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Linear Relay Precoders Design in
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Abstract—Existing transceiver designs in amplify-and-forward
(AF) multiple-input-multiple-output (MIMO) relay systems often
assume the availability of perfect channel state informations
(CSIs). Robust designs for imperfect CSI have less been con-
sidered. In this paper, we propose a robust nonlinear transceiver
design for the system with a Tomlinson-Harashima precoder
(THP), a linear relay precoder, and a minimum-mean-squared-
error (MMSE) receiver. Since two precoders and imperfect
CSIs are involved, the robust transceiver design is difficult. To
overcome the difficulty, we first propose cascading an additional
unitary precoder after the THP. The unitary precoder can not
only simplify the optimization but also improve the performance
of the MMSE receiver. We then adopt the primal decomposition
dividing the original optimization problem into a subproblem and
a master problem. With our formulation, the subproblem can be
solved and the two-precoder problem can be transferred to a
single relay precoder problem. The master problem, however, is
not solvable. We then propose a lower bound for the objective
function and transfer the master problem into a convex optimiza-
tion problem. A closed-form solution can then be obtained by the
Karush-Kuhn-Tucker (KKT) conditions. Simulations show that
the proposed transceiver can significantly outperform existing
linear transceivers with perfect or imperfect CSIs.

Index Terms—Amplify-and-forward (AF), multiple-input
multiple-output (MIMQ), channel state information (CSI),
joint source/relay precoders, robust transceiver design, Tomlin-
son Harashima precoding (THP), minimum-mean-squared-error
(MMSE), primal decomposition approach, Karuch-Kuhn-Tucker
(KKT) conditions.

I. INTRODUCTION

ECENTLY, the multiple-input multiple-output (MIMO)

technique was introduced to cooperative systems [1]-
[10]. When multiple antennas are deployed at each relay node,
the cooperative system is referred to as a MIMO relay system.
Similar to the conventional MIMO systems [11]-[24], [34],
MIMO relays can provide additional degrees of freedom for
increasing spectral efficiency and/or transmission reliability.
The capacity bound for a three-node MIMO relay system
was first studied in [1]. Also similar to MIMO systems, the
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precoding technique can be applied in MIMO relay systems
to further improve the performance. A relay precoder was first
designed to enhance the capacity of a three-node amplify-and-
forward (AF) MIMO relay system [2], [3]. It was soon realized
that the capacity can be further enhanced if the direct link is
further taken into account [3]. Apart from the capacity, link
quality improvement is an alternative criterion that has been
considered [4]-[10]. In [4]-[5], a relay precoder was designed
for the minimum-mean-squared-error (MMSE) receiver. The
same design criterion for multiple relays was later developed
[5]. More recently, joint source and relay precoders designs
were studied [6]-[10] for the MMSE [6], [7], QR successive-
interference-cancellation (SIC) [8], and MMSE-SIC receivers
[9], respectively. Note that the aforementioned designs all
address the linear relay and/or linear source precoders [2]-
[9]. Nonlinear precoders design for AF MIMO relay systems
was first discussed in [10] in which a Tomlinson-Harashima
(TH) source precoder and a linear relay precoder are jointly
optimized for a MMSE receiver. As that in conventional
MIMO systems [18], [19], [34], nonlinear precoded MIMO
relay systems can yield better performance.

As known, channel state informations (CSIs) are required
in the transceiver design. Most designs often assume that
perfect CSIs are available [2]-[10]. However, in real-world
applications, channel responses are usually estimated at the
receiver and fed back to the transmitter. As a result, estimation
and quantization errors always exist. The performance of a
transceiver designed with imperfect CSIs can be seriously
degraded. In some cases, it may even be poorer than that of
un-precoded systems [6]. To overcome the problem, robust
transceiver designs were then developed for conventional
point-to-point MIMO [21]-[23] and MIMO relay systems [25],
[33]. Note that in [25] and [33], linear transceivers were
considered. In this paper, we extend the work in [10] taking
the problem of imperfect CSIs into consideration. We develop
a robust nonlinear transceiver for a three-node MIMO relay
system in which a Tomlinson-Harashima precoder (THP) is
used at the source, a linear relay precoder at the relay, and the
MMSE receiver at the destination.

As typical precoder design, the problem can be easily
formulated as an optimization problem. However, in our
design, the optimization involves two precoders, two coupled
power constraint, and three channels (source-to-destination,
source-to-relay and relay-to-destination). Even with numerical
methods [28], the optimum solution is difficult to obtain. To
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alleviate the problem, we first propose cascading a unitary
precoder after the THP. In this manner, as we will see, not
only the mean-squared-error (MSE) can be reduced, but also
the optimization can be simplified. We then propose using
the primal decomposition transfering the optimization problem
into a subproblem and a master problem. In our approach,
the source precoder is optimized in the subproblem and
subsequently the relay precoder in the master problem. With
our formualtion, the optimal source precoder can be solved as
a function of the relay precoder in the subproblem. However,
the relay precoder in the master problem is not solvable.
To complete the design, we further propose a method that
can translate the master problem to a standard scalar-valued
concave optimization problem. The key idea is to use some
relaxation for the objective function in the master problem. In
some scenarios, the relaxed objective function is equal to the
original objective function. Finally, we can obtain a closed-
form solution for the relay and source precoders via Karash-
Kuhn-Tucker (KKT) conditions.

This paper is organized as follows. In Section II, we
first describe a three-node AF MIMO relay system with the
TH source precoder, a linear relay precoder, and an MMSE
receiver. Then, we formulate the optimization problem for
the precoders design with imperfect CSIs. In Section III, we
propose an efficient method solving the optimization problem.
The performance of the proposed transceiver is then evaluated
in Section IV. Finally, we draw conclusions in Section V.

II. SYSTEM MODEL AND PROBLEM FORMULATION

A. MMSE Receiver With TH Source and Linear Relay Pre-
coders

We consider a three-node AF MIMO relay precoding system
in which N, R, and M antennas are placed at the source, the
relay and the destination, respectively, as shown in Fig. 1.
From the figure, we see that the system consists of a TH
source precoder, a linear relay precoder, and a linear MMSE
receiver. Here, we consider the general two-phase AF protocol
[2]-[10]. In the first phase, the source signal vector s € CV*1
is first fed into the THP. The precoder conducts a successive
cancellation operation characterized by a backward squared
matrix B and a modulo operation MOD,,,(-). Each element
of the transmit vector, s = [sq,..., sN]T, is a m-QAM
modulated signal and takes its real and imaginary values from
the set {£1,...,+£(y/m — 1)}. The matrix B has a lower
triangular structure and its diagonal elements are all equal
to zeros. The modulo operation, conducted over the real and
imaginary parts of the inputs, can be expressed as follows:

x+/m
MOD,,,(z) =2z — 2 = 1
(@) = —2vim- | X (M)
Let the signal after the modulo operation be expressed as x.
It is clear that each element of x is bounded between —/m
and y/m (real and imaginary parts). With B and the operation
in (1), the elements of x can be expressed as [19]

k—1

T = Sk — Z B(k‘, Z)xl + ek 2)

=1
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where xj, denotes the kth element of the vector x, B(k, ) the
(k,1) element of the matrix B, and ey, is the error yielded by
the modulo operation (the difference between the input and
the output). Let e = [e1,...,en]| be the error vector. From
(2), we can define the transmitted signal x using the following
matrix expression:

x=C"lv 3)

where C = B + Iy is a lower triangular matrix with ones in
its diagonal, and v = s 4 e. The TH precoded signal vector
x is further passed through a unitary precoder matrix Fg and
subsequently sent to the relay and the destination. The unitary
precoder, as we will see, can greatly simplify the design and
improve the bit-error-rate (BER) performance.

In the second phase, the received signal vector at the
relay is multiplied by the relay precoding matrix, and then
transmitted to the destination. Therefore, the signal received
at the destination (after the two consecutive phases) can be
combined into a single vector as [6]-[10]

YD = HF5X+W, (4)

where

Hsp np;i
H = = ’
[ HrpFrHsr ] and w [ HrpFrng +nD,2(l

denote the equivalent channel matrix and the equivalent noise
vector, respectively. In (4), x € CV*1 is the TH precoded sig-
nal vector defined in (3); yp € C?M*1 is the received signal
vector at the destination; Hgp € CEXN Hgp € CM*N and
Hpyp € CM*E are the channel matrices of the source-to-relay,
the source-to-destination, and the relay-to-destination links,
respectively; np 1 € CM*1 np € CH*! and np o € CM*!
are the received noise vector at the destination in the first-
phase, that at the relay in the first-phase, and that at the
destination in the second-phase. Before proceeding to our
design, we first consider the error model of channel estimation.
Let Hjy;o denote the channel matrix of a N x M point-to-
point MIMO system. A common model for the generation of
H),0 is given by [20]-[22]

Hiro = Ry 3 0Hiia Ry 0, 6)

where H; ; 4 is a spatially white matrix whose entries are
independent and identically distributed (i.i.d.), and Rg aro
and R7 a0 are normalized receive and transmit correlation
matrices (unit diagonal entries). Also, each element of H; ; 4.
has a zero-mean and unit variance Gaussian distribution. When
a linear channel estimation method is adopted, the relationship
of the true and estimated channel matrices can be expressed
as [20], [21], [25]

Hy0 = Hyo + AHyo (7

where ﬁMo is the estimate of Hy;o and AH,,o is the
estimation error. It has been shown that [20], [21], [25]

AHy o = V2 AH, ;4 W52 (8)

where 370 and W0 are two covariance matrices associated
with AHpr0 and AH; ;4. = Hyj.q. — H;.q.. Here, Hi ;4. is
an estimate of H; ; 4.. The actual values of ;0 and W0
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depend on the channel estimation method we use. For exam-
ple, if we use the estimation algorithm proposed in [20], then
‘I’MO = RT,MO and EMO = Ug,MoRR,MO where UéMO =
E [|Hi.i_d.(i,j) — ﬁi.i_d.(i,j)|2] Note that H; ; 4., instead of
H,,0, is estimated. As another example, if we use the channel

estimation method proposed in [21], we then have W0 =

— 2 2 -1
Rr.po and ¥yo = 070 (IN7M+Ue,MORR,MO)

With the expression in (8), it is clear that
vec (AH0) ~ CN (Onnix1, Zvo @ ¥h0),  (9)

where vec(e) denotes the operation of stacking the columns of
a matrix into a vector, CA/(m, C) denotes a complex Gaussian
random vector with a mean vector of m and a covariance
matrix of C, and ® represents the operation of the Kronecker
product. Thus, we can have the probability density function
(PDF) of AH ;0 as

exp (—Tr (AH{VI[O 25410 AHyo 11117410) )

p(AHuo) = TNM (det (Zr0))" (det (¥ r10))™

(10)
We then use (8) as our model for channel estimation error and
have

Hsr = Hop + AHgp (11)
Hpp = Hep + AHpp (12)
Hsp = Hsp + AHgp (13)

where fISR, ﬁRD, and fISD are the estimated channel
matrices of Hgr, Hrp, and Hgp, respectively; AHgg,
AHgp, and AHgp are the corresponding estimation error
matrices. From (9), we can then obtain the PDFs of AHgpg,
AHRD and AHSD as

vec (AHgg) ~ CN (Ongrx1, Zsr ® ¥hg), (14)
vec (AHgp) ~ CN (Oryx1, Zrp ® $hp) (15)
vec (AHgp) ~ CN (Onnrx1, Bsp @ BLp). (16)

Here, we assume that all the channels are time-invariant and all
the second-order channel statistics, Xsr, XrpD, 25D, Ysr,

Fr
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Wrp, and $gp are known a priori. Note that if v can be
estimated, s can be recovered by the modulo operation in (1).
Since we take both noise and channel estimation error into the
MMSE receiver design, we can define the MSE as

MSE (C,Fs,FR,G) = Eaw {||Gyp — VHZ}
= Eauw {Tr{((GHFs — C)x + Gw) x

((GHFs —C)x+Gw)H}}, (17)

where G represents the MMSE equalization matrix and the
subscripts A and w denote that the expectation is taken over
channel estimation error and noise, respectively. Here, we
assume that x;’s are statistically independent and they have
a zero-mean and a same variance. Let the variance of each
element in s be denoted as o2. We then have E[xx] = 021y
and E[vv?] = 02CC¥ . Note that the independent assumption
is valid only for large QAM size (e.g., m > 16) [18], [19].
Therefore, we can rewrite the MSE in (17) as

MSE (C,Fs,Fr,G) = Ea {Tr {af,GHFsF{éHHGH}}
—Ea {Tr{aic.HFscH}} — Ea {Tr{a§CF§HHGH}}
+Tr {o?cc”} + Ba {Tr{GR.G" }}

- Tr{EA {ai(;HFSFg’HHGH}}

—Tr{EA {aﬁeHFscH}} - Tr{EA {a§CF§HHGH}}
+Tr{a§CCH} —|—Tr{EA {GRwGH}}, (18)

where R, = F [WWH}. Using the error models in (11)-(13),
we can then rewrite the MSE in (18) as

MSE (C,Fs,Fg,G)
—Tr {G (afﬁFnglﬁH +R, + Aerr) GH} _
Tr {afGﬁFSCH} —Tr {UECF?ﬁHGH} *

T {agccH} , (19)
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where R
f-| . Hso | (20)
HrpFrHsr
| Aerry 0
Aerr = [ 0 Aerrp } ’

ACITA = CT?TI‘ (Fngl‘I’SD) ESD
Aerrg = Tr (FR (UETSR + U,QZ’TIR) Fg‘I’RD) XrD +
o2Tr (FsFEWsr) HrpFrEsrFAHE, (21)

&

AL, +0fl, |}, @2)

2{| Bprrng
HgipFrngr +np2

{ ng,l

Tsp = Tr (FsFHWsp) SBsp + HspFsFEHY,,  (23)
Tsr = Tr (FsFEWsp) Sp + HspgFsFIHY,.  (24)
The detailed derivation of (19) is provided in Appendix A.

Since MSE in (19) is convex, the optimum G minimizing
MSE, denoted as G, can be found by
OMSE (C,Fg,Fgr, G)
OGH
If we assume that Fg, Fr, and C are known, G,,; can be
expressed as

R, =

=0.

(25)

. . . . -1
Gope = 02CFHHY (a’g’HFSFgf HY + R, + Aerr) .
(26)
Substituting (26) into (19), we then have the minimum MSE
as

MSE (C, Fs, FR, Gopt) = MSEmm (C, Fs, FR)

=2t {cc} - o2t {CFYA" (AFsFYA”
~ -1

tol2 (Rw + Aerr)) HFSCH} . 7)

Using the matrix inversion lemma [27], we can further express
(27) as

MSEmzn (Ca FS7 FR)
. N -1
= o2Tr {c (Fgf HYR,'HF;s + IN) CH} (28)

where
Rar = 05_2 (f{w + Aerr)
R 0
—2 A1

= e . 29

Us |: 0 RA,272 :| ( )
Here,

Raj1=0p JIy +0lTr (FsF§¥sp) Ssp (30)

and
Rz =Tr (Fg (02 (Tr (FsFS¥sr) Sort
ﬁSRFSFgﬁgR) + aZ,TIR) ng,RD) Shp +
o2Tr (FsFEWsr) HrpFrEspFAHE, +
o2 HppFrFIHE, + 02 1. 31)

From (29)-(31), we can see that the MSE in (28) is a
complicated nonlinear function of Fg and Fg.
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B. Problem Formulation

Our task is to find C, Fg, and Fp so that the MSE in (28)
is minimized. The joint precoder designs problem can now be
formulated as:

—~ —~ —1
min  o2Tr {C (IN +FH HHRngFS) CH}
C,Fs,Fr

st. olTr{FsF{} < Psr,
E[Tr{Fg (o2 Ir + c2HsrFsF{HYL) FI 1] =

n,r

on Tr{FrF}} + o Tr {Fg (Tr (FsFY ¥sr) Ssr
+ﬁSRFSF§ﬁ§’R) Fg} < Ppr, (32)

where the inequalities in (32) are due to the transmission
power constraints at the source and the relay (the maximum
available powers are Psr and Pg 7, respectively). Taking a
close look at (32), we can observe that in addition to the
cost function, the constraints are also complicated nonlinear
functions of Fg and Fr. Even worse, they are mutually
coupled through Fg. It is simple to check that (32) is not
a convex optimization problem. Since imperfect CSIs of all
links are involved, the problem is much more difficult than
that in [10]. In the next section, we propose a new approach
to solve the problem.

III. PROPOSED ROBUST JOINT SOURCE AND RELAY
PRECODERS DESIGN

A. Primal Decomposition

We resort to the primal decomposition method [28] where
the original optimization can be transferred into a subproblem
and a master problem. The method is first to split unknown
variables into two groups, and the variables in the first group
are treated as known constants. Then, the variables in the
second group are solved as the functions of the variables in the
first group (the subproblem), and the cost function is reduced
to a function of the variables in the first group. Finally, the
variables in the first group can be solved (the master problem).
For our problem, we let the subproblem be the optimization
of C and Fg (Fpg is treated as a known matrix), and the
master problem be that of F r. However, since the two power
constraints are mutually coupled, the primal decomposition
cannot be applied directly. We then propose using a unitary
structure for F'g. To proceed, we reformulate (32) as

min  Tr{E} = min min Tr{E}
CFs.Fr Fr CFs
—~ —~ —1
st. E=o’C (IN + F?HHREHFS) cH
Fs=asUs, o2agN < Psr,

Te{Fr (02, 1n + 0202 HYR) Fi | < P
(33)

. PO 1/2
where HYy = (Hspl, +Tr(¥sp) Tsr)
scalar and Ug € CV*¥ is a unitary matrix to be further
specified.

, ag IS a
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B. Subproblem Optimization

In the subproblem, the optimum C and Fg are first derived
as a function of Fr. Since we let the additional precoder Fg
have a unitary structure, the cost function and the constraints
can then be optimized with respect to C, ag, and Ug. The
subproblem optimization can then be written as:

Tr{E}

min
C(Fr),as(Fr),Us(Fr)
U —1
st. E=02C (IN + a?SUg’HHHUS) ctl
NO’?O&% S PS,T

tr {FR (U,QZ’TIR + a%Ugﬁ%Rﬁ%) Fg} S PR,T7

(34)
where
H'H .= I/-\IHRzllfI
=ol [ BYp, REFIHY, | x
(O‘ZydIM +O‘§O¢2STI(‘I’SD) ESD)_I 0
0 (AA +A)!

055 ]
HrpFrHsr

=a: (U;fiﬁgD (07 ,aln + 020 (¥sp) Bsp) T Hsp+

HEYFRHL, (AA +A)! ﬁRDFRﬁSR) (35)
with
AA = Tr (FR (a?a%ﬁ'sRIA{'SIE + O'»,QIJ‘IR) Fg‘I’RD) YrD
+020iTr (Usr) HrpFrEsrFRHRED (36)
and
A =oll HppFrFRHE, + 02 Ly, (37)

Note that primal decomposition can be further applied in the
subproblem. Treating C, Fr and Ug as known entities, we
first optimize ag. To do that, let’s consider a maximum power
property, stating that the cost function in (34) is monotonically
decreasing in ag. The proof of this property is provided in
Appendix B. Using the property and denoting the optimum
Qg as ag opt, W can have

_ [Psr
Gort =\ Ng2-
S

This is an intuitively appealing property since the noise power
at the receiver can be reduced if the source transmit power is
increased.

Substituting (38) into (34), we see that the relay power
constraint is just a function of the relay precoder, and two
power constraints are decoupled. Thus, the power constraint of
the precoder can be moved to the master problem. If we treat
Ug as a known matrix, the subproblem will be degenerated to
the design in conventional point-to-point THP MIMO system,
which can be written as

. P S
CI?FH;)agTr{C (IN + NS&EUQHHHUS> CH}. (39)

(38)
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The optimum solution C of (39), denoted as C,,, has been
solved in [18] as:

Copt = DL, (40)
where
LLY = o2 (IN + PS’TUgfﬁHﬁUS>1 (41)
s No?
is the Cholesky factorization of
o2 (IN + Zﬁ’yg UgﬁHI:IUS o and D is a diagonal

matrix scaling the diagonal elements of C,, to unity.
Substituting (40) into (39), we then have the cost function as

- N
P e e '
Tr {C (IN + ¥ U?HHHUS> cb =Y Lk, k)
s k=1
(42)
which is a function of Ug. We now can find Ug so that (42)
is minimized. To start with, we decompose Ug as

Us = V5 Us,

(43)

where Vg € CN*N s the left singular matrices of H
and Uy € CY*N is another unitary matrix. Note that this
decomposition can always be conducted for a unitary matrix.
Substituting (43) into (41), we then have

Ps 1 H o~ -1
LL? = o2 <IN+N02 (ViUs) HHHVﬁU’S)
p -1
= U¥o? (IN + g A) U (44)
=D
where A = diag {/\ﬁ 1""’/\ﬁN} is a diagonal matrix

consisted of the eigenvalues of HPH. It is simple to see
that D is a diagonal matrix. Applying arithmetic-geometric
inequality (AGI), we see that when L(i,i) = L(4,4), © # J,
(42) is minimized.

The remaining work is to find a proper Ul such that
L(i,i) = L(j,7). This problem has been solved in [19]
and the result is restated as follows. Consider the following
decomposition:

D = D'/*D'/2, (45)

where D!/2 is the square-root matrix of ]3; Applying geomet-
ric mean decomposition (GMD) [16] on D'/2, we can have

D'/?2 = QRP", (46)

where Q and P are some unitary matrices, and R is an upper
triangular matrix with equal diagonal elements. Substituting
(46) in (44), we then have

LL” = UY'DU, = UYPRYRPIU,.  (47)
Let Uy = P. Equation (47) can be written as
LLY = R¥R. (48)

From (48), it is clear that if L = R¥ the diagonal elements
of L will be all equal. Therefore, the optimal F g, denoted as
Fs opt, can then be expressed as

/P
Fs opt = || 7725 VP

(49)
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From (42), the resultant MSE can be expressed as

N N
Jmin = ZL(kak)Q = ZR(kak)Q
k=1 k=1
N - -1/N
= No? ( oMkt 1) (50)
k=1 i

Now, the problem becomes the minimization of (50) which
is the master problem. It is noteworthy that if the unitary Fg
is not included in the design, the cost function in (42) can
be reformulated with F'¢ = I. In this scenario, the related
minimum MSE will be larger than that in (50). Also, the
optimization problem is much more cumbersome to deal with.
We note here that the original THP in [18] does not include
the unitary matrix Fg'.

C. Master Problem Optimization

To solve the master problem, let’s first consider the follow-
ing equivalence:

The result in (51) can be easily obtained since

N
N) =11 (isgAﬁk + 1) (52)

k=1

det <IN

Using (51) and (35), we can then reformulate the master
problem as

Pst =
det | I
e (10 5

HSD><
nd

P o
<Ui7dIM + —JS\}TTF(‘I’SD) 2SD) Hsp +

P RPN ~
STH FHH p(AA+A) 1HRDFRHSR)
S.t.
P ! H
Tr FR anR'F—H RH FR SPR}T-

(53)

Take a look at (33) and (53) and we can readily find
that although the number of the unknowns are reduced, the
utility? function is a complicated function of F and yet the
optimization is not convex. As a result, the problem in (53)
is difficult to solve, even with a numerical method [28]. To
provide a solution, instead of the original utility function, we

'Tt is noteworthy here that the THP design in [19] does cascade a precoder.
However, the precoder is not restricted to a unitary matrix and the purpose is
different from ours.

2In general, when a problem is to be minimized, the objective function
is referred to as a cost function. In contrast, when the problem is to be
maximized, the objective function is referred to as a utility function.
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propose using a lower bound of the function. By the lower
bound, we can reformulate the master optimization as

Pg 1
n%ixdet <IN+N HSDX

Un ,d
P s
<Ui7dIM + %TT(‘I’SD) z35D> Hsp+

P . .
%H CFOHY (AA + A) HRDFRHSR)

s.t.
Tr{FR <a,”IR + PT RHY ) Fg} < Pgpr,
(54)
where
AA" = Prrimax(¥rp)Imax(Zrp)Iym +
%TY(WSR))\maX(ESR)HRDFRFRH
(55)

Particularly, the lower bound of the utility function is equal to
the actual one when the transmit or receive transmit pairs are
uncorrelated. The detailed derivation is given in Appendix C.

As we will see in latter development, AA’ in (54) is easier
to deal with, compared to AA in (53). The optimization in
(54) remains unsolvable since the utility function is still a
complicated function of Fr. In addition, the problem is still
not convex. To overcome the problem, we use the Hardamard
inequality, described in the following Lemma.

Lemma 1 [27]: Let M € CV*Y be a positive definite

matrix, then
N
det(M) < HM i1
i=1

where M(7,4) denotes the ith diagonal element of M. The
equality in (56) holds when M is a diagonal matrix. This
suggests a diagonalization of the matrix in the utility function
of (54), achieving the maximum of (54). To conduct the
diagonalization, we need another lemma described below.

Lemma 2 [27]: Let P € CV*" be a positive definite matrix
and J € CV*N  then

(56)

det (P + J) = det (P) det (IN + P‘l/QJP‘l/Q) .57
We let
P . .
J = ;THHRFHHQD (AA’ + A) "HppFrHgg,
P =

Psr 1.
< o alm + %Tr(‘I’SD)ESD) ng) (58)
in (57). Then, we have the following equivalence:
arg maxdet P+J)=
argmaxdet (IN + BHEFIHT ) x

(AA’ + A)~ HRDFRﬁgR), (59)
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where
A~ Ps 1 Psr
Sr= N —Hsr <1N+N ﬁdHSDX
P 1 —-1/2
<o—3,d1M+ %Tr(\IISD)ESD) HSD> (60)

Note here that det(P) is ignored since it is not a function
of Fr. Using (59) and the relay power constraint in (54), we
then have the master optimization as follows:

I%axdet (IN + HEFEHE )«

71 ~ ~
(OzIM + ﬁHRDFRFgHgD) HRDFRH%R)

s.t.
Tr{FR (Un AR+ PTH/ RH ) Fg} < Prr,
(61)
where
o = PrrAmax(¥ o) max (Zrp) + 05 4 and
B = Pr, TTI'(‘I’SR)/\maX(ESR) +op (62)
From Lemma 1, we see that if

(v + AGEFAAL, (AN + A) ™ HapFpi,
diagonalized, the utility function in (61) is maximized.
Note that the optimality may not be held when the power
constraint in (61) is considered. However, we still use the
diagonalization operation here, facilitating the derivation of
a solution. To do that, we can let the relay precoder have
a certain structure. Considering following singular value
decomposition (SVD):

is

Hpp = U,qX,aVE; (63)

Ag'R = U/S/T‘E/S/TV/S/TH (64)
where U,q € CM*M and UY, € C**F are left singular
matrices of Hgp and HS R Tespectively; 3,5 € RM*® and
>/ € RE*N are the diagonal singular value matrices of Hpp
and ﬁSR, respectively; VI € CP*F and V” € CVN*N are
the right singular matrices of H rp and ﬁg R Trespectively.
Substituting (63) and (64) into (61), we can have the utility
function as

det (IN +HEFIHT (AA +A)7 ﬁRDFRﬁgR)
=det (Iy + E’S’HU”HFHVMEH (aln + BE,a VI x
FrFiv,,s0) ' 5, VAR U 5 ) .

(65)

It turns out that if the F' i have the following structure, a full
diagonalization of the utility matrix in (65) can be achieved:

Frp=V,,2, UH

sTr )

(66)

where X, is a diagonal matrix with the ith diagonal element
of 0,4, t = 1---k (k=min{N, R}). Let 0,4,; and o’ . be

the ith diagonal element of X, ; and X7, respectively. Usmg
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(63), (64) and (66) in (61) and taking the In operation to the
utility function, we can then rewrite (61) as:

//
max Zln 1+ — Pr,io le b
1<i<k o+ ﬂpr 10“1 i
me (i) +on,) < Prr,

pm >0, Vi,

Pris

(67)

where Dy,.(i,4) is the ith diagonal element of Dy,
Fs, TU”H (ﬁSRHSR + Tr (¥sg) ESR) U, and p,; =

m" The utility function now is simplified to a function of
scalar variables. Since the utility function and the inequalities
are all concave for p,.; > 0 [28], (67) is a standard concave
optimization problem. As a result, the optimum solution of
pri,t=1,..., K, can be solved by means of KKT conditions
given as (68) at the top of the next page, where u is chosen
to satisfy the power constraint in (67). The derivation of (68)
is summarized in Appendix D.

The computational complexity of the proposed robust TH
precoders mainly involve SVD, GMD, and matrix inversion
operations. The overall computational complexity, measured
in terms of FLOPs, are summarized as Table 1.

IV. SIMULATION RESULTS

We consider a three-node AF MIMO relay system with N =
R = M = 4, and model the channel estimation errors with
the covariance matrices as [20], [25]:

1§ 6 &
5§ 1 & &2
Wsr=Wgrp =WPsp = 2 5 1 & (69)
M 82 5 1
and
Loy 7?7
1 v ~
Ysp=Spp =Xsp =02 | 70
SR RD SD el 42 4 1 A (70)
Yoty 1

where § and « denote the correlation coefficients, and ag the
estimation error variance. The covariance matrices in (69) and
(70) can be obtained if we use the channel estlmatlon method
proposed in [20]. The estimated channels, HSR, H RD, and
Hs D, are generated by the following distributions:

~ 1—o2
vec (HSR) ~CN <0NR><h —3sr ® ‘I’?S:R) (71)

€

~ ]. — 0'3 T
vec (HRD) ~CN (OMRxla —5XRrD ® ‘I’RD) (72)

€

2
vec (ﬁSD) ~CN (OMle, ! 206 Ysp ® ‘IlgD) (73)
As mentioned, the relationships of the actual and estimated
channels can then be expressed as HSR = HSR + AHgg,
Hgpp = HRD + AHgp, and Hgp = HSD + AHgp. Let
SNR;,, SNR;; and SNR,.; denote the received signal-to-noise
ratio (SNR) at each relay antenna in the first phase, that at each
destination antenna in the first transmission phase, and that at
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+
1 0(0'”2 .
pri = g . M + 1 a—— o+ 243 — (68)
2 .. 2 2 . .
02, 5 (—G% ¥ 1) (02, +Dur (i1)) o, 22 (O_ﬁ’_ N 1) 02, (B+072)
TABLE I
COMPLEXITY OF PROPOSED TH SOURCE AND RELAY PRECODERS (MMSE RECEIVER).
Step Operation FLOPs
1 HY 5, (60) O (N2(N + R+ M))
2 SVD Hgp = U434 VE, (63) O (MR? 4+ R®)
3 | SVD HY, =ULSIVIH (64) O (RN?% + N3)
4 3, (68) O(klr)
5 Fr, (66) O(R?)
6 H=R,'"H, 36 O (M2 (M + N))
7 SVD H O (N? (M + N))
GMD D!/2 = QRPY (46) 3
8 L=R" (48) O(N%)
9 Copt = DL™L, (40) O(N?)
10 Fsopt. (49) O(N?)
1,2 denotes the iteration number of the water-filling process for for computing o ; (68)
* : 107 . :
107" ——U-U H A —+—U-U
—A— U-L 4 —A— U-L
—4—L-L —4—L-L
—8— TH-L ¢ —8— TH-L
1072 —©— TH-L-robust | | —©— TH-L-robust
107
o ] i
= . @
1077t 1 10°
1071 9| P
: : : : © 107
5 10 15 20 25 30 5 10 15 20 25 30
SNR (dB) SNR (dB)
Fig. 2. MSE performance comparison for existing precoded systems and  Fig. 3. BER performance comparison for existing precoded systems and

proposed TH source and linear relay precoded system (5§ = v = 0,02
0.003).

each destination antenna in the second transmission phase,
respectively. We use 16-QAM as the modulation scheme.

In the first set of simulations, we let SNR;, = 30, SNR ;=15
dB, and SNR,.4 be varied. We also let 6 = v = 0 and o2
0.003. Fig. 2 and Fig. 3 show the MSE and BER performances,
respectively, for (a) an un-precoded system (U-U), (b) the relay
precoded system (U-L) [4], (c) the linear source and relay
precoded system (L-L) [7], (d) the TH source and linear relay
precoded system (TH-L) [10], and (e) the proposed robust TH
source and linear relay precoded system (TH-L-robust). All
the considered systems, (a)-(e), use the MMSE receiver. Note
that the system in [4] only considers the relay link. For fair
comparison, we include the direct link in the MMSE receiver.
From the figures, we can observe that the un-precoded system
is inferior to precoded systems. The nonlinear source precoded

proposed TH source and linear relay precoded system (§ = v = 0,02
0.003).

systems are superior to the linear ones. Since TH-L-robust
takes the CSI uncertainty into consideration, it performs better
than TH-L. Interestingly, we can find that the performance of
non-robust systems slightly degrade at the high SNR region.
This is because noise can somehow offset the CSI uncertainty.
Since o, is fixed at all SNR range, the robustness at the high
SNR region is reduced. A similar result is also observed in
conventional MIMO systems [22].

In the second set of simulations, we evaluate the precoding
performance in a two-hop system. Fig. 4 and Fig. 5 show
the MSE and BER performances for the cases that SNR,.=35
dB, SNR,; is varied, 6 = v = 0 and Ug =0 (Ug = 0.003),
respectively. Here, we further incorporate the system with the
robust relay precoder in [25] (U-L-robust) for comparison. As
we can see, both U-L-robust and TH-L-robust are degenerated
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10”
w
(%]
=
10
—A— U-L
+ == U-L-robust
—8— TH-L
+ =0~ TH-L-robust
5 10 15 20 25 30 35
SNR (dB)
Fig. 4. MSE performance comparison for existing relay precoded systems

and proposed TH source and linear relay precoded system (SNRg,-=35 dB,
6 =7= 0,02 = 0/0’2 = 0003)

—A— U-L

+ =V~ U-L-robust
—8— TH-L

+ =0~ TH-L-robust

5 10 15 20 25 30 35
SNR (dB)

Fig. 5. BER performance comparison for existing relay precoded system
and proposed TH source and linear relay precoded system (SNRg,-=35 dB,
6 =7= 0,03 = 0/0’2 = 0003)

to U-L and TH-L, respectively if CSIs are perfect. Since U-
L-robust only considers a relay precoder, its performance is
inferior to proposed TH-L-robust no matter CSIs are perfectly
available or not.

In the third set of simulations, we evaluate the MSE
performance of the proposed method for some settings. Here,
let v = 0, 02 = 0.002 and § be varied. Also let SNR,.=30,
SNR,4=15 dB and SNR,; be varied. Fig. 6 shows the simula-
tion results. From this figure, we can see that the performance
of the proposed method is improved along with the decrease
of §. This is because as § becomes smaller, X gr, Xrp, and
Ssp approach to o2I. As a result, the actual utility function
is closer to the lower bound in (94).

In the fourth set of simulations, we evaluate the MSE
performance of the proposed method under the scenario that
§ =~ = 0 and o2 is varied. The SNR of each link is set as that
in the previous case, and Fig. 7 shows the simulation results.
As we can see, the performance of TH-L and TH-L-robust is
significantly degraded when o2 is large. The performance gap
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MSE

SNR (dB)

Fig. 6. MSE performance comparison for proposed precoded system with
different § (v = 0,02 = 0.002).

—8— TH-L
= © = TH-L-robust

MSE

62=0.004
6=

SNR (dB)

Fig. 7. MSE performance comparison for proposed precoded system with
different o2 (§ = v = 0).

between the TH-L and TH-L-robust is increased when the CSI
uncertainty is increased. The performance of the TH-L system
degrades at the high SNR region. The phenomenon is similar
to that in Fig. 2.

In the fifth set of simulations, we evaluate the impact of
imperfect second-order statistics. We assume that there exists
errors in the transmit and receive correlation matrices, and use
the error model proposed in [31]. Using R7 sr as an example,
we describe the model as follows. Let ﬁT, SR be an estimate
of RT,SR- Then,

ﬁT7SR =(1-¢)Rrsr, (74)

where ¢ indicates the level of the estimation error. With the
channel estimation algorithm in [20], ¥sr = Rt sr. Thus,

we can model the error in Wgg as
Usr = (1€ Tsr (75)

where \TISR is the eAstimateA of @§R. Siglilar modeling can
be also applied to Wrp, Ysp, Xgr, Xrp, and Sgp. In
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a
=
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£ x10°

Fig. 8. MSE performance comparison for proposed precoded system with
different € (62 = 0.003, § = 0.3, v = 0, SNRs» = 30, SNR,.4 = 25,
SNR,4 = 15).

—4—L-L

—p— L-L-robust
—8— TH-L
—©— TH-L-robust|

MSE

Fig. 9. MSE performance comparison for existing joint precoded systems and
proposed TH source and linear relay precoded system (62 = 0.02, SNR,.q =
20).

the simulations, we let a[ff = 0.003, § = (lB, v = 0,

SNR,,=30, SNR,4=25, SNR,4 = 15 dB, S5 = Epp = Esp,
and Ygr = Wrp = Ygp. Fig. 8 shows the simulated MSE
performance versus e. From the figure, we can see that as the
error increases, the MSE of TH-L-robust increases. Since o, is
fixed, the performance curves of other non-robust algorithms
are not changed by e. Up to some level, the MSE of TH-L-
robust will exceed that of TH-L.

In the last set of simulations, we compare the current robust
joint precoders [32] with our proposed method. Since the
precoders proposed in [32] considers the dual-hop scenario,
we only consider the relay link in Fig. 9. In this simulation,
weset N=R=M=4,0 =+ =0, SNR,4 = 20 dB,
02 = 0.02, and vary SNRy,.. Four joint precoders designs are
compared, L-L, the robust design in [32] (L-L-robust) , TH-
L, and TH-L-robust. As we can see, the robust designs, either
linear or nonlinear design, are better than non-robust designs.
Also, TH-L-robust are superior to L-L-robust due to the fact
that the nonlinear TH precoder is adopted at the source.
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V. CONCLUSION

In this paper, we consider a robust transceiver design for
AF MIMO relay system with imperfect CSIs. The transceiver
consists of a THP at the source, a linear precoder at the
relay, and a MMSE receiver at the destination. The design can
be easily formulated as an optimization problem. However,
the problem is difficult to solve due to the complicated
objective function and constraints. We then propose using the
primal decomposition technique transferring the problem into
a subproblem and a master problem. With the aid of a lower
bound of the objective function, the closed-form solution can
then be derived by the KKT conditions. Simulations show
that the proposed robust design outperforms the existing non-
robust linear or nonlinear designs. For non-robust designs,
the effect of the mismatched CSIs is more severe in high
SNR regions in which the performance improvement of the
proposed design is more significant. The performance gain
comes from the fact that the proposed design takes the second
order statistics of the channel estimation error into account.
In real-world applications, the second order statistics can be
derived from the history of the channel estimates. In mobility
environments, the channel estimation error may become larger
due to the time lag in the feedback channel. An effective robust
design will rely on the model of the channel estimation error.
How to build the model and complete the design can serve as
an interesting subject for further research.

APPENDIX A
DERIVATION OF THE MSE IN (19)

Expanding the MSE in (18) as that in (19), we consider the
first term in (18) expressed as

Tr {Ea {0?GHFsF{H"G" }}
=Tr{oGEx {HFsF{H"} G"}

Mi;; M,
= UEG [ M2;1 M2;2 } GrH7
where
M = Ea {HspFsF{HY),
My, = Ea {HspFsF{HE,FIHE
M,,1 = Ex {HrpFrHsrFsF{HI, }
M, = Ea {HrpFrHspFsF{HY,FIH]

(76)

Since AHgp is multivariate complex Gaussian distributed
(with zero mean), we can have the first diagonal matrix in
(76) as [30]
Ex {HspFsF{HY),
~ ~ H
=Exa {(HSD + AHSD) FsFY (HSD + AHSD) }
=Tr {FSFg‘I’SD} Ysp + ﬁSDFSFgﬁgD

=Tsp (77)
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For the second diagonal matrix, we have
Ex {HppFrHspFsF{H{FIHE, )
= Exn {HppFrEx {HspFsF{H } FLH],(78)
= Ex {HppFrTsrFRHL,} (79)
=Tr{Urp} Srp + HepFrTsrFEHY (80)
where the equality in (78) is due to the fact that AHgpr and

AHpgp are assumed to be independent. Here, Tgp is defined
similarly as that in (77):

= Ea{HsrFsF{HS,
= Tr{FsFIWsp} s+ HspFsFIHY,.
(81)

Equation (80) is obtained from (79) also as that in (77). For
the off-diagonal matrices, we have

Ea {HspFsF{HFRH, )

Tsr

= HspFsFIHYZ FIHY (82)
and
Ex {HppFrHspFsFIHY,}
= HypFrHspFsFIHY,. (83)
For the second and third terms in (18), we have
Tr{Ea {0?GHFsC"}} = Tr {?GHFsC? | (84)
and
Tr{Ea {o?CFIRTG"}} = Tr {o2CFIRAGH | . (85)

For the last term in (18), we have R, as

R E S
o= A (HRD + AHRD) Frngr +npp x
. H
[ np ((HRD + AHRD) Frng + nD,z) } }

_ | onalu 0
- 0 Ru,2,2

with

Ruz22 = aZ,TTr{FRFQ\I:RD} Sho +

O'EL’,.I/‘\IRDFRF}}QII/‘\II}QID +0'3L,d11\4~ (86)

Finally, substituting (76), (84)-(86) into (18) and simplifying
the result, we can then obtain (19).

APPENDIX B
PROOF OF MAXIMUM POWER PROPERTY

Let’s rewrite the MSE matrix as the function of ag in (33)
as

o~ o~ —1
E(as) = o2C (o/gUg’HHHUSHN) cH

O’?C (agUg (U;iﬁgD (0@20721@11\/14—
71 o~

o Tr (¥sp)Xsp)  Hsp+

HY,FEHE ) (ag?AA + <34§2A)71 X

ﬁRDFRﬁSR) Ug + IN)

1
cf, (87
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where AA and A are, respectively defined in (36) and (37).
Note that if E(ag1) <X E(agz2) for any as; > aso,
Tr {E (as)} is monotonically decreasing on «g. So, we have
to check if E (ag,1) = E(ag,2) for any ag1 > ag 2. To start
with, we consider the following lemmas:

Lemma 3 [29]: For any two Hermitian matrices, P; and
P,, if P, = Py, J¥PJ = J¥P,J for an arbitrary matrix
J. Here, P; = P, indicates that P; — Py is a positive
semidefinite matrix.

Lemma 4 [29]: For any two Hermitian matrices, P; and
P,, P, = P, if and only if P7! < P,

Considering a;ZAA in (87), we have:

as’AA = Tr|Fgr|o? (Tr (@sr) sk + fISRfI?R) +

ozggaiyrla) Fg‘I’RD) YRrD

+02Tr (Usr) HroFrEsrFRHAD. (88)

Since AA and A are Hermitian matrices and A A is a function
of ag. By (36), it is easy to find that

agiAA (as1) = agéAA (as2), ifagi >asz. (89)
So, by Lemma 4, we can have
-1 —1
(oagiAA + A) (as1) = (agéAA + A) (as2),
if (34571 Z 015’2. (90)

By Lemma 3, we have
M (as1) = M(as2), if asi>assa, and
M = (ﬁgRFgﬁgD (a530a+4)
ﬁRDFRﬁSR) . 1)
Similarly,
N (as1) = N(agz2), if agi > ag2, and
N = (o, 20l
(05302 + 02T (W) Bop)  Hsp ).
92)
From (91), (92), Lemma 3 and Lemma 4, we have
(o2C (o?UE M+ N) Us +1v) ' C7) (as1)

=< (azc (2U# (M4 N)Ug +Iy) cH) (@s,2),

if g1 > ago. 93)
Therefore, we have E (as1) <X E (ag2) for any agi > ago
which implies that Tr{E (as1)} < Tr{E (asz2)} for any
g1 > ag. Thus, Tr{E (as)} is monotonically decreasing
on «ag.
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APPENDIX C
DERIVATION OF (54)

We first consider a lower bound of the utility function in
(53) given by

Psr
det | I 5T g
€ < N+ Ng'nd SDX

P s
(Ui,dIM + %TT(WSD) 235D> Hsp+

P o~ o~
%H CFOHE (AA +A)” HRDFRHSR>Z

Pst -
det [ I
¢ <N+N0'

HSD><
n,d

P. -1
(U?z.,dIM + %TT(WSD) ESD> Hsp+

P o~ _
STH CFEHE (AA + A) 1Hm)m{HSR).

(94)

The equality holds when Wrp = BRDIR, 3rp = Yr0lM,
Wer = Bsrlny and X gr = ysrlgr with some scalars Srp,
Bsr, Yrp and ysr. As we will see, optimization with the
lower bound is much easier to work with. To prove (94), we
first consider following lemmas:

Lemma 5 [27]: For any two positive semidefinite matrices,
P1 and Pz, TI'(Pl)PQ S Tr(Pl)Amax(Pz) where Amax(Pz)
indicates the maximum eigenvalue of Ps. The equality holds
when (Pz) = /\maxI.

Lemma 6 [27]: For any positive semidefinite matrix, P,
Amax (P)I > P.

Lemma 7: For any two positive matrices P, P5, a positive
semidefinite matrix, K, and an arbitrary matrix, J, if P; >

P, then
det (K + JP7'J) < det (K +JP;'J"). (95)

Lemma 7 can be easily proved by using Lemma 3
and Lemma 4. Since P; = P, and (K + JPflJH) =
(K + JP;'JH), (95) results. We now use these lemmas to
prove (94). First, consider AA in (94). By Lemma 5, we have

Pop o~ —~H
AA =Tr (FR <%H/SRHISR + 07%7TIR> X
Fg‘I’RD) YRrD
+ afagsTr (‘I,SR) ﬁRDFRESRFgﬁgD

Psr—~ —~H
< Tr <FR <%H/SRH/SR + O’,ZL’TIR> Fg) X

<Pr,T
Amax (¥ rp)Amax (Erp)Iam +
P . .
;T Tr(¥sr)\max(Zsr)HrpFrFEHE
= PrrAmax(¥rp) \max(Zrp)In +

P . .
i}T Tr(¥sr)Amax(Zsr)HrpFrF HY

(96)

The last inequality in (96) is due to the relay power constraint.
The equality holds if ¥rp = Brplr, Xrp = YrplM,
Wor = pPsrly and Xgrp = ~srlg. This means that
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the channels corresponding to any two antenna pairs are
uncorrelated (the transmit or receive correlation matrix is a
scaled identity matrix). Then, from (96) and (55) we have

(AA+A) < (AA'+A). 97)
Now, let K = In 4
Pst 11H -1
NoZ H ( op oIm + Bz (‘I’SD)ESD) Hsp,
J = JBTHEFEHE,, P, = AA’ + A, and

P, = AA + A. Using Lemma 7, we then obtain the
lower bound in (94) and thus have the optimization (54).

APPENDIX D
DERIVATION OF THE OPTIMAL SOLUTION IN (68)

To solve the optimization problem in (67), we first consider
the corresponding Lagrangian function:

12
I ZIH 1+pT1 srlazdz +
o+ ﬂpr zard i

A\ [Z e (o

i=1
K
- § UriPr,i
i=1

where A > 0,v,; > 0 with ¢ = 1,---
conditions, for all ¢, we have

12z7r + Dy, (i,4)) — Pryr

(98)

, k. By the KKT

"2 2
X0 sr,i%rd,i

% _ _% + A [U,”,Dsr(z z)} —vp; =0
atBPr o2,
(99)
Ur,iPri =0 (100)
A pri (02, 4+ Dyr(i,i)) — Prr] =0 (101)
Ay Uryiy Pri 2> 0 (102)

Substituting (99) into (100) and considering that p, ; > 0, we
have v, ; = 0. Thus, we have equations (103)-(106), as shown
at the top of the next page.

After simplification, the optimum p, ; can be expressed as
equation (107) shown on the next page, where p = % is

by
chosen to satisfy the power constraint in (67).
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O‘Uﬁir,i id,i
(°‘+5Pr,i‘7fd,i)2 1
12 2 -
1+ 71);10 or.iCrdi 5 2 B B 1 «
+BPr,i07 4 p2iotai= | —— + 1| +2pri | =5 + =
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