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Abstract

We consider families of Ehrenfest chains and provide a simple criterion on the L”-cutoff and the
LP-precutoff with specified initial states for 1 < p < oo. For the family with an L”-cutoff, a cutoff
time is described and a possible window is given. For the family without an L”-precutoff, the exact order
of the L”-mixing time is determined. The result is consistent with the well-known conjecture on cutoffs of
Markov chains proposed by Peres in 2004, which says that a cutoff exists if and only if the multiplication
of the spectral gap and the mixing time tends to infinity.
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1. Introduction

Consider a time-homogeneous Markov chain on a finite set {2 with one-step transition matrix
K. Let K'(x, -) denote the probability distribution of the chain at time ¢ started at x. It is well-
known that if K is ergodic (irreducible and aperiodic), then

lim K'(x,y) =m(y) Vx,yeL,
—00

* Corresponding author. Tel.: +1 886 3 5712121x56421; fax: +1 886 3 5724679.
E-mail addresses: gychen@math.nctu.edu.tw (G.-Y. Chen), imyjfan@hotmail.com (Y.-J. Fang),
sheu@math.nctu.edu.tw (Y.-C. Sheu).

0304-4149/$ - see front matter © 2012 Elsevier B.V. All rights reserved.
doi:10.1016/j.spa.2012.05.003


http://www.elsevier.com/locate/spa
http://dx.doi.org/10.1016/j.spa.2012.05.003
http://www.elsevier.com/locate/spa
mailto:gychen@math.nctu.edu.tw
mailto:imyjfan@hotmail.com
mailto:sheu@math.nctu.edu.tw
http://dx.doi.org/10.1016/j.spa.2012.05.003

G.-Y. Chen et al. / Stochastic Processes and their Applications 122 (2012) 2830-2853 2831

where 7 is the stationary distribution of K on (2. Denote by k. the relative density of K'(x, -)
with respect to 7, that is, k' (y) = K'(x, y)/7(y). For 1 < p < oo, define the LP-distance by

1/p

Dy(x,1) = |lky = UlLr(m) = Z ki (v) = 1177 (y)
ye?

For p = oo, the L®-distance is set to be Do (x, 1) = max, |k (y) — 1|. In the case p = I, this
is exactly twice of the total variation distance between K’ (x, -) and 7, which is defined by

Dry(x,t) = |K'(x, ) — wllty = /I}lcalé{K’(x, A) —m(A)}. (1.1)

In the case p = 2, it is the so-called chi-square distance. For any € > O and 1 < p < o0, define
the L?-mixing time by

Ty(x,e) =min{t > 0: Dp(x,1) < €}.

Consider a family of finite ergodic Markov chains ({2,, K,,, 7,) with specified initial states
xp. For 1 < p < oo, the family is said to present an L”-cutoff with cutoff time ¢, if

0 ifa>0

nll)rrgoD,,,p(xn, d+a)m) = {M[, if —1l<a<0’

where D, , denotes the L”-distance for the nth Markov chain, M; = 2 and M, = oo for
p € (1, 00]. In total variation and separation, the cutoff is defined in the same spirit and has
the replacement of M, with 1. The concept of cutoffs was introduced by Aldous and Diaconis
in [1-3] to capture the fact that many ergodic Markov chains converge abruptly to their stationary
distributions. We refer the reader to [7,8,13,15,16] for details and further discussions on variant
examples.

In this paper, we treat the Ehrenfest chains, a classical example introduced by Paul Ehrenfest
to remark the second law of thermodynamics. In detail, let {2, = {0, 1, ..., n} and K,, be the
Markov kernel of the Ehrenfest chain on (2, given by

. i . . i+1 .

Kn(l,l-l—l):l—;, Kn(t+l,z)=T, VO<i<n-—1. (1.2)
Clearly, the unbiased binomial distribution, 7, (i) = (:’) 27", is the stationary distribution of
K, and the pair (K, ) is reversible, i.e. 7, (i) K, (i, j) = 7, (j)K,(j, i) forall i, j € {2,. By
lifting the chain to a random walk on the hypercube, one may use the group representation of
(Z2)" to identify the eigenvalues and eigenvectors of K. See Lemma B.1.

The aim of this paper is to provide a necessary and sufficient condition on the L”-cutoff of
Ehrenfest chains with 1 < p < oo and describe the L”-cutoff time if any. The following is our
main result achieved in Theorems 3.1 and 4.1.

Theorem 1.1. Let K, be defined in (1.2) and set K|, = (I +nK,)/(n + 1), 7,(i) = (:’) 27",
For p € [1, 00), the following are equivalent.

(1) The family {({2,, K,,, ,) : n = 1,2, ...} with starting states (x,)7 | has an LP-cutoff.

(2) |n — 2xp|//n = 00 asn — oo.

Moreover, if (3) holds, then, as n — 00,

n [n — 2x,|
Tn,p(xn, €)= ~log 7

> 4+ 0@m), Ve >0, pe(l,o0),
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where O (n) denotes a function of order less than or equal to n. For p = 1, the above identity
remains true with € € (0, 2).

For the total variation, [8, Theorem 6.5] provides a sufficient condition on cutoffs, while
Theorem 3.1 proves that such a condition is necessary. For the L?-cutoff with 1 < p < oo,
Theorem [8, Theorem 6.5] gives the L? case, while Theorem 4.1 gives the L? case. It is
worthwhile to remark that if there is a cutoff, then the main term of the mixing time is the same for
all 1 < p < oo. In fact, the equivalence in Theorem 1.1 is also valid for the precutoff, a concept
with a more general sense on the rapid convergence of Markov chains, which will be introduced
in the next section. The L?-precutoff in Theorem 1.1 is determined by Theorems 3.1 and 4.1.

The remaining of this article is organized in the following way. In Section 2, we recall various
notions of cutoffs in [7]. In Section 3, the total variation mixing of Ehrenfest chains is discussed
and a path comparison technique is introduced in the proof of the main theorem. In Section 4, we
treat the L?-cutoff with a precise estimation on the L”-norm of eigenfunctions. In Section 5, we
put some remarks summarizing from the proof and address a connection of Theorem 1.1 to well-
studied results. In Appendix A, we derive the limiting distribution of the hitting probability for the
simple random walk on Z. This is not only of interests by itself but also plays an important role in
proving the total variation cutoff. The other essential techniques are relegated to the Appendix B.

2. Cutoffs

Throughout the remaining of this paper, we let ({2, K, 7, 1) denote a time-homogeneous
irreducible Markov chain on {2 with one-step transition matrix K, stationary distribution 7 and
initial distribution u. Write ({2, H;, 7, 1) as the continuous time Markov chain associated with
(02,K, 7, ) if H = e "U=X) the semigroup associated with K. If the chain starts at state x,
we write ({2, K, w, x) and ({2, H,, 7, x) instead. For any two sequences of positive numbers, say
tq, Sy, the notation s,, = O(t,) means that there are N > 0 and C > O such thats,, < Ct, for
alln > N.If both s, = O(t,) and t,, = O(s,) hold, we simply write t, < s,. If t,,/s, — 1 as
n — oo, write t,, ~ s, for short.

First, we recall the definition of cutoff in [7] and write it in L”-distance.

Definition 2.1. Let F = {({2,, Ky, 7w, ) : n = 1,2,...} be a family of irreducible finite
Markov chains. For p € (1, oo], the family F is said to present:

(1) An L?-precutoff if there is a sequence t,, > 0 and constants 0 < A < B such that

lim Dy, p(ttn, By) =0, 1iminfDn,p(/anv Ay) >0,
n—00 n—00

where B, =inf{j >0:j > Bt,}and A,, =sup{j >0: j < At,}.
(2) An LP-cutoff if there is a sequence , > 0 such that, for all € € (0, 1),

lim Dn,p(ﬂna E(G)) =0, lim Dn,p(,“«na ky(—€)) = oo,
n—00 n—00 —

where k, (€) = inf{j >0:j > {+e),}andk,(e) =sup{j >0:j < (1+ )t}
(3) A (t,, by)LP-cutoffift, > 0, b, > 0, b, = 0(t,) and

lim Fj,(c) =0, lim Fp(c) = oo,
c—00 c—>—00——
where
Fp(c) = lim sup Dn,p(ﬂn»z(’l’ ), Fp(c) = liminfDn,p(,una k(n, c)),
- n—00

n—o0

and k(n, ¢) =inf{j >0:j >t +cb,}andk(n,c) =sup{j > 0:j < t, +cb,}.
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The definition of cutoffs for p = 1 is the same except the replacement of the limit oo with 2.
In (2) and (3), #, is called an L?-cutoff time and b,, is called a window with respect to ¢,.

Remark 2.1. If 7, tends to infinity, it makes no difference to replace A, with [A#,] or [A#,],
and so for the replacements of By, k, (€), k(€), k(n, ¢), and k(n, c). In the continuous time case,

the definition of cutoffs follows in the same way with A, = At,, B, = Bt,, E(e) = I& (e) =
(14 )ty and k(n, ¢) = k(n, ¢) = t, + cby,.

For any Markov chain, how fast of the convergence to the stationary distribution can also be
captured by the following simple concept.

Definition 2.2. Let (§2, K, 7, i) be an irreducible finite Markov chain and p € [1, oo]. For
€ > 0, the e-LP-mixing time (or briefly the L”-mixing time) is defined to be
Tp(p, €) =inf{t > 0: Dy(p, 1) < €},

where the right side is set to be infinity if the infimum is taken on an empty set. If ({2, H;, 7, 1)
is the continuous time chain associated with K, write the L”-mixing time as

Ty(w,€) :=inf{t > 0: Dj(u, 1) <€},
where D; (u, t) is the LP-distance between uH; and 7.

The concept of cutoff can also be described using the notion of mixing time. For instance,
assuming T, ,(e) — oo for some € > 0, a family of irreducible Markov chains has an L”-cutoff
if and only if

nlinc}o Th p(tn, €)/To p(n, 8) =1, Ve, 8 € (0, Mp),

where M, = oo if p > 1 and M; = 2. See [7, Propositions 2.3 and 2.4] for further details and
relationships.

We end this section by introducing the following lemma and corollary, which will be used in
proving the main results.

Lemma 2.1. Let F = {({2y, Ky, wy, un) : n = 1,2,...} be a family of irreducible and
aperiodic Markov chains and p € [1, c0]. Suppose that there is € > 0 and a, — 00 such
that Ty p(pn, €) < ay and Ty, p(un, 8) = O(ay) for all 0 < § < €. Then, the following are
equivalent.

(1) F has no LP-precutoff.
(2) Forallc > 0,

limsup Dy, p(in, Lca]) > 0.

n—00

3)Ass — 0,
li Tn,p(ﬂna d)
imsup ———~= — o0
n—00 an

Proof. See Appendix B. [J
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The following corollary comes immediate from the above lemma.

Corollary 2.2. As in the setting of Lemma 2.1, the following are equivalent.

(1) No subfamily of F has an LP-precutoff.
(2) Forallc > 0,

liminf Dy, ,(pp, lcan]) > 0.
n—>oo

(3)As s — 0,
lim infM — 00
n—o0o a

Lemma 2.1 and Corollary 2.2 also hold in the continuous time case without the assumptions
Ty, p(n,€) — oo and a, — oo. It makes no difference to replace |ca,] with [ca,]
Lemma 2.1(2) and Corollary 2.2(2).

3. The total variation cutoff of Ehrenfest chains

This section is dedicated to the total variation cutoff of Ehrenfest chains. For n > 1,
let K, be the transition matrix in (1.2), K, be the modification of K, in Theorem 1.1 and
H,; = e 'U~Kn) be the semigroup associated with K,. Referring to the setting of (1.1), let
Dy tv(xn, t), D;’TV (xn, t) be respectively the total variation distances between (K),)’, H, ; and
7, with initial state x,,, and let 7, Tv (X, €), Tnf v (X, €) be the corresponding mixing times. For
p € [1,00], let D, p, D,'*;yp and T, ,, T,ﬁp be the LP-distances and the L”-mixing time in the
discrete and continuous time cases.

Theorem 3.1. Consider the families F = {({,, K|, 7pn,xy) : n = 1,2,...} and F. =
{(£2n, Hpt, 00, xp) :n = 1,2, .. .}). The following are equivalent.

(1) F (resp, F¢) has a total variation precutoff.
(2) F (resp, F) has a total variation cutoff.

(3) In — 2x,1//1 — 0.
Furthermore, if (3) holds, then both F and F. have a (t,, n) total variation cutoff with

-2
tnzﬁlogu

2 Vn

Remark 3.1. The window size n is optimal in the sense that, if F or F,. has a (¢,, b,) total
variation cutoff, then n = O(b,). See [7] for details.

Proof of Theorem 3.1. (3) = (2) and the (¢,, n) total variation cutoff under (3) was given by [8].
(2) = (1) follows from the definition. For (1) = (3), we assume (3) fails and prove F and F.
have no total variation precutoff. It suffices to show that, if |x, — n/2|/+/n is bounded, then no
subfamily of F and F, has a total variation precutoff. The proof consists of three steps.

Step 1: Bounding the total variation from above. Note that the total variation distance is bounded
above by the chi-square distance. That is,

2Dn,TV(X, t) S Dn,Z(x’ t)v ZDZ’TV(xﬂ t) 5 D’S’z(.x, t)
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Using the reversibility of K,, and Lemma B.1, the L2-distance can be expressed as follows.

2i 2t
[Dao(x. ) Z|wn,<x)|2( : )

[n/2]
22 e 4 sy

i=1

where v, ; is the function defined in (B.1) and the inequality applies the identity ¥, ,—; (x) =
(=D (x) forall x,i € {0, 1, ..., n}. It is worthwhile to note that the summation in the last
line is also an upper bound for the continuous time case since

(D5 ,(x, T Dwn ()P0

L"/2J
=2 Z i (x) |24/ (kD) o p=dnt/(nt D)
i=1

Recall [8, Eq. (6.6)] as follows.

—2x

%m(X) «/ﬁ

AniV¥n,i(x) — B ivn,i—1(x), 3.1

where

Agi= |— 2 g . [f—itD
TN G+ D —i) NG D —i)

Obviously, forn > 2and 1 <i < n,A,; < 1and B,; < 2. By setting r = 2 + sup,{|n —
2xn|/+/n} < 00, we obtain

Wnit1Ge)| = F = 2D Wni ()| + 2[Yn,i-1(xa)l, VI <i <n.
Along with the following boundary condition,

[¥n,0(xn) =1, Y1 ()| = |n = 2x,1/4/n < (r = 2),
the above inequality yields

[YniCa)l <1, VO<i<n.
Putting this back to the computation of the L?-distance, one has

max{Dy v (xn, N(n + 1)), Dy, 7y (xn, N(n + 1))}

1 n/2) ' . 1/2 1/2
< 5 2 Z r2te—41N + e—4nN Z 2i —4tN ,
i=1

where N is any positive integer. Using the last inequality in the above, we obtain
, 1
max{T, 1v(X,, €), T, ry(xp, €)} < hlog q (n+1), Vee(,1),n>2.
' €

Step 2: Bounding the total variation from below: Discrete time case. Note that the evolution of
the chain under K, is very similar to that under K,,. Intuitively, the set of even integers less than
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(n + 1), say A,, is an appropriate testing set for the total variation due to the periodicity of K,.
In fact,2-14, — 1 =¥, , and

Dn,TV(xn’ 1) > |(Ky/,)t(xn’ Ap) = (Ap)l

1 1 _
EI(K;)t(xnv l/fn,n)| = Ee 4t/(n+1)’ (3.2)
for n > 3. This implies, for 0 < € < 1/(2¢*) and n > 3,

1
— 1).
2GJ(n+>
Note that such a lower bound is independent of the initial state x;,.

Along with the upper bound in Step 1, we obtain 7;, v (x,, 1/ (2¢*)) =< n and T, 1v(xp, €)=
Oc(n) for all € < 1/(2¢*). Using the last inequality of (3.2), it is easy to see that, for any ¢ > 1
andn > 1,

1
Ty v(xy, €) > \‘Z log

1 —4|2¢]
Dy 1v(xy, Len]) = Dy v (xp, [2¢](n 4+ 1)) > 7€ .

By Corollary 2.2, no subfamily of F has a total variation precutoff.
Step 3: Bounding the total variation from below: Continuous time case. Again, we suppose

|n — 2x,|/+/n is bounded. It has been developed in Step 1 that TnC’TV(x,,, €) = O¢(n) for all
€ € (0, 1). By Corollary 2.2, it suffices to show that

liminf D, 1y (x4, cn) >0, Ve > 0. (3.3)
n—00 ’

The trick used in Step 2 does not work for the continuous time case. Our policy is as follows.
First, we compare the original discrete time Ehrenfest chain K, with the simple random walk on
Z. The comparison will generate a lower bound on the total variation distance related to the first
passage time in Appendix A. This will lead to (3.3).

Observe that, for any A C (2, and ¢ > 0,

o0

X i .
Dy, oy (Xns 1) = Hy 1 (xn, A) — 0 (A) = Z <€ tl—'> K} (xp, A) — my(A). 3.4
i=0 .

By the symmetry of K,, and the boundedness of |x,, — n/2|/+/n, it loses no generality to assume
that n/4 < x, < n/2 for all n > 1. Concerning the subfamily of F, it suffices to deal with the
following subcases.

(n/2 —xp)//n — a €[0,00), asn— oo. (3.5)

The next proposition is helpful in the selection of the testing set A.

Proposition 3.2. Let K,, be the transition matrix on (2, defined by (1.2). Suppose u, is a
probability concentrated on A = {0, 1, ..., [n/2]}. Then, u, K,[l (A) = 1/2 forallt = 0.

See Appendix B for a proof of this proposition. Now, let A = {0, 1,..., [rn/2]}. Clearly,
T (A) < 1/2 4+ 7,([n/2]) and 7, ([n/2]) ~ (wn/2)~ /2. Let T be the first time the chain K,
hits state |n/2]. By the strong Markov property, we have

K, (o, A) = ) Ky ' (1n/2), APy, (T = j) + Py (T > i) > 7t EPX,I(T > 0).

i

j=0
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Putting this back to (3.4) yields, for m > 0,

m_ .

1({ _ t
Djy py (X, 1) = 3 (e f; ﬁ) Py, (T > m) — w,([n/2]). (3.6)
Next, we use Theorem A.1 to bound P,, (T > m) from below. Consider the simple random

walkon Z. Form > 1,k > 1 andi € Z, let P(m, k, i) be the set containing paths of length m
starting from 0, ending at i and staying in {0, =1, £2, ..., £(k — 1)} up to time m and write

x+Pm,k, i) ={(x+wo,x +wq,...,x +wpy): (Wo, Wi, ..., Wn) € Pm, k,i)}.

Clearly,
ln/2]—x,—1
Po (T >m)= ) Py (u+Pm, |n/2] = xu.0))
i=0

Let P’ be the probability where the simple random walk on Z starting from the origin sits.
For any path w = (wg, wy, ..., wy) € P@n, k,i) with |i| < k, one may partition the edges
{(wj, wjs1) : 0 < k < m} into two subsets, say By (w) and By (w), where By(w) = {(j, j +1) :
0<j<ilfori >0, Bi(w)={{,j—1):0>j>i}fori <O0,and By(w) is a union of pairs
in the form {(j, j + 1), (j + 1, j)} with —k < j < k — 1. Note that, for 2x, —n/2 < j <n/2,

]_i>i>l 4xn_] :l ]_M
n"—n- 2\ n 2 n

()=l () ] )]

This leads to Py, (w) > ¢, (m)P’ (w) for all w € x, +P(m, |n/2] — xp, i — xp) and 2x, —n/2 <
i <n/2 with

|: (n _ 2xn>2}m/2 ( 2(7’1 _ 2x”)>n/2—)€n
ca(m)=11—-4 1l—-— .
n n

Letting N be any positive integer and m = Nn, we obtain

Py, (T > Nn) > cy(N0)P'(T|)2)—x, > Nn),

and

where 7; is the first passage time to {£/} of the simple random walk on Z. See (A.1) for details.
Putting this back to (3.6) yields

Nn i

DE o Cin 1) > + Y L) euNmP (T > Nn) — m(1n/2))
n,TV\An» =9 il n ln/2]—xp n .

i=0 "
By Theorem A.1 and Lemma B .4, if a > 0 in the setting of (3.5), then

, VN >c,

. ON _(8N+4)a>
liminf D€ vy (x,, cn) > —e ¢ a
n—00 n‘TV( " )= 2

k
where ay = % Z/fio %e‘N(Zk“)z”z/(S“z) > 0. Hence, for a > 0, no subfamily of F, has a
total variation precutoff.
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In the end, we deal with the subcase a = 0. First, we write

n

Ky, ) /T () = 1= Y iV (0B; -

i=1

See [15, Lemma 1.3.3] for a proof. Applying this identity to the case (K},)" and H, ; gives

KD'y) N~ (14nBu)
T(y) —-1= ; 1pn,t(x)‘/fn,l(y) ( n+ 1 ) G.7
and
Hy () XA vyt (1=Bu)
T (y) = ; WY, i () Vn,i (e (3-8)

Forn > 1, set

Hn,t(xnv Y)/ﬂn(y) —1= fn(ts Y) + gn(l9 )’),

where

Tty ¥) = Y2 (x)e TPy 5 (y)

and

n

ga(t,y) = Y YniCx)e TPy ().

i=1,i#2
By Jensen’s inequality, one can see that
2D 1y (s 1) = L fat, ) + 80, Mgy = 1 Mgy — 18 20 -

It remains to prove that, for all ¢ > 0,
timinf [} fu(en, )l 1z, = Ign(en. g2,y ] > 0.

Note that

n

12
(n —2x,)> _ L
llgn (2, ')||L2(JT,,) = <—n€ 4t/n + Z |wn,i(xn)|26 4it/n )

n i=3

Recall that, in Step 1, if r = 2 + sup, {In — 2x,|//n} < oo, then |, (x,)| < r' for all
0 < i < n. Putting this back to the L?(m,)-norm of g, (t, -) gives

_ 172
(n _2x”l)2674c+ (r2€ 4C)3 ) /

llgn(cn, ‘)”Lz(nn) = < n 1 — ;2e—4¢

provided r < e%¢. Also, it is an easy exercise to compute |y, 2(x,)| ~ 1/ V2 and

1 1 7z, 1
> - Cx —n/2 4\) ~ — w2y > —.
l¥n2ll L,y = 57 ({x : 1x = n/2l < V/n/4}) 7z ), e =
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Under the assumption (n/2 — x,)/+/n — 0, if r < e%¢, then

li,riggf[an(C”’ Mty — llgn(cn, ')||L2(ﬂn)]

3 3
> 1 6740 _ r ef6c — 6740 ( 1 _ r eZc) )
T 1242 V1 —r2e—4 124/2 1 —r2e—%
The last term is positive for large ¢ and this implies

linng%ngZ,Tv(xm cn) >0, Ve>0.

Hence, in the case a = 0, no subfamily of F, has a total variation precutoff. [
4. The L?-cutoff of Ehrenfest chains

This section is contributed to the development of the LP-cutoff of Ehrenfest chains with
p € (1, 00). The main theorem states as follows.

Theorem 4.1. Let F and F. be the families in Theorem 3.1. For p € (1, 00), the following are
equivalent.

(1) F (resp. F;) has an L? -precutoff.

(2) F (resp. F¢) has an LP-cutoff.

3) |xp —n/2|//n — oo.

Moreover, if (3) holds, then both F and F. have a (t,, n) L? -cutoff with

-2
y = " 1og M= 22l

2 Vn

Proof. In this proof, the L?(7)-norm of f is written as || f|,. Obviously, (2) = (1) comes
immediate from Definition 2.1 for all 1 < p < oo. For (3) = (2) and the (¢,,, n) L”-cutoff, we
set

Fy(a) = limsup Dy, p(xn, ta + an), Fp(a) = liminf D, ,(xn, t, + an)
n— 00 — n—0o0
and
Gyla) = h;isolip Df,’p(x,,, t, + an), ﬁ(a) = lilrgngZ’p(xn, t, + an).

The case p = 2 is given in [8]. By the monotonicity (in p) of L”-norm, it remains to show that,
forl < p <2,

lim min{F,(a), Gp(a)} = oo,
a——00 i —_
and, for2 < p < oo,

all)rr;o max{F_p(a), G_p(a)} =0.

Case 1: (1 < p < 2)Setq = (1 — 1/p)~". As a consequence of the central limit theorem, we
have

1V lly = f(u)qn (x) " — Cy = [E(X]N]"4 < oo
n,1llg = Fart \/ﬁ n q = >
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where X is a standard normal random variable and E denotes the expectation. By (3.7) and (3.8),
this implies

(KD s ) /70 = 1, Yn 1), |
[Vn,1llg

Fy(a) > liminf =e%/C,
_— n—oo

and

[{Hn,t,+an(Xn, ) [7Ttn — 1, Yn 1)z, |
”Wn,l ”q

This proves the desired (,, n) L?-cutoff.

Case 2: (2 < p < o0) Using the fact ¥, ,—i(x) = (—1)*9,,;(x), the right sides of (3.7) and
(3.8) yields

[n/2] 2 \!
Dy pGns ) <23 Wi G 1 ¥millp (1 - ) + (1 -
i=1

=e/C,.

G p(a) > liminf
= n—oo

2 t
1) <2d,(n, 1)

n+1 n—+

and
‘ [n/2] '
DS G 1) 2 (Wi )l [ Vm.ill pe 2" + €7 < 2d,y(n. 1),

i=1
where
[n/2]

dp(. 1) = D Wi ) [Yn,ill pe =21/ D 4 =2/ 0FD),
i=1

It remains to compute || ¥, ; || . By (3.1), it is easy to see

Wi 1 = (== x P22 0+ Wi (O, Vi < nj2.
) l+1 \/ﬁ )

With the initial conditions, ¥, o = 1 and v,,.1(x) = (n — 2x)/+/n, one can prove inductively

pL j
Yn.i ()] < \/l:,]'[ (|x/fn,1(x>| - @) . Vx e i<n/2 @.1)
B

For convenience, we write i! = «;i’T!/2¢~%. By Stirling’s formula, we may choose 8 > 1 such
that

(126718 < 1 < BitH12e~T i > 1. 4.2)

In the above setting, (4.1) gives

Wi ()] = &)%Y (1 (0li™ 2 + 1)i : (4.3)

which implies
. oi
IWmilly < Q)" 2i=rRpr 2, [(Iwn,m—l/z +1) }

< (ze)Pi/2i—P/4ﬂP/22Pi [i—Pi/Zn-n (Hﬁn 1|Pi) + 1] ,
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where the last inequality uses the fact (s +¢)" < 2”1(s’ +t")foranys > 0,7 > Oandr > 1.
By Lemma B.5, one may choose C > 1 such that

pi+1
2

(Y1 |P) < C4P'T ( ) < 58C4P pi[(pi)/(2e)1P1/?, (4.4)

where I'(-) is the Gamma function. To see the last inequality, recall that I'(r + 1) = ¢I'(¢).
Observe that sup; ., <, I'(¢) < 2 and 2 <5, By (4.2), we obtain

r(t) = () e (5]

< Bpi([(pi — 3)/21)F(Pi*3)/21+1/2€*f(Pi*3)/21
< 5Bpi(pi/2e)P'/?.

Plugging (4.4) back to the upper bound for || ;|| Z, one has

. . . . 1/p .
IWnilly < @ey/%i /411220 [ SBCA pip/ e + 1] < 108Ci 4 (8p)’
and, applying (4.3) with x = x,,, this leads to

[n/2] —
dp(n, 1) < 108°C Y (20p) (11 (xa)| + 1) e 21/ 0HD 4 em20/ 0D 4.5)
i=1

where 8+4/2¢ < 20 is used.
Finally, let a > 1. It is obvious that, for n large enough,

n n+1 n—+

h = Elog [V, 1(xn)l, ty +an > log |¢n,l(xn)| + 5

By (4.5), this implies

1
(a —1).

A <20p W1 ()| + 1

d s bn + = 10 ZC )l + —1¥n n .
p(n, 1, +an) < 108 ; s X IRES] exp{—|¥nu.1(xn) [}

Letting n — oo yields that, for e*~! > 20p,

4008%Cpe'~2

o
max{F,(a), Gp(a)} < 2052C2i(20pe‘*a)1 = opel

i=1
This proves the desired cutoff.

For (1) = (3), we assume that |x, — n/2|/+/n is bounded and prove that no subfamily of
F and F. has an LP-precutoff. Set M = sup,| {|2x, — n|//n} + 1. By (4.5),if p > 2 and
e > 20Mp, then
400MB*Cpe

1 —20Mpe—¢
On one hand, the right side converges to 0 as a tends to infinity. This implies, for all € > 0 and
p < 09,

Tn,p(xn, €) = Oc(n), Tnc,p(xn’ €) = Oc(n).

max{Dy, p(xn, [anl), D, ,(xn, an)} < -
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On the other hand, one may conclude from the proof of Theorem 3.1 (Steps 2-3) that

lim inf min{ D, tv (xp, an), D, 1y (x,,an)} >0, Va > 0.

n— 00 >
By Corollary 2.2, no subfamily of F and F, has an L?-precutoff for 1 < p <oo. 0O
5. Some remarks

In this section, we make some remarks summarizing from the content of the previous sections
and establish a connection with known results. First, it is worthwhile to remark from the proofs
of Theorems 3.1 and 4.1 that if |n — 2x,|/+/n is bounded, then the L”-mixing time of Ehrenfest
chains is of order n in both discrete and continuous time case for 1 < p < oo, though the families
do not present any cutoff at all. This implies that (3) of Theorems 3.1 and 4.1 is equivalent to
AT, p(xn, €) — 00 and A;Tn",p(xn, €) - ooforl < p < oo, where A,, A are respectively
the spectral gaps of discrete and continuous time chains. This is consistent with the conjecture
proposed by Peres during the ARCC workshop held by AIM in Palo Alto, December 2004.

For the L®-cutoff, the equivalence in Theorem 4.1 might fail. Assume that n is even,
X, = n/2 and consider the continuous time case. Recall the separation distance as follows.

(K,’,)’(x,y)} Hn,t(x,y)}

Dnseplit, 1) = mgx {1 RO 7 (3)

D¢ (x,t):max{l—

n,sep ¥

It is easy to see that the separation distance is closely related to the L°°-distance. For n > 1, let
L, be the Markov kernel on {0, 1, ..., n/2} given by

L,1,i)=0, V0<i<n/2, Ln(i,i—i—l):l—l—, V0 <i <n/2,
n

and

i+ 1
Li+1.0="F1 Yo<i<n2—1. Lyn/2n2—1)=1.
n

Obviously, the stationary distribution of L, is given by 7, (i) = 2!™" (:’) fori < n/2 and
F.(n)2) = 2—"( n ) Set D¢

n/2 n,sep
7. Then, Dy p(n/2,1) = Dy ,(n/2,1). Observe that I — L, has eigenvalues 4i/n with

n,sep

0 <i < n/2. Clearly, the spectral gap of L, is A, = 4/n and

n  nlogn
I ZZEZ L oM.

(x, 1) be the separation distances between e~/ =) (x, .) and

By[10, Theorems 5.1 and 6.1], the family F, has a (‘—ﬁn logn, n) separation cutoff, but has no

LP-precutoff for 1 < p < oo according to Theorems 3.1 and 4.1.

Finally, we get our results involved in several well-studied results. For continuous time
Markov chains with countable state spaces, Martinez and Ycart [14] provide an equivalence to the
cutoff of families with nominated sequence of initial states x,. According to their framework, a
special state, called 0, is selected and the hitting time Ty to O is considered. In [14, Theorem 4.1],
they showed that the family of continuous time Markov chains with starting state x,, has a total
variation cutoff with cutoff time E,, (7p) if and only if 7 has a concentration phenomenon as
the distance between x,, and O tends to infinity. Back to the setting of Ehrenfest chain, if one
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selects the typical state [n/2] as 0 and lets |x,, — n/2| tends to infinity, then the equivalence of
the total variation cutoff should be achieved through a precise estimation of the average hitting
time to [n/2] starting from x,. A formula on the expected hitting times of birth and death
chains is available in [4, Eq. (4.20)] and the comparison of the mixing time and the expected
hitting time would be of interest. Such a comparison was made by Lachaud in [12] for the
Ornstein—Uhlenbeck process, which can be approximated by Ehrenfest chains.

In [4], Barrera et al. observed that, assuming a drift toward a typical state is associated
with an energy function, if the energy well is sufficiently steep with sufficiently smooth walls,
descents are abrupt and the hitting time to the typical state starting from n has a concentration
phenomenon and, hence, a cutoff exists. This was proved in [4] to be applicable for Ehrenfest
chains. If |x, — n/2| is bounded, the result in Theorem 1.1 can be related to the fact that the
energy well is not steep enough between |[n/2] and x,, so that no cutoff exists. For discrete time
Ehrenfest chains, Bertoncini showed in [5, Chapter 7] that the family starting from the boundary
points has a total variation cutoff if there is a concentration phenomenon for the time to access
a neighborhood of |n/2] within a distance of order less than /n. In some sense, this means
that if the initial state is not too close to |n/2], then there is a cutoff, which is a converse of
Theorem 1.1.
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Appendix A. The first passage time of simple random walks on Z

This section is contributed to the estimation of the hitting probability for the simple random
walk on integers. A simple random walk is a discrete time Markov chain (X,,);;2 , with transition

matrix

K@@ i+1)=K(@G,i—1)=1/2, VielZ.
For m > 1, let T;, be the first passage time to the set {m}, i.e.
Tn=infln >0: X, =mor X,, = —m}. (A.D)

For the continuous time case, let N () be a Poisson process with parameter 1 and independent of
X, and set Y; = Xy(). Clearly, Y; is a realization of the semigroup H, = e 1U=K) a550ciated
with K and the corresponding first passage time to {£m} is denoted by

Tn=inf{t >0:Y, =morY, = —m}. (A2)
The following is the main theorem in this section.

Theorem A.1. Let T, ?m be the random times defined in (A.1) and (A.2) and Py be the
conditional probability given the initial state is 0. Then, for b > 0,

~ 4 & (—1)k
lim Po(Ty > bm?®) = lim Po(T,y > bm?) = = CD” —berripas,
m— 00 m—00 T =0 2k +1
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Theorem A.l is a consequence of the convergence of the renormalized processes
(X m2)/m)i=0 and (Y,,2;,,,)1>0 toward the Brownian motion on R in the weak topology with
respect to the uniform norm over compact time intervals. The computation of the Laplace
transform of the hitting times is a standard approach and the inversion of the Laplace transform
leads to a special function whose expansion is given in Theorem A.l. Here, we consider
another approach by computing the Laplace transform of the hitting times for (X,),>0, (Ys)i>0
and determining the limiting distribution directly from a detailed analysis of the sequence of
transforms.

The following proposition is useful in characterizing the distribution of the first passage time.

Proposition A.2 (/6, Section 2]). Let K be the transition matrix of an irreducible birth-and-
death chain on {0, 1,...}. For m > 1, let ©,;, and T,, be respectively the first passage times
to state m associated with the discrete time and continuous time chains. Let A1, ..., Ay be the
eigenvalues of the submatrix of I — K indexed by {0, 1,...,m — 1}. Then, A; € (0,2) for
1 <i<m ) #Ajfori#j,and

m A
Po(tm > k) = Z(]‘[ = _’A) (1= 2" (A3)
J i

i=1 \j:j#i

and

Po(Ty > 1) = Z ( ]_[ %) e i, (A.4)
j 1

i=1 \j:jAi

Remark A.1. The right side of (A.4) is exactly IP(T > t), where T is a sum of m independent

exponential random variables with parameters Aq, ..., A;,. Assuming A; € (0, 1) forall 1 <i <
m, the right side of (A.3) is equal to P(T > k), where T is a sum of independent geometric
random variables with success probabilities A1, ..., Ay.

To prove Theorem A.1, we need the following lemmas of which proofs are deferred to the end
of this section.

Lemma A.3. Forn > 1, let X, 1, ..., Xn.n be independent exponential random variables with
parameters Ay 1, ..., Ann, Where Ay, = 1 — cos W Set Sy, = Xpn1+ -+ Xu.n. Then,

S, /n* converges in distribution to a positive continuous random variable with density

o0
£ = 23 (=1)"@m 4+ e~ @8 gy o g,
2

m=0
In particular,
4 & (-H" 2.2
. 2 _ —t(2m+1)"7-/8
lim P(S,/n* > 1) HZ—ZmHe .
m=0
Lemma Ad4. Forn > 1, let X1, ..., Xn,n be independent geometric random variables with

parameters An 1, ..., An.n, Where Anpm = % [1 — CosS W] Set Sy = Xp1+ -+ Xy
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Then, S,/n? converges in distribution to a positive continuous random variable with density

o0
O =23 (1" @m o+ e G0,y s,

m=0
In particular,
4 S (=D 22
lim P(S. /n2>t) =~ L —t@m+1)’n?/16

Proof of Theorem A.1. Back to the setting of the simple random walk. Observe that
Po(Ty > k) = Po(|Xi| < m, Vi <k), Po(Ty > 1) = Po(|Ys| < m, Vs < 1).

By the symmetry of the walk starting from 0, one may collapse states =i to achieve
Po(Ty > k) = Py(tm > k), Po(Tyy > 1) = PY(F > 1),

where I% is the probability for the birth-and-death chain on {0, 1, ...} with initial state 0 and
transition matrix K’ given by

K0, 1) =1, K'(G,i-1)=K'(G,i+1)=1/2, Vi=>1.

Here, 7, and T, are the first passage times to state m associated with the discrete time and
continuous time chains driven by K’. Applying the method introduced in [11, Section XIV.5],

the eigenvalues and eigenvectors for the submatrix of / — K’ indexed by 0, 1, ...,m — 1 are
sz:l—cosu, ¢mi(j)=cosu,
' 2m ’ 2m
forl <i<mand0<j<m-—1.
We first treat the continuous time case. Let Sy 1,..., Sm.m be independent exponential
random variables wi~th parameters Am 1, ..., Amm- St Sy = Sp1 + - + Smm. By

Proposition A.2, Py(T;, > bm?) = P(S,, > bm?). As a consequence of Lemma A.3, letting
m tend to infinity yields the desired identity in continuous time case.

For the discrete time case, the periodicity of K’, which is of period 2, implies A, ; > 1 for
some i. Consider the lazy walk with transition matrix %(I + K'). It is clear that the eigenvalues
of the submatrix of / — %([ + K’) indexed by {0, ...,m — 1} are Ayy.1/2, ..., Am.m/2, which
are contained in (0, 1). To relate the discrete time case and the transition matrix %(1 + K,
let (X});2, be the birth-and-death chain with transition matrix K" and define Z, = X7, /2.
Obviously,

Py(Znt1 = 11Z, = 0) = P((X},,r = 2|X}, =0) = 1/2.
Fori > 0,

Po(Zns1 =i+ 1Zy = i) = Py(X5, 1 » = 2i +2|X5, =2i) = 1/4
and

Py(Zni1 =i — 11Zy = i) = P{(X, 4 = 2i —2|X}, =2i) = 1/4
and, fori > 0,

PO(Zns1 = il Zy = i) = Py(X5, 1 = 2i|X5, = 2i) = 1/2.
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This implies that given X, = 0, or equivalently Zo = 0, (Z")zio is a Markov chainon {0, 1, ...}

with initial state 0 and transition matrix %([ + K’). Furthermore, by the periodicity of K’, if m
is even and positive, then

]P’b(rm > k) = IP{)(X; <m, Vi <k)= ]P’E)(Z,- <m/2, Vi < |k/2]).
If m is odd and m > 1, then
]P’6(rm > k) = IP'l(X; <m,Vi<k-—1)= IP’E)(Z,- <(m—1)/2, Vi < |[(k—1)/2)),

where the last equality uses the fact that, given X{ = 1, the chain (X/, — 1)22, has the same
distribution as (Z,,);2 | with Zp = 0. Let 7,, be the first passage time to m of the chain (Zn);2y-

Putting all above together yields, for m > 1,

> ]P”O(t(m/zJ > k/2)

. )4
Po(Tn > k) = Py(tm > k) {5 POty > k/2— 1)

For m > 1, let S,’n Lo S,/,Lm be independent geometric random variables with success
probabilities Ay.1/2, ..., Amm/2 and set S, = S, | +--- + S, ,. By Proposition A.2, for
any positive integer k,

> P(S],0) > k/2)

Po(Tm > k) {5 P(S|,0 > k/2—1)°

By Lemma A 4, replacing k with |bm? | yields the desired identity. [

Proof of Lemma A.3. We first show that S,/n”> converges in distribution. Consider the

characteristic function of S,/n?, ¢,(t) = E(ei’sn/”z), where i = +/—1. Clearly, ¢,(t) =
[T (1 —itn=22, L) "1 Write ¢, = g,h,, where

1 1
o= [ ——— o= [] ———
lem<yi L itn=2Apm emen 1= itn=2Apm
Let6,, = 2m — 1)272/8 and set
1
Yn(t) = H —
lsmgﬁl_ne’”
For wy, ..., wk, z1, ..., 2k € C, itis easy to see that

k k k i—1 k
[Twi=TTar| =D twi -l (H lz./l) ( [1 |w,-|).
i=1 i=1 i=1 j=1 j=i+1
Using the above inequality, we obtain

I
@) =1 <t 37 ——— <4t 37 6

Jn<m<n nm Jn<m<n

and
1
6n2 — 6,

@) =Y <t Y 10 —n Pl <t Y
l<m=<n l<m=\/n
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where the last inequalities use the following fact
max{s?/2 — s%/24,5%/8} <1 —coss < s2/2, VO <s <. (A.5)

Note that 8,, < 6n for 1 < m < /n. This leads to

<32, Vn>1.

t
[gn (1) — Y ()] < m

Putting all above together yields

[Pn (1) — V()| < 18a (D[ (1) — 11 + 182 (1) — Yu (D)
= |hn(@) = 11+ [8n (1) — Y ()] = O,

asn — oo, for all t € R. It is clear that i, converges pointwise to ¥ (¢) = ]_[fnozl(l — it9,;1)_1
and v is exactly a sum of independent exponential random variables with parameters (6,
say X. Thus, S,/n? converges in distribution to X.

To see the distribution of X, let (X,,)m>1 be independent exponential random variables with
parameters (0,);>1 and Y, = X1 + --- 4+ X, Obviously, Y, converges in distribution to X.
Note that, for ¢t > 0,

m

P, > 1) = Zcm,ke_g"’,
k=1

where

g, 4D T, (2m\ TP (m!)?
eni=|] 0 ]9 T k-1 [2 2m< )] k)! k=1
=i ek 95— Ok — m (m—k)!(m+k—1)!

It is easy too see that |c, k| > [cm.k+1| for 1 <k < m and 6 < 6k for all k. This implies that
|cm,k|e’9“ is decreasing in k. As cm,ke’gk’ is an alternating sequence, one has

J
P, >1t) — Zcm,ke_e"’
k=1

S |Cm,j|7 VJ Sm'

By Stirling’s formula,
: _ (1 \k—1
mIme cmik = (—1) —(2k e Vk > 1.
Letting m — oo and then j — oo yields

o0

REY
P(X > 1) = i Z Qe—t(zkﬂ)zﬂz/s’ Vi > 0.
T = 2k + 1

The desired density function of X is then obtained by the uniform convergence of the right side
and its derivative. [

Proof of Lemma A.4. Set ¢,(1) = E("S/") and vy, (t) = [T (1 —itn=20;2)~" with
i = +/—1. As a consequence of the proof for Lemma A.3, we have

> 1

lim ¥,()=[| ————, VieR,
n—oo " [1 1—i206;"

m=1
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where 6,, = (2m — 1)27%/8. Thus, it remains to show that ¢, (t)/¥,(t) — 1 as n — oo for all
t € R. Note that

o) =[] 1 1

mei 1= d (1= =/,

Fix t+ € R and write (1 — ‘e”"/”z)112 = ap + ib, with a,,b, € R. By (A.5), one has, for
n > max{|2¢], 1},

2
t 1 .
Osar<o— <o Ibal=|sinG/nd)ln* <,
and
2 _ 2 12
W2 > n- y [2m — 1)m/2n] . 2m —1) '
’ 2 8 8
This implies

11— (L= e ) < 1 —n~25Litl, Vi<m<n,
which leads to

n 2 2 e = 1) i M = At (1 — et

W0 /u @) — 1] < 3 [T

m=1
<8P — ) +it] Y @m—1)"* >0,
m=1

1 —n=2x, it 1 —n=2x; it

when n — o0, as desired. [

Appendix B. Techniques and proofs

Lemma B.1 (/9, Theorem 1]). The matrix defined in (1.2) has eigenvalues
2i )
Bni=1—— 0<ic=<n,
n
with L2(r,)-normalized eigenvectors

i = (") S () (’:::) L 0six=n (B.1)

k=0
Proof of Lemma 2.1. (2) < (3) is obvious from the definition of the L”-mixing time. By the
monotonicity of the L”-distance, the converse statements for (1) and (2) are exactly

(1)) F has an L?-precutoff.
(2) There is C > 0 such that

lim Dn,p(ﬂn, [Ca,]) =0.
n—00
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We prove the equivalence of (1) and (2) by showing (1)’ < (2) instead. First, assume that F has
an LP-precutoff and, according to Remark 2.1, letz, > 0 and 0 < A < B be constants such that

liminf Dy, (s, LAty]) = €0 > 0, lim Dy, p(n, [Bt,]) = 0.

n—oo n—0o0
Let § < min{e, €p} and choose N > 0, C; > 0 such that

Dn,p(“na LAt,]) > 6 > Dn,p(ﬂn» [B1n]), Tn,p(an 8) < Cian, Vn>=N.
The former implies At, < T, ,(itn, 8) < Bt, and, then,
< BTn,p(/an’ 5) < BCI

Bt, < 1 = a.

This yields
lim sup Dn,p(ﬂna |BCia,/A]) < limsup Dn,p(ﬂny |B1,]) =0.
n—>00 n—00

Second, assume (2)" and choose C> > 0 such that 7, ,(i,, €) > Caa, and a, > 2/C>. Then,
forn > 1,

Dn,p(ﬂn» [Caan/2]) > Dn,p(//‘na [Coap — 1)) > Dn,p(//‘na Tn,p(ﬂn» €)—1)>¢e>0.
This proves the L?-precutoff. [J

We consider Proposition 3.2 in a more general setting.

Lemma B.2. Let K be the transition matrix of a periodic birth-and-death chain on {2 =
{0, 1, ..., m} with birth rate p; and death rate q; = 1 — p;. That is,

K@, i+1)=pi, KG,i-1)=qgi=1—-p;, VO<i=<m,

with the convention p,, = qo = 0. Let [ = |m /2| and 1 be a probability on (2. Suppose that, for
anyi > 0,

pd =20) > pl+2i+2) > pul —2i —2), pry2i = qi—2i = Pi+2i+2. (B.2)
and

Dl+2i + qri2i42 = Pi-2i—2 + q—2i = pri2iv2 + qi2i+4. (B.3)
Then, for alli > 0,

pK(I+2+1)> uKd -2 —1) > pK (1 +2i +3).

Proof. By the periodicity of K,
K@) =pn(j —Dpj—1 +u(j+Dgjr1, YVO=<j<m,
where
p(=1) = p(m +1) = p_1 = guy1 = 0. (B.4)

It is easy to check that both (B.2) and (B.3) hold under the extension in (B.4). If i < (I — 1)/2,
then/ +2i +1 <2/ <mand

WK +2 +1)— puK(—2i — 1)
= [l +2) piy2i + ul + 20 +2)qi42i42]
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— [ = 20)qi—2i + pud — 2i —2)p1—2i—2]
> pull = 2i)(pr+ai — qi—2i) + ul + 2i + 2)(qr+2i+2 — pi—2i—2)
> pull +2i +2)(pr2i — qi—2i + qr+2i+2 — pi—2i-2) = 0.
Ifl+2i+3<m,thenl —2i —1>2/+2—m >1and
WK (=2 —1) — uK( +2i +3)
= [ud = 2D)q1—2i + nl —2i —2)pi—2i-2]
— [l +2i +2) pryoio + n(l + 2i + 4)qi42i+4]
> wl +2i +2)(qi-2i — pry2iv2) + u(l —2i —2)(pi—2i—2 — qi42i+4)
> u(l = 2i —2)(qi-2i — pr+2i+2 + Pi—2i—2 — qi+2i+4) = 0.

This finishes the proof. [

Remark B.1. Lemma B.2 also holds for the case that m is even and [ = m/2 — 1. The proof
goes similarly and is omitted.

The following is a simple corollary of Lemma B.2.

Corollary B.3. Let K be the transition matrix on 2 = {0, 1, ..., m} given by
K@, i+1)=p;, KGi—-1)=qi=1—p;, YO<i<m,
where p,, = qo = 0, and let u be a probability on (2. Suppose that
Pi = qm—i pi = pit1, Yi<m/2,

and

Pi +qiv2 < piv1+qiv3, YO<i<|m/2] —2.

() If m =2l and
ud +20)>pud —2i —2) > pud +2i+2), Vi>0,
then, foralli > 0andt € {0, 1,2,...},
wKX P 0 =2i — 1) > puK? 0 +2i + 1) > nk¥ 1 —2i —3)
and
wK? (1 +2i) > uK? (1 —2i —2) > uK* (1 +2i +2).
2) If m =2l and
pd —2i =) >uld—2i+1)>pul—2i—-3), Vi=>O0,
then, foralli > Oandt € {0, 1,2,...},
wK¥ 4+ 2i) > pK? 1 —2i —2) > puK2 TN +2i +2).
and

pK? (1 —2i —1) > uK¥ (1 +2i +1) > pK*( —2i —3).
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B)Ifm=24+1and
pd =2i) = pnd+2i+2) > pl—2i=2), Vi=0,
then, foralli > 0andt € {0,1,2,...},
pKH N+ 2i + 1) = pK ¥ - 2i — 1) = pK* (1 +2i +3)
and
wK¥ (1 —2i) > uK¥ (I +2i +2) > nK> (1 —2i —2).
Proof of Proposition 3.2. For the birth-and-death chain in Proposition 3.2, it is obvious that
pi =1 —i/nand g; =i/n. This implies
Pi =dn-i, Pi > Pit1 Pi+‘1i+2=1+%7 Vi = 0.
Applying Corollary B.3 with K = K,, and y = §[,/27, the Dirac mass on [n/2], yields
K!([n/21,A) > 1/2, Vt>0.

For the general case with i, (A) > 1/2, let (X;){2,, be a Markov chain with transition matrix K,
and let T be the first passage time to state [n/2],i.e., T = min{t > 0 : X; = [n/2]}. By the
irreducibility of K,,, P, (T < 0o) = 1. Using the strong Markov property, we obtain, for # > 0,

t
pnK(A) = ZIPM(X, €A, T=i)+Py,, (X, €A, T>1)
i=0

t
= ZP(Xt—i € AlXo = [n/2DP,, (T =) + P, (T > 1)
i=0

v

1
EIP’M,,(T <t)+P,(T>1t)>1/2. O

LemmaB.4 ([7, Lemma A.1]). For n > 0, let a, € RY, b, € ZT, ¢, = IL\/LT‘“' and

i
d, = e Zfio ‘% Assume that a,, + b, — 0. Then

limsupd, = @ (lim sup c,,> . liminfd, = & (lim infcn> , (B.5)
n—00 n—>00 n—00 n—00
where ®(x) = \/%Tr [ e 1241,

In particular, if c, converges(the limit can be +o0o and —oo0), then lim,_,.d, =
@ (limy, 5 0 Cp)-

Lemma B.5. For n > 1, let &, be a binomial random variable with parameters (n, 1/2). Then,
there is a universal constant C > 0 such that

—2¢,1° 0+1
E(” n >§C49F(%), VO >0 n>1,

NG

where I' is the Gamma function.
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Proof. Set 2, = {0,1,...,n} and m,(x) = (2)2’". According to the definition of &,,
P(&, = x) = m,(x) forx € §2,. For 0 < j < /n, set

Epj={x€Q:|n—2x|/Vne(,j+1, Yn,j =max{x € E, j 1 x <n/2}.
Clearly, [n — (j + D)/n] /2 < yn,j < (n — j«/n) /2 and

o

Using (4.2), we obtain, for y, ; # 0,

n — 2§,

0 Lv7]
) < Y G+ D (En ). (B.6)

j=0

n! n!
Tn(Ey ) =27" - <o —
B XEXE,;,,X’("—)C)’ ( Wyn,,-!m—yn,,-)!
2 Jn 3 "tz 3
< 27" npd— = 88"/,
TP = gy i

where

(n+1)/2 o
z R l _ 1 . ZYn,] 2 ! 1 + (1 — Zyn’]/n) I’l/2 yn,j
n,j n 1 — (1 _ 2yn"]/n) .

Since ¢ — (1 — )1/ is strictly decreasing on (0, 1), it is easy to see that

. 2 . 1_2}’11"/’1
N N
n n

As yy, j < n/2, this implies

2 . 2 . n/2=yn,
sz 20 1 (12 2e) T

In the case y, ; > n/6, one may use the inequality, log(1 +¢) > t/2 for ¢ € [0, 1], to get

1 n 20\ 1.
Zn»ffg""p{ZO‘%) }256’2“

In the case 1 < y, ; < n/6,itis clear that

n/3
iy = 2 <§> S 26 5 2 s
’ n\3 n n

where the last inequality applies the fact j < 1/n. Putting both cases together, we may choose a
universal constant C > 1 such that

el /8
Zn,jZ C ’ VOS_]S\/E, yn,j¢0, l’lZl

Back to the computation of 7, (E,,;), this gives

Ta(En j) <8CR B NO<j<n.  yuj#0, n>L
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In fact, the above inequality also holds for y, ; = 0 (which must imply j = Lﬁj) because, in

such a case, 7, (E,, ;) = 21-n < 9p—(log 2);? < 2e‘j2/8. Back to (B.6), we achieve

6
E(|"=2 ) < s2cpar (—9 1 ) . O
I 2
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