —20).

Moreover, the same formulas hold for £ =1 or k/2 — 1 szO Ek""yZ is replaced by

1 d
EY(D)E(7) — TGk dr E;% (),

d

Eéoo (T)El(c),z(f) W dz

EX_5(0),
respectively.

Proof The proof follows the argument in [6, Proposition 2], so parts of the proof will
be sketchy.

We first consider the case 2 < £ < (k — 1)/4. Let f(t) = _anqg" € Sk(I'n(4)).
According to (1.1),

o]

4¢

EY(v) = ) nz:;(ozz—l (n) — 020—1(n/2))q" = nZ::leze (m)q".
By Rankin’s method, we have
(k —2)!
(f EZK 2() (4 )k l‘cf@(k 3.1
where
Lpi(s)=Y_exmamn. (3.2)
n=1
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A basis for Si(I'p(4)) 37

(See [12] and [14, pages 144—-146] for more details.)
Now assume f(7) is a newform in Si(I(4)). Then

40 ad -
L1e®) = g5, (Zm_l (mamn™ = oy (n/2>a<n>n—S>.
n=1 n=1
Following the computation in [6, page 822], we find that the first sum above is equal
to
L(f,s)L(f,s —2¢+1)
c(@@2s—20—k+2)

where @ (s) := (1 — 27%)¢(s). Also, because f is assumed to be a newform on
I'v(4), we have a(2n) = 0 for all n and the second sum above is simply 0. Upon
setting s = k — 1, we get the formula in Part (1) for the case 2 < ¢ < (k — 1) /4.

We next assume that f is a newform in S (/7 (2)). For the case g = f, aside
from a difference in the scalars, the proof is exactly the same as the proof of (i) of
Proposition 2 in [6] and we find

oA LUSL(s =204 1)
I B (1 =220 (@25 —20—k+2)

from which we obtain the formula in the case g = f. We now consider g(t) = f(271).
Letting by =4¢/Bae(1 — 228y, by (3.2), we have

Loo(s)=byY o 1mam/2n™" —by Yy oa_1(n/2an/2)n"*

n=1 n=1
o0 o0
=2"by Y o 1@mya(mn™ —27bg Y "ogei(ma(mn™t. (3.3)
n=1 n=1
Inserting the identity
o2—12n) = (1 + 2% Noge_1(n) — 2 opy_1(n/2)

into the equation, we obtain

Lyo(s) =27"1"1p, ( Y o imamn™ = ox <n/2>a(n>nS>

n=1 n=1

L(f,$)L(f,s —2(+ 1)
(D025 —20—k+2)

— 2—S+2£—1L"fl(s) — 2—S+2Z—lbl

L(f,s)L(g,s—2¢+1)

=) .
@25 — 20—k +2)

(3.4)

Setting s = k — 1, we get the formula in Part (2) for the case 2 < ¢ < (k — 1) /4.
We now consider the case when f is a normalized Hecke eigenform in S (SL3(Z)).
Again, when g = f, the proof of the formula is almost the same as the proof of (ii) of
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Proposition 2 in [6]. Then when g(7) = f(27), a computation analogous to (3.3) and
(3.4) gives us the claimed formula. The proof of the case g(t) = f(4t) is similar.
This completes the proof of the case 2 < ¢ < (k — 1) /4.

We next consider the case (k4 1)/4 < £ < k/2 — 2. Using the fact that the Atkin—
Lehner involution Wy is a Hermitian operator with respect to the Petersson inner
product, we have

(f. EXE0) = (f1Wa, E)_o E57).
When f is a newform in Sy (I'9(4)) with f| W4 =€ f, by the formula in Part (1)
with £ replaced by k/2 — ¢, this is equal to

(fs EQES) = €5 (f2 ER_a0 EY) = €pcrja—e L(f k — DL(f,20).

Then from the functional equation

s —(k—s)
(%) F(s)L(f,s)zef(—l)kﬂ(%) Ik =s)L{f. k=)

and the identity

(27i)* By,

§@m =="TF5.0 n

3.5
for integers n > 1, we get
(fs EXEi>S0) = chkjp—eL(f k= DL(f, 20) = cx e L(f, k — DL(f, k—20).
Now assume that f is a newform in S;(/5(2)) with f|y W2 =€ f. Then
_ _ k
(fleWa)(x) = Q1) K f(=1/41) =€, (21) T (2v/27)" f21) = €,2°/% F 20),
and consequently, for g(t) = f(7),
) ‘ )
(8, ES E0) = €422 (h, B 5 ESY)

with h(t) = f(27). Applying the formula in Part (2) with £ replaced by k/2 — €, we
get

(8. EXEi) = €72 Perppp—e(1+ €427 ) L(f.k — 1 L(h, 20)
=2 e (1 4+ €2 L(f k= DL(g, 20).

Then from the functional equation for L(f, s) and (3.5), we establish the formula in
Part (2) for the case g(t) = f(r). The proof of the case g(r) = f(27) is similar.

Now assume that f is a Hecke eigenform in S;(SL2(Z)) with o f = Asf.
We have

(fleWa) (1) = Qo) * f(—1/47) = 2% f(41),
and thus, for g(t) = f (1),

(g’ Eg@ Elio—oze) =2 (h’ E/(c)—2/é Elzio)
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with h(t) = f(47). Using the formula in Part (3), we derive that

(g, EQEI®%,) =2 oo (1 + 275711 = A p))L(f, k — DL(R, 20)
=2 jppme(1+ 27501 = 1)) L(f, k= DL( £, 20).

Then, by the functional equation for L(f, s) and (3.5) again, we see that the formula
in Part (3) holds for g(r) = f(r). The proof of the cases g(r) = f(27) and g(r) =
f(47) is similar. This completes the proof of the formulas for 2 < ¢ <k/2 — 2.

Finally, let us consider the cases £ =1 and £ =k/2 — 1. Assume that £ = 1. We
first recall the well-known transformation formula

E2<ar+b

6
) = —c(ct +d) + (ct +d)*E»(1),
ct+d i

which can be proved easily by considering the logarithmic derivative of the two sides
of n((at +b)/(ct +d)* = (ct +d)"?n(r)**, where 5(t) is the Dedekind eta func-
tion. It follows that the Eisenstein series Eg(r) = (E2(1) — E2(27))/3 satisfies

at +b 1
E? =— 2EY .
2<cr+d> mc(cr—i—d)—i—(cr—i—d) 5 (1) (3.6)

for all (¢ ) € I(2). Also, since E{*%(t) is a modular form of weight k — 2, we
have

E,Q°°2’<M) (k —2)c(ct + ) VEI®, (0) + (ct + D)X EI®(v).  (3.7)
ct+d

Thus,

1 oo !
h(t) = ESEI® (1) — mE,ﬁ"f’z(r)

is a cusp form of weight k on I(H(4). Now we have

. 1

ico _

ES@= ) e
yers\ o)
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40 S. Fukuhara, Y. Yang

where Iy is the subgroup generated by ( (1) i) and for y € I'no\Ip(4), we write y =
(45). 1t follows that, for f € Sx(I(4)),

) — Eg(_’:) i c k dxdy
(Fm=" 2, //rom)\Hf(T)((cr 2 i e +d)k_l)y y?

veloo\Iv(4)

B Z //V(Fo(4)\H) f(J/_IT)

Y E€lo\Ip(4)

Eo(y_lr) 1 c
X + —
ey~ lt+DF2 " mi(cy~ 1t +d)k!

x (Im)/_lf)k d};;ly’

where we write T = x 4 iy. From the transformation formula (3.6), we get

Eg(y_lt) 1 c

k 0
_ _—— = — E .
ey 't +d*2 " 7i(cy v+ d)k-! (T —a) By (7)

Consequently, if f(t) =) a(n)g" and Eg(r) =Y ex(n)g", we have

— dxd
=2 /f FOEN o =5
yeloo\To@) Y Y TO\ED
/ / Z a(m)er(n)e™ n=mx g =2xmAmy k=2 g1y
m,n=1
k- k=20
(4( )k 1 Za(n)eg(n)n_(k D= ((4n)k_)1£f,1(k_1)7

and we are back to (3.1). Therefore, the formulas in the statement of the proposition
hold if we replace ESEI®, by h = ESEI®, — Ei%)/mi(k — 2). Finally, the case
Eéoo E,?fz — E,?fz/ /mi(k — 2) can be proved by applying the Atkin-Lehner involu-
tion, as what we did for the case (k 4+ 1)/4 < £ < k/2 — 2. This completes the proof
of the proposition. g

We now prove Theorem 1.1 and Corollaries 1.2 and 1.3.

Proof of Theorem 1.1 Let k > 6 be an even integer and let
. k
d= dunSk(Fo(4)) =5 2.

Let hy = ESE)®) — Ei%)'/mi(k —2) and hj = ES,E}% for j=2,....d. As in
Proposition 3.1, by a newform in Si(I'H(N)), we mean a normahzed Hecke eigenform
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in the newform subspace of Si(IH(N)). We first choose a basis for Si(1(4)) to be
{f(©), f(27), f(47): f aHecke eigenform in Sk (SL2(Z))}
U {f(r), fQ@2t): f anewform in Sk(FQ(Z))}
U {f(r) : f anewform in Sy (F0(4))}

and label the functions by g1, ..., g4. We also let f; denote the corresponding new-
form from which g; originates. Consider the d x d matrix

[(g”h )]lj 1,....d

formed by the Petersson inner product of g; and h;. Since {g;} is a basis for
Sx(Ip(4)), {hj} is a basis if and only if det A # 0. Now by the formulas in Proposi-
tion 3.1, we have

d
detA:(Hck,j)<HbL(f,, )det[L(g,,k 2])]”1 ’’’’ &
j=1

where

1+278 11+ ap) if fi is a Hecke eigenform in Sk (" (1))

with T, fi = A fi,
1 +ep27k2 if f; is a newform in Sx(I(2)) with f;[x W2 =€, fi,
1 if f; is a newform in S;(IH(4)).

i

The numbers ¢ ; are clearly nonzero. Also, since f; are assumed to be normal-
ized Hecke eigenforms, we know that b; L( f;, k — 1) # 0. Therefore, to show that
det A # 0, it suffices to show that det[L(g;, k —2j)] # 0.

Now by (1.3), we have

L (=2mi)k N 2mi)k=2
L(gik—2j)=~—"—— Idr=——" i (g
(g J) r&k—25 Jo gl(f)f F(k 2/) Fk—2j 1(8i)
(_27Ti)k_2j o k—1
= 2 -,R_ i—1),
20 (k —2)) ) (gi» Rr—2j-1)

where R, = Rr4),k—2,n is the cusp form in S; (/5 (4)) characterized by the property
(1.4). Thus, det[L(g;i, k —2j)] # 0 if and only if det[(g;, Rx—2;—1)] # 0. However,
{Rk—2j— e =1 is a basis of Sx(Ip(4)) by Theorem 1.7 and Remark 1.8, and so is

{g,}l: by the assumption. Hence we know that det[(g;, Rx—2j—1)] # 0, and we can
conclude that the set

1 oo/ i
{EZEk b} mE;ﬁ%}U{EEE}f_‘J’lM:é&,k—4}

is a basis for Sy (/9(4)). Applying the Atkin—Lehner involution to this basis, we see
that the other set in the statement of theorem is also a basis. O
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42 S. Fukuhara, Y. Yang

Proofs of Corollaries 1.2 and 1.3 Let W : Sp(Ih(4)) — Sk(I(4)) be defined by
W(f) = flxWa for any f in Sx(I(4)). Let I denote the identity automorphism of
Sk (I'p(4)). Since W2 = I, we have

Sk(Fo4), +) =Ker(I — W) =Im(I + W),
Sk(Io(4), —) =Ker(I + W) =Im(I — W).

Now, from Theorem 1.1, we know
. 1 , .
0 0 0
{EIZOOEkZ_mEk2 }U{E;OOEk_n|n=4,6,,k—4}

is a basis for Sx (Ip(4)). Then the set

1
itk —2)

U{EI®E]_, |n=2k/4] +2,2|k/4] +4,... .k —4}

(eprt s b Jo R, B0 =6, o)
is also a basis for S (I(4)). In particular,
[EI®EY | +EOEI™, [n=4,6,...,2k/4])

is linearly independent. Furthermore, since E ,’;"O E,?_n + E,(l) E,’;‘f’” € Sx(Ih(4),+) and
dim Sy (Iy(4), +) = |_]4£J — 1, we know

(BB, + BB, In=4.6.....21k/4]}

is a basis for S; (Ip(4), +).
Next, from Theorem 1.1, we know that Si (I9(4), —) = Im(/ — W) is spanned by

. . 1 / o
0 0 0
{ElzooEk—z - EBE%, - k=2 (i, —E )}

U{EI®E]_, —EJE/®, |n=4,6,....k—4}.
Then S;(I(4), —) is also spanned by the set

: ; 1 ’ o/
0 0 0
(e, - B9 - (e~ )

U{EI®E]_, —EVE™, |n=4,6,....k—2lk/4] —2}.

Now, noting that dim Si (Iv(4), —) =k/2 — |k/4] — 1, we conclude the set above is
a basis of Sy (Ip(4), —). O
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