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Abstract We investigate the generation of large-scale mag-
netic fields due to the breaking of the conformal invari-
ance in the electromagnetic field through the CPT-even
dimension-six Chern—Simons-like effective interaction with
a fermion current by taking account of the dynamical Kalb—
Ramond and scalar fields in inflationary cosmology. It is ex-
plicitly demonstrated that magnetic fields on 1 Mpc scale
with the field strength of ~10~° G at the present time can
be induced.

1 Introduction

Magnetic fields with the field strength 10~7-107% G on
10 kpc—1 Mpc scale in clusters of galaxies as well as
~107° G on 1-10 kpc scale in galaxies of all types and
at cosmological distances are observed (for reviews on the
cosmic magnetic fields, see [1-7]). However, the origin
of the cosmic magnetic fields, in particular the large-scale
magnetic fields in clusters of galaxies, is not well under-
stood yet. It is known that the dynamo amplification mecha-
nism [8—10] can amplify very weak seed magnetic fields up
to ~107% G in spiral galaxies, but its effectiveness in galax-
ies at high redshifts and clusters of galaxies is not confirmed.
Other mechanisms to generate the cosmic magnetic fields
exist, such as astrophysical processes [11, 12], cosmolog-
ical phase transitions [13—18] and primordial density per-
turbations before or at the epoch of recombination [19-28].
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However, it is difficult for these mechanisms to induce the
magnetic fields on megaparsec scales with sufficient field
strengths to explain these observed in galaxies and clusters
of galaxies without the dynamo amplification mechanism.
It is considered that the most natural origin of the large-
scale magnetic fields is from electromagnetic quantum fluc-
tuations at the inflationary stage [29]." The reason is that
inflation naturally extends the scale of the electromagnetic
quantum fluctuations to the one larger than the Hubble hori-
zon. The conformal invariance in the electromagnetic field
must have been broken at the inflationary stage in order for
electromagnetic quantum fluctuations to be produced dur-
ing inflation [32].2 This is because the ordinary Maxwell
theory is conformally invariant, whereas the metric is con-
formally flat in the Friedmann-Lemaitre-Robertson—Walker
(FLRW) space-time. One should be cautioned that this does
not apply if the FLRW background has nonzero spatial cur-
vature such as an open FLRW background [34-37]. Var-
ious mechanisms of the breaking conformal invariance in
the electromagnetic field have been proposed in the liter-
ature, such as those due to the non-minimal gravitational
coupling [29, 38-44], Weyl-Maxwell fields coupling [45],
coupling to a scalar field [46-80], generic coupling to a
time-dependent background field [81, 82], nonlinear electro-
dynamics [83, 84], photon—graviphoton mixing [85], gravi-
toelectromagnetic inflationary formalism [86, 87], confor-
mal anomaly induced by quantum effects [88], sponta-
neous breaking of the Lorentz invariance [89], Lorentz vi-
olating term [90, 91], Lorentz gauge-breaking term [92],

I'The back reaction of the generated magnetic fields on inflation has
been argued [30, 31].

2The effect of the breaking of the conformal flatness due to scalar met-
ric perturbations at the end of inflation has also been discussed [33].
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noncommutative field theory [93, 94], preferred minimal
length [95], cosmic defect [96], bouncing cosmology [97],
and Horava—Lifshitz gravity [98]. For other breaking mech-
anisms and references, see a recent review in Ref. [7]. More-
over, the complementary studies of magnetic catalysis in the
gauge Higgs—Yukawa model and neutrino propagation in a
strongly magnetized medium, also in view to their cosmo-
logical impact, have also been studied in Refs. [99-101]. In
addition, it is interesting to mention that a lower bound on
the magnetic field strength in the hot universe has been re-
cently obtained in Ref. [102].

Recently, the CPT-even dimension-six Chern—Simons-
like effective interaction between a fermion current and the
electromagnetic field in inflationary cosmology has been
studied to induce the cosmological birefringence [103—-105],
baryon number asymmetry [106], and large-scale magnetic
field [107], respectively. In a related work [108], the gen-
eration of large-scale magnetic fields during inflation was
examined in a Lorentz violating theory of Electrodynam-
ics due to a Chern—Simons term coupling the U (1) gauge
field to an external four-vector, proposed in Ref. [109]. Fur-
thermore, the CPT-even dimension-six Chern—Simons-like
term with including the dynamical Kalb—-Ramond and scalar
fields was investigated to produce the cosmological bire-
fringence [110]. The spectral dependence of the cosmic mi-
crowave background (CMB) polarization and parity has also
been discussed in Ref. [111]. The estimation of relic mag-
netic fields from CMB temperature correlations has been ex-
ecuted in Refs. [112—114]. Moreover, cosmological conse-
quences of the existence of a Kalb—Ramond field have been
studied in Refs. [115-121]. In addition, the role of spin and
polarization in gravity have been considered in Ref. [122]
and limits on cosmological birefringence from the UV po-
larization of distant radio galaxies have been examined in
Refs. [123, 124]. To search other cosmological ingredients
from this term, in this paper we explore the generation of
large-scale magnetic fields due to the breaking of the confor-
mal invariance in the electromagnetic field through the CPT-
even dimension-six Chern—Simons-like effective interaction
with a fermion current by taking account of the dynamical
Kalb—Ramond and scalar fields in inflationary cosmology.

The paper is organized as follows. In Sect. 2, we de-
scribe our model and derive equations of motion for the
U (1) gauge field. In Sect. 3, we consider the evolution of
the U (1) gauge field and estimate the present strength of the
large-scale magnetic fields. Finally, conclusions are given in
Sect. 4.

2 The model

Our model action is given by [110]

1 1
S = /d4x¢§[—§e¢2R - Eg”"aﬂgbavq& — V(o)
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where g is the determinant of the metric tensor g, Fyy =
Ay — 0yA, is the electromagnetic field strength tensor,
FI = (1/2)e""*P Fyp is the dual of F,, with e*"*f =
1/ \/E)e’”"‘ﬁ being the Levi-Civita tensor normalized by
€123 — 11, R is the Ricci scalar, ¢ is a dynamical scalar
field, and By, is the Kalb—Ramond fields with the modified
field strength Hy . = 8, Bua] + Afy Fue). We use units of
kg = ¢ = h =1 and adopt Heaviside—Lorentz units of elec-
tromagnetism.

The following set of equations of motion can be obtained
by varying the action with respect to ¢, g, B,y and A:

“31
R=D,o"¢p — —
€d ] a¢ + 3¢3
252 . oLy 1 uvof
25 AvF! 4 e Py By ). (2.2)
1
€¢*Guy = [E(aad))z + V(¢)]gw — 0, pdv0
&1 1
+ 67>2Hzg,w + ZFng — Fua F?
+ E(Dva.qsz - DGDUQSZg;w)
1 -
—?H wpHP, (2.3)
D (5512 M 4 2‘2 e“”“ﬂ]ﬁ> 0, 2.4)
28 -
D,F"" — D, (%H”““Aa + %eﬁa”“jﬂAa)
ilz A Fy — 5)—22 INals 2.5)

Since H*" is a totally antisymmetric tensor, we can write
HW = elP Ty, where Ty is a vector with mass dimension
three. Thus, Eq. (2.4) is rewritten to

e )

Focusing on the space-time manifold with the first trivial
homology group, any closed one-form is an exact one-form.
Therefore, from Eq. (2.6), we can express the torsion field
as

1
e <E1Tﬁ + %jﬁ) =0p®,

where @ is a dimensionless pseudo-scalar. With the help of
Eq. (2.7), we can further simplify the equations of motion

(2.6)
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(2.2), (2.3), and (2.5) to be

v 2
€pR =D, 0 p — 7 %(3,@)2 +

&

P (u)? (28)

1
€’ Gy = [Ewaw + V(¢)}g,w — 3,03,0

+¢(DyDu¢?* — D° Dodp*g i)
1

| 949, D)2 — £2%j, 09D

+§]¢2[¢ (3 ®)? — £20%)

+§( )2 + lFZ _F,  F%
4 Ju) |8y 2 8uv waly,

& (¢? & .>(¢2 & )
23 (%5 0 22 o025,
¢2<51 S TR AV 26,

(2.9)

D, F™ = —4(3,®)F", (2.10)

respectively.
Now, we consider the simplest ¢* potential, given by

V() =1(¢* — 83)" + Vo, .11

where Vjy and A are both larger than zero. We take the flat
FLRW space-time with the metric,

ds®> = —dt* + a*(t) dx?, (2.12)

where a(t) is the scale factor. In the FLRW universe, it is
reasonable to assume a homogeneous and isotropic fermion
current and Kalb—Ramond field [110], i.e., j,. = (jo(?),0)
and T, = (Tp(t), 0). From Egs. (2.8) and (2.9), we have

V
fop = 2500 4 2 g

2.13
&jo 26 @1

For the Coulomb gauge of Ag(¢, x) =0 and 8/-Aj(t, x)=0,
Eq. (2.10) becomes

. . 1
Aj(t,x)+HA;(t,x) — a—zaiaiAj(t,x)

@
—4—6J','k81Ak(t,x)=0, (2.14)
a

where a dot denotes a time derivative, H = a/a is the Hub-
ble parameter, and ¢;j is the totally antisymmetric tensor
(e123 =+1).

3 Large-scale magnetic fields

3.1 Evolution of the U (1) gauge field

We consider the case in which a slow-roll exponential in-
flation occurs with a(t) = ay exp[Hin(t — t1)], where a; is

the scale factor at the time #; when a comoving wavelength
27 /k of the U (1) gauge field first crosses outside the hori-
zon during inflation, k/(aj Hipf) = 1, and Hjyr is the Hubble
constant at the inflationary stage.

It follows from the quantization of the U (1) gauge field
A, (t,x) that A;(z, x) is expressed as

A1, %) —/ﬂ[é(k)A»(t k)elkx
1 ) - (27-[)3/2 1 )

+bT (k) A (1, k)e ], (3.1)

where k is the comoving wave number, k denotes its am-
plitude |k|, and b(k) and b'(k) are the annihilation and
creation operators which satisfy [b(k), bT(k')] =83k — k')
and others = 0. In what follows, we choose the x3 axis to
lie along the spatial momentum direction k and denote the
transverse directions x! with I = 1,2. We use circular po-
larizations expressed by the combination of linear polariza-
tions as Ay (k,t) = A1(k,t) £iAy(k,t). From Eq. (2.14),
we obtain

. . k> . k
Ark, )+ HAL(k, 1) + = Ax(k, 1) FAP—-As(k, 1) =0,
a a
(3.2)
with
2V
¢>=—§—1.—0+§—22]O, (3.3)
& Jjo 24

where jo is the fermion number density. Here, we take jo =
ia™™ (m > 0), ¢*> = M3, = 1/(8nG), Hint = 10'° GeV,
and the comoving scale L = 27 /k = 1 Mpc. Since there
exists no analytic solution of Eq. (3.2), we investigate the
numerical solutions for m = 1, 2 and 3. Note that m = 3
corresponds to the conventional property.

By using k/a = (k/ay)e” HintC=11) = F; o= Hint (=) the
equation of motion (3.2) is rewritten to

As(k,t) 4+ HitAx(k, 1)

+ |:H§lfe—2Hinf(t—fl) F 4Hinf€—Hinf(f—l1)
&2V ,, . & _ m)}
X | ———a" + ——na Ax(k,t) =0, 3.4
< 5 7 e +(k, 1) (3.4

which can be simplified to be
AL T) + ALk, )

+ e 201 J1 D) £ o (1-m)i=iD)]

x Ax(k, 1) =0, (3.5
where the prime denotes a derivative with respect to 7 and

= Hiqst, 3.6)
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J1= I:——f s 3.7
Hinf| & n \ Hinf
4 K\ "
b= [g_zzn(_> } (3.8)
Hint | 2Mp,  \ Hint

We take the following initial conditions at fj = Hiyst) = 1:

- 1 ;- Hing
Ark,n=1)= Norh Ay(k,ni=1)= NeT3 (3.9)

in order that the vacuum should reduce to the one in
Minkowski space-time in the short-wavelength limit. For
convenience in numerical calculations, we introduce the
variable C4(k, ) to separate the coefficient 1 /«/2_k from
the amplitudes Ay (k,7) as AL (k,7) =Cx(k,[)A+(k,f]) =

1.0F

0.5r

Ci()

0.5+

0 10 20 30 40 50
H,'n/l‘

Fig.1 C, (k,7) (left) and C_(k, 1) (right) as functions of = Hi,st with a comoving scale L =27/ k = 1 Mpc forn = fia~!, where i1 = 1

Hing =101 GeV, Vo =10"% GeV* and &, =& =1

1x10% | 1
8x10% 1

S6x10% 1

C+Q

4x10% - 1

2x10% - 1

0 10 20 30 40 50
Hl',,ft

Fig. 2 Legend is the same as Fig. 1 but for n = ia—2 with 7 = 10~%-3
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(1/v2k)Cx(k,7) and Al (k,f) = C.(k,T)A+(k,T}) =
(1/+/2k)C/,.(k, 7). From Eq. (3.5), we find

ClL(k, T) + Cly (e, )
e 201 gy DG L e 1-mG-i)]

x Cx(k,1) =0, (3.10)

with the initial conditions at f =1 as C4+(k,f = 1) =1 and
C/i(k,t~= 1) = Hjps.

In Figs. 1,2 and 3, we depict Cy (k, ) (left)and C_(k, 1)
(right) as functions of 7 = Hiyet with a comoving scale L =
27 /k = 1Mpc for n = na~! (7 = 10719436) p = jig=2
(n= 10’45'3), and n = ia~3 (n= 10’92'45), respectively,
where Hinr = 1019 GeV, Vo =107%7 GeV* and §; =&, = 1.

L2xioof T T T
1.0><1050;
8.O><1049;
f6.0x104"}

40x10% |

20%10°F

1 ——
0 10 20 30 40 50

H, inft

07104.36

20F :

1.0F :

Ci(0)

0.0H :

-1.0F :
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H, inft
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Fig. 3 Legend is the same as Fig. 1 but for n = iia=3 with 1 = 107924
It is known that Hips < 6.0 x 10!* GeV from tensor per- follows:
turbations [125, 126] with the observational data on the 4
anisotropy of the CMB radiation [127]. i i pp(L, 1) = % (f) T(k, 1), (3.14)
We note that the evolutions of C4(k,t) and C_(k,t) 8~ \a
depend on n. To generate the magnetic fields with enough .
. - with
strength, we have to choose a specific value of n. We also re-
mark that the behaviors of C4 (k,¢) and C_(k,t) form =1 Tk, 1) = |C+(k, t)|2 n |C,(k, ) 2’ (3.15)

are different from those for m > 1. In m =1, Cy(k, 1)
approaches a constant at a large 7, but C_(k,7) increases
with 7. On the other hand, for m =2 and 3, both C (k, )
and C_(k,f) become constants at large f. We will dis-
cuss the asymptotic behavior of C (k,7) and C_(k,) in
Appendix.

3.2 Strength of the large-scale magnetic fields

We estimate the present strength of the large-scale mag-
netic fields by using the numerical results for C+(k, 7). The
proper magnetic fields are given by [46]

BPP(t,x) =a ' Bi(t, x) =a %€k d; A(t,x),  (3.11)

where B;(t,x) are the comoving magnetic fields. The en-
ergy density in Fourier space is given by

pp(k,1) = %[|B£’f°"”(k, Nl + B &, 0], (3.12)
proper 2 1 (k 2 2
| BEP (k. 1)| =E<Z> |As(k, )|, (3.13)

where BY P (k,1) = BY P (k,1) £ iBY™ (k,1). Multi-
plying pg(k, 1) by the phase space density of 4k3/(27)3,
we obtain the energy density of the proper magnetic field as

where Z(k,t) can be interpreted as the amplification fac-
tor at the inflationary stage. Here, we concentrate on the
situation in which after inflation the universe is reheated
immediately at + = fr. The conductivity of the universe
o. is negligibly small during inflation because there are
few charged particles at that time. After reheating, charged
particles are produced so that the conductivity immedi-
ately jumps to a large value: o, > H. For a large enough
o¢, magnetic fields evolve in proportion to a=2(r) [46].
From B(L, to) = /2pp(k, 1) and Eq. (3.14), we find that
B(L, 1) = [1/(2m)I(k/ar)*(ar/a0)* Ik, 1r). As a re-
sult, the present strength of the magnetic fields is de-
scribed as

1.95 ) 2n ai a

20 2 2
B(L, to)<&)L<£> eZN(a—R) VI(k,1r) [G],
(3.16)

where agr/ag = (gr/3.91)71/3T,o/Tr with Tr being the
reheating temperature and T,0 (= 2.73 [K]) the present
temperature of the CMB radiation [128], ar and ap (= 1)
are the values of a at + = tgr and the present time fy,
and N is the number of e-folds between the time 7; and
R, given by N =45 4 In(L/[Mpc]) + InE, where & =
2 1/12 ,1/4 38/3 ~ ;
[30/(m=gr)]"/ “pg’ /(10 [GeV]), gr ~ 100 is the total
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number degree of freedom for relativistic particles at the re-
heating epoch, and pgr = (72/ 30)gRT§L is the energy density
of radiation at the reheating stage.

Using Eq. (3.16) and HZ; = (87/3) pr/Mp;, we find that
when Higr = 1010 GeV, Vo =10"%7 GeV* and & = & = 1,
the generated magnetic field on 1 Mpc scale at the present
time is Bo(L = 1 Mpc, #9) =4.1 x 107° G, 1.7 x 107° G
and 1.7 x 107° G for the cases in Figs. 1, 2 and 3, respec-
tively.

Finally, we mention constraints on the primordial mag-
netic fields from the Big Bang Nucleosynthesis (BBN)
and CMB anisotropy measurements on small and large’
scales, respectively.* The limit on the present strength of
the magnetic fields around the BBN horizon size ~9.8 x
1073h~! Mpc with & = 0.7 [134] is less than 107° G [135,
136]. For the cases in Figs. 2 and 3, the present strength on
the BBN horizon scale is 1.5 x 107* G and 1.5 x 107 G,
respectively, which are consistent with the constraints from
BBN, whereas for that in Fig. 1, it is diverging large. On the
other hand, the result of ~10~° G on 1 Mpc scale for all
cases in Figs. 1-3 is consistent with the observational upper
bounds (~2-6 x 1072 G) from CMB [137-148].° We also
remark that future CMB polarization experiments such as
PLANCK [150, 151], QUIET [152, 153], B-Pol [154] and
LiteBIRD [155] can test the large-scale magnetic fields with
the current amplitude ~4 x 1071110710 G [156-159].

4 Conclusions

We have studied the generation of the large-scale magnetic
fields from inflation due to the CPT-even dimension-six
Chern—Simons-like effective interaction in the presence of
the dynamical Kalb—-Ramond and scalar fields. It has ex-
plicitly been shown that the magnetic fields on 1 Mpc scale
with the present amplitude of ~10~° G can be generated
when the number density of the fermion interacting with the
electromagnetic field evolves in proportion to a~"(¢) with
m =1, 2 and 3 during inflation. If the large-scale magnetic
fields ~10~° G are generated from inflation, the magnetic

3There also exist constraints on the magnetic field strength on large
scales from the matter density fluctuation parameter og [129, 130], the
fifth science (S5) run of laser interferometer gravitational-wave obser-
vatory (LIGO) [131], and Chandra X-ray galaxy cluster survey as well
as Sunyaev—Zel’dovich (S-Z) survey [132], which are consistent with
or weaker than those from CMB.

4Generic property of the spectrum of large-scale magnetic fields from
inflation has been discussed [133].

5The limit from CMB on the current strength on scales larger than
the present horizon is less than 4.8 x 10~° G [149]. To satisfy this
limit, for example, one may take n = ia 2 with 1 = 107524 Hyr =
1019 GeV, Vo = 1047 GeV* and & = & = 1. In this case, the present
strength of the magnetic fields is 1.4 x 107 G on the horizon scale,
while 2.9 x 1075° G on 1 Mpc.

@ Springer

fields observed in galaxies and clusters of galaxies can be
explained through only adiabatic compression without any
dynamo amplification mechanism [29].
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Appendix: Asymptotic behavior of C (k, )
and C_(k, )

We start from Eq. (3.10):
Cl(k,[)+ Cl(k,T)

+ e 201 3 Jy D=1 3 e i-mi=in)]

X Cy(k,1)=0. (A.1)

If we take C+ = e+, g+ = fo,J==J1i>0and m_ =
m — 1, the field equations can be written as

gk, 1)+ gk, 1)> + gk, T) £ Je" T =0 (A.2)

when T =7 —f; — oo. Itis easy to see that the J term dom-
inates at large t for all positive m_. The homogeneous so-
lution g1 to above equation is, ignoring the initial time when
writing T as T — 1,

de T

Zﬁ—)de_r
—ae

81 (A.3)
at the large time limit, with d a parameter to be fitted with
the initial conditions. Hence the homogeneous part does not
affect the asymptotic behavior in any significant way even
the non-linear term g2 is present. Therefore, the large time

physics is controlled mainly by the algebraic equation

gk, ) + gk, v) £ J" T =0. (A.4)

For m =1 Eq. (A.4) gives, the first £ sign indicating two
different roots, the second = sign indicating solutions to the
C+ equation,

—1+J1F4J
g+k,7)= — (A.5)
Therefore, we have the solution
—1+£1-4J
Ci — exp[( . )T} -0 (A.62)
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for all J, with 4J > 0 indicating the oscillating solutions. In
addition,

—1+J1+4J
C_— exp[(%)‘[} — 00, (A.6b)
—1—-Jv1+4J
C_— exp[(%)t} ~0. (A.6¢)
For m > 1, one has
Cy — Nexp[£i(2VJ/m_)exp(m_t/2)] — Co,
a constant, (A.7a)
6x10™
5x10™
4x 107

=
X 3x107F
O

2x 107

1x 107 J 1
0 ; - - - - - - - 4
0 20 40 60 80 100 120 140
1=H, inft

Fig. 4 C_(k,7) as functions of 7 = Hi,t with a comoving scale
L =2m/k=1Mpc forn =ita~' (m =1), where i = 10714, H;y =
10'0 GeV, Vo = 107%7 GeV* and & = & = 1. The initial conditions

8.x1078 1
6.x1078 - 1
= [
< 4.x1078 .
a I ]

2.x1078 F 1

P S O H S S R S S

0 10 20 30 40 50
t=H, inft

Fig. 5 Cy(k,7) (left) and C_(k,7) (right) as functions of f = Hjnst
with a comoving scale L = 27/k = 1 Mpc for n = ia™* (m = 4),
where 7 = 107187 Hipr = 1010 GeV, Vy = 10747 GeV* and & =

C_ — Nexp[£(QvVJ/m_)exp(m_t/2)]. (A.7b)

It is clear that C is an oscillatory solution and C_ has two
solutions, one approaching to infinity (4+) and the other to
zero (—). A small —1/2 has been ignored when solving for
g in above solutions. This has to do with the fact that we
have ignored the homogeneous part of g equation.

In summary, we have found there is only one solution of
C at the large time limit and there are, however, two sets
of C_ solutions for both m = 1 and m > 1. The numerical
study shows that the behavior of C_ is very sensitive to the
choice of the initial condition as shown in Figs. 4, 5, and 6.

—2.x107%F
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Fig. 6 Legend is the same as Fig. 5 but with initial conditions C (7]
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