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ABSTRACT

We consider the existence of positive solutions of a certain class of algebraic
matrix Riccati equations with two parameters, ¢ (0 <c <1 and «a 0O < a< ).
Here ¢ denotes the fraction of scattering per collision, and « is an angular shift.
Equations of this class are induced via invariant imbedding and the shifted Gauss-
Legendre quadrature formula from a simple transport model. By establishing the
existence of positive solutions of such equations, the problem of the convergence of
some iterative schemes for solving them can be completely solved.

1. INTRODUCTION

Consider the algebraic matrix Riccati equation of the form

B —AS —SD + SCS=0. (1)
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Here A, B, C, and D are matrices having the following structure:

1 1 1
A= di
N xN ag[c(wf+ a) c(wy+a) " co(wy-+ a)
e i o
; 2Awi+ a) 2w+ @) 7 2Awy-+ @)
=D, — ia®,
1
where i = | - |;
1
5 i 1 1 1
N xye = A c(wi—a) c(wy—a)’ " c(wy+— a)
' cy cy Cy+
I o(wi—a) 2(wi—a) " 2(wi— a)
= Dp — idT;
B =iil,
C =dd".

Equation (1) contains two parameters ¢ and a. Here ¢ denotes the
average total number of particles emerging from a collision, which is assumed
to be conservative, (i.e., 0 < ¢ < 1), and a (0 < a < 1) is an angular shift.
The dimensionally dependent quantities w;,” and w;" denote the Gauss-
Legendre sets (see, e.g., [12D) on [—a, 1] and [a, 1], respectively; and ¢;” and
¢ are, respectively, their corresponding weights. Without loss of generality,

we shall assume that
—a<w;<w;< -+ <wy-<1 and a<wf<w;< - <wg< 1.

Such an equation is induced via invariant imbedding (see, e.g., [1, 2, 15]) and
the shifted Gauss-Legendre quadrature formula from a simple transport
model [5, 6].
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For a =0, two iterative procedures for finding the minimal positive
solution (in the componentwise sense) of Equation (1), one corresponding to
a nonlinear version of the Gauss-Jocobi (GJ) method and the other associated
with a nonlinear version of the Gauss-Seidel (GS) method, were proposed,
respectively, by Shimizu and Aoki [13] and by Juang and Lin [9]. While such
iterative procedures have been proved quite effective in practice (see [10-11]
and the work cited therein), their convergence has not yet been fully
investigated. Sufficient conditions for convergence of the GJ and GS methods
were given in [10] and [9], respectively. However, it was noted (see Table 2 of
[8D that those sufficient conditions will fail if ¢ is not far away from 1. And it
was also observed (see Theorem 1 of [8]) that the existence of a positive
solution of (1) implies the convergence of both iterations. This observation
can be easily extended to the case that @ # 0. Therefore, to completely solve
the convergence problem one needs to find a direct method for establishing
the existence of positive solutions of Equation (1) for all 0 < ¢ <1 and
0 < a < 1. This is what motivates our work here.

In this article, we first show that an @ priori bound, which is independent
of ¢ and a, can be obtained by introducing a one-parameter (k;, 0 <k, < 1)
family. Therefore, degree theory is applied to show the existence of positive
solutions. Some applications and concluding remarks are given in Section 3.

2. MAIN RESULTS

To derive our main results, we first write Equation (1) in the component
form

- +

The structure of (2) suggests that we seek a solution of the form

_ c(w; + a)(wf— a)

i w; + w’

R, (3a)
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where
1M o
h,=1+ — S.., 1<i<g< N7, 3b
i 2k§lw:__azk t ( )
18 ¢
l.=1+-— —_—,, 1<j<N"'. 3
j 251 wp+a ¥ J (3¢)

Substituting (3a) into (3b) and (3c), respectively, we obtain

c N cf (wy + @)
ho=1+-Y 2200 g 1<i<N-, 4
2 kgl wi—+ w}:— ik t ( a)

c N k’(w+— )
lj=1+—2——

1<j<N*. 4b
2.0 wk+w hl <J<N (4b)

Set h; =1/ hl, =1/ l; then Equation (4) can be equivalently reduced to

c N' of c N (wf- a)c
-1-5 T F D il L S PR
2= 2,2 L (w +wi)
c N ¢ c N wp + a)c
- __ZL °y (= )", 1<j<N*. (5b)
J 2 k= 2 k=1 (wk_+ wj+)hk

Define
x==) — (6a)
and

y=5 T =+ (6b)
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Multiplying (5a) by cc; /2h,, and summing the resulting equation over the
index i, we have that

-

.Z_ci_= c(l+a) e+ ;lzc_( > (wi— a)¢ )]

2 i1 b 24850 (wi + @),
= x —xy + a. (7a)

A similar procedure is applied to (5b) to get

c N' c(l—a) N c| ¥ ¢t (e N, (w7 + a)c]
E=Z 2 —y—xy+2LZl lk(Ezl(w+wl<+)h)]
=ty —xy+b (7b)

Adding (7a) and (7b), we obtain

Q-x)(1-y)=1-c. (8)

REMARK.

1. For @ =0, the quantities h; and [, are the descrete version of
Chandrasekhar’s well-known H functions [3, 4].

2. For a = 0, (8) reduces to a descrete version of some expressions [3, 4]
concerning the properties of H functions.

Since a + b = xy, we see immediately, for a # 1, that if h, and lj are
positive solutions of (4), then there must exist two positive numbers k, and
ky, where 0 < k|, k, < 1 and k, + k, = 1, such that

a=kxy and b =k,xy. (9a,b)
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It then follows from (7), (8), and (9) that the following holds:

1- (e/2)A - a) + ke £ Y[1 - (c/2)A — ) +ko]* — 2k,(1 + a)e
N 2k,

x

=q, ibla (108,)

1= (c/2)(1 + a) + ke £ V[1 = (/20 + @) + ko]’ — 2ky(1 — a)e
¥y~ 2k,

= a2+b2‘ (IOb)

Since k, and k, are to be treated as real parameters, necessary conditions for
(10) to be meaningful are that both [1 ~ (¢/2)X1 — @) + kel — 2k, c(1 +
@) and [1 — (c/2X1 + a) + kyc]? — 2k,c(1 — @) are nonnegative. How-
ever, these are so if 0 < @ < 1 and 0 < ¢ < 1. To see this, we note that, for
c#0, fitky) =[1—-(c/2X1 — @) + k,cP* — 2k,c(1 + a) has a minimum
(1 + aX1 — a)1 — ¢), which is nonnegative whenever 0 < a < 1 and 0 <
c< L.

We denote by F the feasible region {(k, ¢, @):0 <k < 1,0 <¢ <1, and
0 < a < 1} for the solution of (1). The properties and signs of 1 — x and
1 — y will be examined in the next lemma.

LEMMA 1.

D1-a, +b,>0and1l —a, — b, <0 foral (k,c,a) €F.

() 1 —ay,+by,>0and 1l —a, — by, <0 fordl (ky,c,a)€F.
(i) Let c be sufficiently small, say 0 <c < 3. Then 1 —a, + b, > }
and1 — a, + b, > 2 foralk, andk,,0 <k, k, <1, aendall 2,0 < @ < 1.

Proof. Since the computation leading to (i) and (ii) is similar, we shall
only prove (). To see (i), it suffices to show that b} > (1 —a,)?, or
equivalently

[1 - 2(1 —a)+ klcr _9k,e(1 + a)

cal?

—[(2k1 - 1)(1 - -;-) -—| >0
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Since the left-hand side of the inequality is equal to 4(1 — k; Xk, X1 — ¢), the
assertion of Lemma 2(i) thus follows.
To prove (iii), we see that if 0 < ¢ < 3, then

a; — b,
1+ a)e

) 1—(c/2)(1 ~a) +kc+ \/[1 —(c/2)(1 —a) +klc]2 = 2k;c(1 +a)

<% (l+a)<i

for all k; and a. Thus, 1 — a; + b, > 3, as asserted. Similarly, we have

ay — by
(1-a)c
1-(c/2)(1 +a) +kye + Y [1-(c/2)(1 +a) + kg’ — 2kpe(1 —a)
c c 1
< < < z.
1-(e/2)(+a) S1-¢ 57
Therefore, 1 — a, + b, > 2, as asserted. [ |

In view of (8), we see that if h; and [ , are solutions of (4), then either

1-x>0 and 1-4y>0 (11a)
or

l1-x<0 and 1-y< (11b)

An a priori bound, which is independent of k,, ¢, and «, is obtained in
the following lemma.

LEmMA 2. Let h; and [; be any positive solutions of (5) satzsfymg (11a).
Then there isanm > 0 such that mln{h l }2mforali,j,al 0 <a<],
andal 0 <c <.

Proof. Using (4), we see clearly that h, <1 and l}< 1 for all i,j.
Therefore,

N (wf— a)et
G Gl
2,2, l1+uw
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Since 1 —y > 0 and 1 — x > 0, there must exist positive constants k, and
ky, k, +ky=1,suchthat 1 —x=1—qa, +b,and1 —y =1 —a, +b,,
where a, — b, and a, — b, are defined in (10). Now, via Lemma 1(ii),

1 —x > 3 for 0 < ¢ < 5. Consequently,

[ > min{ - — = my>0

. 1 1Y wie
J 2716 ;=) (wr+ 1)

forall j, all 0 < ¢ < 1, and all 0 < @ < 1. On the other hand,

e M c(l-a)
y=5 L+ <—5—,
2.1 2my,

andsol1—y>1-c(l - a)/2m,. Hence,if 0 <c <myoraz>1
then 1 — y > 5. However, if 1 > ¢ » m, and 0 € @ < 1 — m,, then

3’{ (wi = a)ey >ﬂ'§ (wi = L+ mg)ef = >0
2.7 l+wt T 2.7 1+ w e

Consequently, h,
follows on choosing m = min{m,, m,}.

— my,

> minf{, m,} == m,. The assertion of the lemma now

THEOREM 1.  Equation (1) has positive solutions satisfying (11a) for all

0<c<land < ax<l.

Proof. Using (3a), Lemma 2, and the fact that w'> a and w; > —«
for all 4, j, we conclude that for any positive solution S;; of (2) satisfying

(11a),

c(l ~ a?) , m?
o ——Im? g —
Y 2 2
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forall i, j,all 0 < ¢ < 1,and all 0 < @ < 1. Here m is defined as in Lemma
2. Let S be a column vector defined as

S = (Su""’ Sin+sSars Saasmmts San+sns Sy-177s SN'N*)T'
Then (2) can be formulated as
S = E(S),
where F, is a continuous and nonlinear map from R¥ ¥ to R¥™V". Choose

2 Nt +

k
1L+ — Y —
4 [ SJuwp— @

>0

2 N™ -
L ) ,

4 TJwpta

and let D ={x € R .|lxll. < r}. Clearly, D is a bounded open set in
RV and F, is continuous on D. Consider the homotopy H, = I — F,, and
suppose that S — F(S) =0 for S € D; then |IS]l = HF(S)lleo <r/2<r.

Thus S € D. Hence, by homotopy invariance (see, e.g., Theorem 13.2.11(i)
of [7D),

d(H,,0, D) = d(H,,0, D) =d(I1,0,D) = 1.

The above argument is true for all 0 < a < 1. Therefore, we conclude that
Equation (1) has positive solutions for all 0 <c<landO<ax<l |

REMARK. We are motivated by the work of Stuart [14] to use the
homotopy argument to show the existence of positive solutions of .

3. APPLICATIONS AND CONCLUDING REMARKS

As in the case that @ = 0 (i.e., no angular shift), the iterative procedures
for solving the minimal positive solution of the equation (1) can be classified
into three types: first, the iteration of Aoki and Shimizu, which is essentially a
nonlinear version of Gauss-Jocobi (G]); second, the iteration of Juang and
Lin, which is essentially a nonlinear version of Gauss-Seidel (GS); third, a
nonlinear version of SOR, whose effectiveness has yet to be studied theoreti-
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cally. We now define the GJ and GS methods, respectively, as follows:

P+ = c(w + a)(w'— a) (1 + 1 o S )(1 1N oS )
i = Py —— ;

)y +‘2'Z

w + w; 2, Jwita LW - a
(12a)
S® =0 foralli,j, (12b)
and
spon - Amt e (| LSy 1y ey
i wi—+wj+ 2,7 wyt+a 2, wpt a
17 1 +S( +1) 1 N* C+S"g )
o Ve 1y i) (30
2klwk—a 2k=jwk—a
57};?) =0 forall i, j. (13b)

Let S =(S;;)) be a positive solution of Equation (1), whose existence is
assured by Theorem 1.
An easy induction will give

forall i, jandall p.

ax{s(, §p} < 8,
It is also clear that for each i, j, the iterations {S(”)}“’ and {S(p)} _o are
monotonically increasing. Therefore, the limits of bot 1terat10ns e)ust they
will be denoted by S and S, respectively. Furthermore, (s = (S(°°))
To see this, we first note that (lS(“’)) and (§¢) both are positive ’solutions of
(1). Therefore, an induction wﬂl give S(f) S( ) for all 4, j» and p. Thus,
&) < S&. Similarly, S > $&. We summarize > the above results as follows.

THEOREM 2. Forall 0 < ¢ <1 and 0 < a < 1, the iterations {SF; _,
and {S(”)} o converge to the mzmmal positive solutzon Soin of (.

The minimal positive solution S, of (1) is defined in the following sense:
if S is a positive solution of (1), then S > S, i.e., S;; > (Sy,);; for all i, j.



ALGEBRAIC MATRIX RICCATI EQUATIONS 99

THEOREM 3.  Equation (1) has a unique positive solution satisfying (11a)
foro0<c<land 0<a<l

Proof. Let (h,,); and (l,;,); be the minimal positive solution pair of
(4), whose existence assured by Theorem 2. Let x,,;, and y,;, be defined as
in (6) except that h, and [; are replaced by (h,,,); and (,,;,);, respectively.
Consequently, x ., <x and Ymin < y. On the other hand, for ¢ # 1, 1 —
Tpin = A =)/ = y) <A — c)/(l —y) =1 —x. Hence, x,;, = x, 50
that h, = (h,,); for all i. Similarly, I, = (I,,;,);. The uniqueness of the
p051t1ve solution of (1) satisfying (11a) now follows from (3a). ]

We conclude this paper by suggesting the following further related
matters:

1. It would be interesting to study the bifurcation diagram of positive
solutions of Equation (1) as ¢ and a vary from 0 to 1.

2. It is of interest to investigate the effectiveness of the NSOR.

3. Additional complexities of the reflections or scattering problem can
also be considered, such as anisotropic scattering, spatially distributed sources,
and time dependence.
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