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Scheduling with two competing agents has drawn a lot of attention lately. However, it is assumed that all
the jobs are available in the beginning in most of the research. In this paper, we study a single-machine
problem in which jobs have different release times. The objective is to minimize the total tardiness of jobs
from the first agent given that the maximum tardiness of jobs from the second agent does not exceed an
upper bound. Three genetic algorithms are proposed to obtain the near-optimal solutions. Computational
results show that the branch-and-bound algorithm could solve most of the problems with 16 jobs withina
reasonable amount of time. In addition, it shows that the performance of the combined genetic algorithm
is very good with mean error percentages of less than 0.2% for all the cases.

© 2012 Elsevier B.V. All rights reserved.

1. Introduction

Recently, there is a growing interest in multi-agent schedul-
ing where jobs might come from several customers who have
their own objective functions. For example, Baker and Smith [1]
gave an example of a prototype shop where the manufactur-
ing department might be concerned about finishing jobs before
their due dates, and the research and development department
might be more concerned about quick response time. Kubzin and
Strusevich [2] presented another example in which the mainte-
nance activities compete with real jobs for machine occupancy
in maintenance planning. Meiners and Torng [3] gave a telecom-
munication example where various types of packets and service
compete for the radio resource usage. Soomer and Franx [4] gave
a transportation example where the agents own their transporta-
tion resources, and compete for the usage of the infrastructures.
Leung et al. [5] pointed out that several important classes of
scheduling problems, such as rescheduling problems or schedul-
ing with availability constraints, can be formulated as two-agent
scheduling problems. Baker and Smith [1] and Agnetis et al. [6]
pioneered the scheduling problems with two competing agents.
Since then, two-agent scheduling has drawn researchers’ attention
[7-16].

Recently, Leung et al. [5] generalized the single machine prob-
lems of Agnetis et al. [6] to the case of multiple identical parallel
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machines where job preemption is allowed. They also considered
certain single-machine problems where the jobs may have differ-
ent release dates, and job preemptions may or may not be allowed.
Lee et al. [17] considered a two-agent scheduling problem on a
two-machine permutation flowshop. Their objective is to mini-
mize the total tardiness of jobs from the first agent given that
the number of tardy jobs of the second agent is zero. Liu et al.
[18] brought the aging and learning effects into the two-agent
scheduling. Their objective is to minimize the total completion
time of jobs from the first agent given that the maximum cost of
jobs from the second agent cannot exceed a given upper bound.
Wan et al. [19] considered several two-agent scheduling problems
with controllable job processing times in which two agents have to
share either a single machine or two identical machines in paral-
lel while processing their jobs. Mor and Mosheiov [20] considered
a two-agent scheduling problem on a single-machine problem to
minimize the maximum earliness cost or total (weighted) earli-
ness cost of jobs from one agent, subject to an upper bound on
the maximum earliness cost of jobs from the other agent. They
introduced a polynomial-time solution for the maximum earli-
ness problem and proved NP-hardness for the weighted earliness
case. Lee et al. [21] considered a two-agent problem where the
objective is to minimize the total completion time of jobs from
the first agent given that no tardy job is allowed for the second
agent. Liu et al. [22] developed the optimal solutions for certain
two-agent problems with increasing linear deterioration on a sin-
gle machine. Their goal is to minimize the objective function of the
first agent given that the objective function of the second agent
cannot exceed a given bound. Nong et al. [23] considered a two
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agent problem on a single machine where the objective is to min-
imize the weighted sum of the maximum completion time of jobs
from one agent and the total weighted completion time of jobs
from the other agent. They provided a 2-approximation algorithm
and showed the case is NP-hard when the number of jobs of the
first agent is fixed. Yin et al. [24] studied three single-machine
problems with deteriorating jobs. The objectives are the maximum
earliness cost, total earliness cost, and total weighted earliness
cost, while keeping the maximum earliness cost of jobs from the
other agent below a fixed level. Mor and Mosheiov [25] consid-
ered a single-machine problem with batch scheduling to minimize
the total completion time of jobs from one agent, given that the
maximum completion time of jobs from the other agent does not
exceed an upper bound. Wu et al. [26] studied single-machine
scheduling with learning effects. Their objective is to minimize
the total tardiness of jobs from the first agent, given that no tardy
job is allowed for the second agent. Cheng et al. [27] considered
single-machine scheduling with truncated learning effects. Their
objective is to minimize the total weighted completion time of
jobs from the first agent, given that no tardy job is allowed for
the second agent. Li and Hsu [28] investigated a single-machine
problem with learning effect where the objective is to minimize
the total weighted completion time of both agents with the restric-
tion that the makespan of either agent cannot exceed an upper
bound.

Most of the research in scheduling with two competing agents
assumes that jobs are ready to be processed in the beginning.
However, customer orders might not arrive simultaneously in
many realistic situations. Thus, it is more practical to consider jobs
release times. Leung et al. [5] were the only authors who consid-
ered two-agent scheduling with job release times. In this paper,
we study a two-agent scheduling problem on a single machine
with release time where the objective is to minimize the total
tardiness of jobs from the first agent given that the maximum
tardiness of jobs from the second agent cannot exceed an upper
bound. To the best of our knowledge, this problem has never
been studied. The rest of this paper is organized as follows. In
the next section, the formulation of our problem is described. In
Section 3, a branch-and-bound algorithm with several elimina-
tion rules and a lower bound is developed. In Section 4, three
genetic algorithms are proposed to solve this problem. In Section 5,
computational experiments are conducted to evaluate the perfor-
mance of the genetic algorithms. A conclusion is given in the final
section.

2. Problem description

The problem formulation is described as follows. There are n
jobs, each belongs to either agent AG; or AG,. For each job j, there
is a processing time p;, a due date d;, a release time rj, and an agent
code I;, where [;=1 if je AGy or ;=2 if je AG,. Under a schedule
S, let Gj(S) be the completion time of job j and let T;(S)=max {0,
Cj(S)—d;} be the tardiness of job j. In this paper, we consider a
single machine problem to minimize the total tardiness of jobs
from agent AG; given that the maximum tardiness of jobs from
agent AG, does not exceed an upper bound M. Using the three-field
notation extended by Agnetis et al. [6], this problem is denoted by
1! 2137 T Tmax

3. A branch-and-bound algorithm

When all the jobs are from agent AG; and the release times
are zero, the problem reduces to the classical single-machine total
tardiness time problem which is NP-hard [29]. Therefore, a branch-
and-bound algorithm is proposed to derive the optimal solution.

3.1. Dominance properties

First, we provide a result to speed up the search process. We
then develop several adjacent dominance properties to reduce the
searching scope.

Theorem 1. I[fthereisajobisuch thatr;+p; <r;for all the remaining
jobs j, then job i is scheduled first in the optimal sequence.

Proof. The proof is omitted since it is straightforward.

Suppose that S and S’ are two schedules of jobs with the only
difference between them a pairwise interchange of two adjacent
jobsiandj. Thatis, S=(m,1i,j,7n/)and S’ =(m, j, i, 7’), where 7 and 7’
each denote a partial sequence. In addition, let ¢t be the completion
time of the last job in . The completion times of jobs i and j in S
are

Gi(S) = max{t, r;} + p; (1)
and

G(S) = max{G(S), rj} + p; (2)
Similarly, the completion times of jobsjandiin S’ are

Gi(S') = max(t, rj} + p; (3)
and

Gi(S") = max(G(S'), ri} + p; (4)

Depending on whether jobs are from agents AG; or AG,, we

divide the situation into the following three cases.
Case 1. Both jobsiandj are from agent AG;.

To show that S dominates S, it suffices to show that
Gi(S) - Gi(S') <0, and T;(S)+ T;(S) < T;(S') + Ty(S') in this case.

Property 1.1. Ift>max {r;, r;} and d; <t+p; <d;, then S dominates
S.

Proof. Since t>max{r;, 1j}, we have
G(S)=t+p;
G(S)=t+pi+p;

G(S)=t+p;
and
G(S)=t+pj+p;

Therefore, we have Gi(S) < Gi(S'). Since t+p; > d;, we have

T(S)=t+pi—d; (5)
and
Ti(S')=t+pj+pi—d (6)

Suppose that T;(S) is not zero. Note that this is the more restric-
tive case since it comprises the case that T;(S) is zero. From Egs. (5)
and (6), we have

Ti(S) + T(S) ~ Ty(S) ~ Ty(S) = d; — t — p; > 0
since t+p; <d;. Thus, S dominates S'.

Property 1.2. Ift>max{r;, r;} and d; <t+p;+p; <d;, then S domi-
nates S'.

Property 1.3. Ift>max {r;,1j},t+p; <d; <t+p;+p;,andd;>d;, then
S dominates S'.
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Property 1.4. Ifri<t<rj<t+p;, dj>t+p;+pj, and d;<rj+p;+pj,
then S dominates S'.

Property 1.5. Ifri<t<rj<t+p; t+p;<d;<rj+p;+p;, and d;>d;,
then S dominates S'.

Property 1.6. Ifr; <t<rj<t+p;andd; <t+p; <d;, thenSdominates
S.

Property 1.7. Ift<ri<rj<rj+p;, ri+p;+pj<d;, and rj+p;+p; >d;,
then S dominates S'.

Property 1.8. [ft<ri<rj<ri+p;<d;<rj+pj+p;and r;+d;<rj+d,
then S dominates S'.

Property 1.9. Ift<rj<rj<rj+p;<d; and r; +p; > d;, then S domi-
nates S'.

Property 1.10. [fmax {t, r;} +p; <rj and rj + p; + p; > d;, then S dom-
inates S'.

Case 2. Jobiis from agent AGq, but jobj is from agent AG,.

To show that S dominates ', it suffices to show that T;(S) <M,
Ti(S)<Ty(S") and Gi(S) - G(S") < 0.

Property 2.1. [ft>max{r;, 1} and t+p; +p; —d; <M, then S domi-
nates S'.

Property 2.2. Ifri<t<rj<t+p;andt+p;+p;—d; <M, thenSdom-
inates S'.

Property2.3. Ift<r;<rj<rj+p;andr;+p;+p;—d; <M,thenSdom-
inates S'.

Property 2.4. Ift>r;, t+p;<rj,andr;+p;—d; <M, then S dominates
S.

Property2.5. Ift<r;r;i+p;<rjandrj+p;—d; <M, thenSdominates
S.

Case 3. Both jobsiandj are from agent AG,.

To show that S dominates &, it suffices to show that T;(S) < M,
T;(S)<M and Gi(S) - Gi(5') <0.
Property3.1. Ift>max {r;,rj},t+p; —d; <M, t+p;+p; —d; <M,and
d; <d;, then S dominates S'.

Property 3.2. If ri<t<rj<t+p;, t+pi—d;<M, and

t+p;+pj—dj <M, then S dominates S'.

Property 3.3. If t<ri<rj<ri+p;
ri +p; +pj— dj <M, then S dominates S'.

ritpi—di<M, and

Property 34. Ift>r, t+p;<rj, t+p;—di<M, and rj+p; —d; <M,
then S dominates S'.

Property 3.5. Ift<r,ri+pi<tj,ri+pi—di<M,and rj+p;—d; <M,
then S dominates S'.

To further facilitate the search process, we provide a proposition
to determine the feasibility of a partial schedule. Assume that (7,
7€) is a sequence of jobs where 7 is the scheduled part and 7¢ is
the unscheduled part.

Proposition 1. If there is a job j € 7°NAG; such that t+p;>d; + M,
then (7, 7€) is not a feasible sequence.

3.2. Alower bound

In this subsection we develop a lower bound for the branch-
and-bound algorithm. Let PS be a partial sequence in which s jobs
are scheduled. Suppose that, among the unscheduled set US with
n—s jobs, there are nq jobs from agent AG; and n; jobs from agent
AG,, where n; +ny=n-s. For these unscheduled jobs, we have

P(s+1) < P(s+2) < - - < Py When they are arranged in non-decreasing
order of their processing times and rs.1) <f(ss2) <--- <TI(p) When
they are arranged in the non-decreasing order of their release
times. Note that p(; and r; may not be from the same job. Fur-
thermore, the due dates of the n; (n,) unscheduled jobs from agent

1 1 1 2 2
AG; (AG;) are denoted as d(l) < d(z) <... < d(m) (d(l) < d(z) <...<

d(2n2)) when they are in non-decreasing order of their due dates. The
idea of the proposed lower bound is that we first derive a lower
bound on the completion times of the unscheduled jobs based on
the SPT rule, and then we assign them to agents AG; and AG, with-
out violating the constraint that the maximum tardiness of jobs
from agent AG, does not exceed the upper bound M. In the first

step, the completion time of the (s+1)th job is

C[s+1] = maX{C[s]a Tis+1]} + Pls+1] = C[s] + Ps+1)
By induction, the completion time of the (s +i)th job is
i
C[s+i] = C[s] + ZP(SH) (7)
I=1
On the other hand, this lower bound might not be tight if
the release times are large. Thus, Cjsvq)=max{Cy, Ms+1]} +P[s+1]

2T(s+1) T D(s+1)-
By induction, we have

i—k+1 i—k+1
Cisti) = {2;{1;(1 {r[s+k] + Z P[s+k+1]} = {Tsllé};(l {r(s+k) + Z P(s+1)}

=1 =1
(8)

From Eqgs. (7) and (8), a lower bound on the completion time of
the (s+i)th job is

i i—k+1

Cisti) = max({t + ZP(HI)’ {Eﬁfi{"(sw) + Z Pisnt
1=1 - =1

fori=1, 2, ..., n—s. In the second step, the remaining task is to
assign the estimated completion times to the jobs from agent AG,
or AG,. The principle is to assign the completion times to the jobs
from agent AG, as late as possible without violating the assumption
that the maximum tardiness of the jobs of agent AG, cannot exceed
the upper bound. In addition, let C(11) < C(lz) <...< C(lnl) and C(zl) <
C(ZZ) <o < C(znz) denote the estimated completion times of the jobs
from agents AG; and AG,, respectively, when they are arranged in
non-decreasing order. The assignment procedure is in a backward
manner starting from the job with the remaining largest due date
until all the jobs are assigned. The details are given as follows:
Algorithm of the lower bound:

Step 1: Set ic=n-s, ij=nq, ip=np, and (g, = max{t+

i i—k+1
lz:p(sm, lngle(l;(i{r(ﬁk) + 12: P+t fori=1,2,...,n—s.
-1 =1

Step 2: If Cisyie) < d(ziz) + M, then set C(2i2) = Csyic) and iz =ip — 1.
Otherwise, set C(ll.l) = Csyicy and iy =iy — 1.
Step 3: Setic=ic—1.Ific>1, then go to Step 2.

Therefore, a lower bound on the total tardiness of jobs from
agent AG; for PS is

n
IB= Z T{(PS) + Z max(0, G}, — ;)
=1

jEAG] ]
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3.3. Description of the branch-and-bound algorithms

A depth-first search is used in the branching procedure starting
from the first position. We choose a branch and systematically work
down the tree until we either eliminate it or reach its final node,
in which case this sequence either replace the initial solution or is
eliminated. The outline of the branch-and-bound algorithm is as
follows.

Step 1. {Initialization} Implement the genetic algorithms (dis-
cussed in the next section) to obtain a sequence as the initial
incumbent solution.

Step 2. {Branching} Apply Theorem 1, Properties 1.1 to 3.5, and
Proposition 1 to eliminate the dominated partial sequence.

Step 3. {Bounding} For the non-dominated nodes, compute the
lower bound of the total tardiness of jobs from agent AG; of
the unfathomed partial sequences or that of the completed
sequences. If the lower bound on the objective function for the
partial sequence is greater than the initial solution, eliminate that
node and all the nodes beyond it in the branch. If the objec-
tive function of the completed sequence is less than the initial
solution, replace it as the new solution. Otherwise, eliminate
it.

4. Genetic algorithms

Evolutionary algorithms have become popular in obtaining good
approximate solutions for many NP-hard problems [30-35]. In this
paper, we utilize the genetic algorithm (GA). It is an intelligent ran-
dom search strategy which has been used successfully to find near
optimal solutions to many complex problems [36-38]. The GA usu-
ally starts with a population of feasible solutions and iteratively
replaces the current population by a new population until certain
stopping condition is reached. It requires a suitable encoding for
the problem and a fitness function that represents a measure of
the quality of each encoded solution (chromosome). The reproduc-
tion mechanism selects the parents and recombines them using a
crossover operator to generate offspring which are submitted to a
mutation operator in order to alter them locally to avoid premature
convergence. The components of the GA applied to our problem are
as follows.

4.1. Encoding

In this study, we adopt the random number encoding method
[39]. For a problem of n jobs, we generate a chromosome with n
uniform random real numbers between 0 and 1 to represent the
genes, where each gene corresponds to a job. The order of these
random numbers represents the job sequence. For instance, the
chromosome of a 5-job problem (0.33, 0.78,0.13, 0.94, 0.26) would
stand for the sequence (3, 5, 1, 2, 4).

4.2. Population size

The population size is an important factor in the performance of
GA.For alarge population size, it is easier to obtain a better solution,
but it consumes more time. After a preliminary trial, the population
size N is set at 500 in our computational experiment.

4.3. Fitness function

In order to mimic the natural process of the survival of the fittest,
the fitness function assigns to each member of the population a
value reflecting their relative superiority. In this paper, we adopt
the idea by Homaifar et al. [40] of adding a penalty function to the

‘ Parentl ‘ 0.45 ‘ 0.32 IO.lS ‘ 0.78 ‘ 0.53 ‘ 0.36 ‘

‘Offspring ‘0.45 ‘0.32 ‘0.27 ‘0.49 ‘0.18 ‘0.72 ‘

’0.18 ‘0‘87 IO.Z7 ‘0.49 ‘0.18 ‘0‘72 ‘

‘ Parent2

Fig. 1. One cut-point crossover.

infeasible solution. Thus, the objective function of chromosome k
is

objj, = Z Tj + aomax;c ac, max{T; — M, 0}, where « is set at

JjeAGy

5000 in this study. In addition, we use the reciprocal of the objective
value as the fitness value for each chromosome, and the probability
that a chromosome is selected as the parent is proportional to its
fitness value. That is, the probability of selecting chromosome i is
fi= h,»/zjlilhj, where h;j=1/obj;,i=1,..., N, is the reciprocal of the
objective value of chromosome i in a population of size N. This is to
ensure that the probability of selection for a sequence with lower
value of the objective function is higher.

4.4. Crossover

Crossover is an operation to generate new offspring from two
parents. It is the main operator in GA. In this study, we use the one
cut-point crossover as shown in Fig. 1 and the rate P, was chosen
at 95% after some pretests.

4.5. Mutation

Mutation is another main operator to prevent premature con-
vergence and fall into local optimum. Such an operation can be
viewed as a transition from a current solution to its neighborhood
solution in a local search algorithm. In this study, we use the one-
point mutation as shown in Fig. 2 and the mutation rate Py, is set
at 80% based on our preliminary experiment.

4.6. Selection

It is a procedure to select offspring from parents to the next
generation. In our study, the population size is fixed at 500 from
generation to generation. In our study, we choose the best 50
chromosomes (10%) from the parent population and the best 450
chromosomes (90%) from the offspring to form the next generation.

4.7. Termination

After some pretests, we terminate the proposed GA after 20n
generations, where n is the number of jobs.

4.8. Initial sequences
A good initial sequence might be useful to facilitate the conver-

gence of the process or to obtain a better approximate solution. In
this paper, three methods are implemented. In the first GA (GA1),

| Offspring | 0.45 | 032 ] 0.15 | 0.78 [ 0.53 | 0.36 |

| Offspring | 0.45] 032]038[0.78 [ 0.53 | 0.36 |

Fig. 2. One-point mutation.



3584 W.-C. Lee et al. / Applied Soft Computing 12 (2012) 3580-3589

Set
k=1,8S=¢, C, =0,
U=1{12K,n}, Q={12K n}

h 4

Ck=rj+pj,k =k+1,
§=SU{l, U=Q\S

Find a job j from Vwith
a minimal due date.

Output the job sequence

N,

Find a job j from Uwith
»| @ minimal release time.

#NO

Can jobj be
scheduled in £”
position?

Remove job j from U.

Can job be »
scheduled in &
position?

Yes

No

Find a job j from Wwith
a minimal due date.

Can jobj be
scheduled in £”

Set
Cp =max{C_.r;}+ p;, k=k+1,
S=SU{y}, U=Q\S

A

position?

Fig. 3. Block diagram for HA.

the first generation consists of 500 random sequences. In the sec-
ond GA (GA5), the first generation consists of 499 random sequences
and one designated sequence from the heuristic algorithm (HA) as
described below. In the third GA (GA3), the first generation consists
of 51 random sequences and 441 designated sequences. The des-
ignated sequences sort jobs according to the non-decreasing order

of wirj +wap; + (1

— wq —wy)d;, where wy =0, 1/60,. . ., 20/60 and

w, =0, 1/60,.. ., 20/60. The algorithm is given below and shown in

Fig. 3.

Heuristic algorithm (HA)

Step 1.Setk=1,S=¢,U={1,---,n}, =0, 2={1,---,n}.
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Table 1
The performance of the branch-and-bound algorithm with n=12, P=50%, A =1, and
M=30n.

T R Number of nodes CPU time
Mean Max Mean Max
0.25 0.25 52.32 474 0.001 0.016
0.50 71.59 1314 0.001 0.016
0.75 46.37 328 0.001 0.016
0.50 0.25 117.22 1889 0.001 0.016
0.50 121.95 776 0.001 0.016
0.75 156.68 1870 0.002 0.016
0.75 0.25 107.12 583 0.001 0.016
0.50 27.37 698 0.001 0.016

Step 2. Find a job j from U with a minimal release time.

Step 3.If job j can be scheduled in the kth position without causing
the violation of the constraint, put job j in the kth position, set
Cr=1i+pj, k=k+1,5=SU{j}, U=§2\S. Otherwise, delete {j} from
U and go to Step 2.

Step 4. If k>n, go to Step 8. Otherwise, form the set
V={r;<CcandjeAG;}, and if Vis empty, go to Step 6.

Step 5. Find a job j from V with a minimal due date. If job j can be
scheduled in the kth position without causing the violation of the
constraint, set job j in the kth position, set G =max {Cy_1, 1j} +Dpj,
k=k+1,S=SU{j},U=£2\S5, and go to Step 4.

Step 6. Form the set W={r; <C,andjeAG,}. If W is empty, go to
Step 2.

Step 7. Find a job j from W with a minimal due date. If job j can
be scheduled in the kth position without causing the violation of
the constraint, set job j in the kth position, Cx =max {Cy_1, 1} +pj,
k=k+1,S=SuU{j},U=£2\S5, and go to Step 4. Otherwise, go to Step
2.

Step 8. Output the job sequence.

4.9. Computational experiments

A computational experiment is conducted in this section to eval-
uate the performance of the branch-and-bound and the GAs. All the
algorithms are coded in Fortran 90 and run on a personal computer
with AMD Athlon(tm) 64 Processor 3500+, 2.21 GHz and 1 GB RAM
under Windows XP. The processing times are generated from a uni-
form distribution over the integers 1-100. The job release times are
generated from uniform distributions between 0 and 50.5nA where
n is the number of jobs and A is a control variable, as suggested in
[41]. The due date of jobj is generated from a uniform distribution
over the integers between r;+T(1 -7 —R/2) and rj +T(1 — T +R/2),
where 1; is the due date of job j, T is the total job processing times,
T is the tardiness factor, and R is the due date range. To ensure the
feasibility of the instance, jobs from agent AG, are placed based on
the EDD rule, and it is regenerated if the maximum tardiness of jobs
from agent AG, exceeds the upper bound M.

The computational experiments are divided into four parts. The
first part is to test the impact of the due date factors 7 and R to the
performance of the branch-and-bound algorithm. The number of
jobsis 12, and P, the proportion of jobs from agent AGy, is 50%. The
release time factor A is 1 and the upper bound of maximum tardi-
ness is 30n, where n is the number of jobs. Eight combinations of
(7, R) values are used, i.e. (0.25, 0.25), (0.25, 0.50), (0.25, 0.75), (0.5,
0.25),(0.5,0.50), (0.5, 0.75), (0.75, 0.25), and (0.75, 0.50). The mean
and maximum numbers of nodes and the mean and maximum CPU
times (in seconds) are reported for the branch-and-bound algo-
rithm. 100 instances are randomly generated for each case and
the results are presented in Table 1 and Fig. 4. It is seen that the
tardiness factor 7 is more significant than the range factor R to
the performance of the branch-and-bound algorithm. Problems are

180

120 -
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Mean number of nodes
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Fig.4. The mean numbers of nodes of the branch-and-bound algorithm withn=12,
P=50%, A=1,and M=30n.

more difficult to solve when 7 =0.5. Moreover, the case (7, R)= (0.5,
0.75) has the most mean number of nodes among the 8 cases.

The second part of the experiment is to test the impacts of the job
release time (1), the proportion of jobs from agent AG; (P), and the
upper bound of the maximum tardiness (M) to the performance of
the branch-and-bound algorithm. The number of jobs is 12, and the
value of (7, R) is (0.5, 0.5). Three values of A (0.2, 1.0, 3.0), of P (0.25,
0.50, 0.75) and of M (10n, 30n, 50n, where n is the number of jobs)
are tested. As a result, 27 cases are considered and 100 instances
are randomly generated for each case. The results are presented
in Table 2 and Figs. 5-7. It is seen that the job release time (A) is
the most significant factor among these three factors. In addition,
problems are more difficult to solve when the value of X is smaller.
The proportion of jobs from agent AG; (P) is the second most sig-
nificant factor, and problems tend to be harder when the value of
P is smaller. On the other hand, the upper bound of the maximum
tardiness (M) seems to have little influence on the performance of
the branch-and-bound algorithm.

The third part of the experiment is to study the performance
of the branch-and-bound algorithm and the accuracy of the three
proposed genetic algorithms when the number of jobs is 16. We fix
t=0.5 and A =0.2 since problems are the most difficult to solve as
shown in the results of the first and the second parts of the exper-
iments. In addition, three different values of R (0.25, 0.5, 0.75), of P
(0.25,0.5,0.75), and of M (10n, 30n, 50n) are chosen. The mean and
the maximum numbers of nodes and the mean and the maximum
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Fig. 5. The mean numbers of nodes of the branch-and-bound algorithm with n=12,
A=1,7=0.5,and R=0.5.
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Table 2
The performance of the branch-and-bound algorithm withn=12, r=0.5, and R=0.5.
A P M Number of nodes CPU time
Mean Max Mean Max
0.20 0.25 10n 7181.83 60,051 0.060 0.469
30n 19,012.42 166,562 0.155 1.172
50n 14,122.12 159,389 0.118 1.000
0.50 10n 3253.14 21,118 0.025 0.156
30n 1210.51 27,201 0.010 0.172
50n 971.36 9635 0.008 0.063
0.75 10n 932.56 9003 0.008 0.063
30n 852.61 7611 0.005 0.063
50n 889.96 12,724 0.005 0.078
1.00 0.25 10n 339.41 4462 0.002 0.031
30n 154.73 2084 0.001 0.016
50n 230.49 3733 0.001 0.016
0.50 10n 114.85 1012 0.001 0.016
30n 121.95 776 0.001 0.016
50n 152.39 1790 0.001 0.016
0.75 10n 79.14 531 0.001 0.016
30n 89.12 736 0.001 0.016
50n 74.93 350 0.001 0.016
3.00 0.25 10n 15.71 51 0.000 0.000
30n 17.01 181 0.000 0.016
50n 14.33 28 0.001 0.016
0.50 10n 15.19 43 0.000 0.016
30n 14.42 45 0.001 0.016
50n 14.43 46 0.000 0.016
0.75 10n 14.67 37 0.001 0.016
30n 15.26 54 0.000 0.016
50n 13.94 41 0.000 0.016

CPU times (in seconds) are reported for the branch-and-bound
algorithm, while only the mean and the maximum error percent-
ages of the GAs are given. For instance, the error percentage of the
solution produced by GA; is calculated as

(vV-v

o x 100%

where Vis the objective function of the sequence generated by GA;
and V' is the objective function of the optimal sequence from the
branch-and-bound algorithm. For each case, 100 random instances
are generated and the results are given in Table 3. Note that the
branch-and-bound algorithm is terminated if the number of nodes
explored is over 108, which was approximately 0.5h in terms of
the execution time. The instance with number of nodes over 108 is
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Fig. 6. The mean numbers of nodes of the branch-and-bound algorithm with n=12,
P=50%, 7=0.5, and R=0.5.

denoted as an asteriskin Table 3. Itis observed that the branch-and-
bound algorithm can solve most of the problems with 16 jobs in a
reasonable amount of time. Among the 2700 problems, there are
only 4 unsolvable problems. A closer look reveals that, among the
three factors considered, the proportion of jobs from agent AG; (P)
is the most significant one, and problems tend to be harder when
P is smaller. The due date range (R) is the second significant, and
problems are more difficult when R is smaller. As to the perfor-
mance of GAs, it is noticed that the performance of all the three GAs
is quite good. In addition, it is seen that GA with more designated
initial sequences tends to have better overall solutions. However,
there is an instance in which GA; yields an objective value of 3 but
the total tardiness is O for the optimal sequence. Thus, we would

20000+
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Fig. 7. The mean numbers of nodes of the branch-and-bound algorithm with n=12,
M=30n, 7=0.5,and R=0.5.



Table 3

The performance of the proposed algorithms with n=16,1=0.2, and 7=0.5.

R P M Branch-and-bound algorithm Error percentages
Number of nodes CPU time GA; GA, GAs GA
Mean Max Mean Max Mean Max Mean Max Mean Max Mean Max
0.25 0.25 10n 7,733,551.02 88,667,901** 104.54 1256.59 0.10 441 0.06 2.54 0.06 2.54 0.06 2.54
30n 7,419,256.32 86,013,946 103.43 1255.38 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
50n 7,355,622.14 83,886,484 109.69 1246.44 0.05 5.30 0.00 0.00 0.00 0.00 0.00 0.00
0.50 10n 689,226.16 9,501,342 7.79 113.78 0.38 20.18 0.29 16.94 0.15 7.44 0.01 1.18
30n 0.00 0 0.00 0.02 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
50n 10,060.48 594,503 0.15 8.70 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.75 10n 137,298.25 1,636,596 1.63 18.66 0.84 83.66 0.84 83.66 0.13 12.99 0.00 0.00
30n 0.00 0 0.00 0.02 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
50n 0.00 0 0.00 0.02 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.50 0.25 10n 2,760,314.24 37,327,750 35.86 449.00 0.27 15.29 0.08 5.61 0.19 7.44 0.00 0.00
30n 1,492,637.44 33,707,790 19.67 361.89 0.02 1.56 0.02 1.56 0.02 1.56 0.02 1.56
50n 737,745.28 11,652,452 10.35 153.08 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.50 10n 281,446.60 4,129,379 3.44 51.52 0.53 36.40 0.55 36.40 0.21 16.07 0.16 16.07
30n 3015.02 301,502 0.04 3.94 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
50n 3230.40 197,842 0.04 2.20 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.75 10n 37,923.48 513,825 0.46 6.39 0.00 0.00 0.00 0.00 0.08 8.08 0.00 0.00
30n 0.00 0 0.00 0.02 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
50n 0.00 0 0.00 0.02 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.75 0.25 10n 906,273.05 32,881,824* 11.56 388.05 0.22 13.88 10.23 1000.00 0.18 8.47 0.05 4.55
30n 233,616.08 7,809,830 2.90 104.58 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
50n 187,185.72 11,482,136 2.34 137.83 0.00 0.00 0.00 0.00 0.50 50.00 0.00 0.00
0.50 10n 52,821.20 696,483 0.68 9.20 0.37 35.22 2.61 200.00 0.01 0.68 0.01 0.68
30n 1254.95 94,666 0.02 1.20 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
50n 43.32 3826 0.00 0.06 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.75 10n 11,824.61 282,636 0.15 3.31 0.61 56.25 0.05 5.19 0.14 8.33 0.05 5.19
30n 70.48 5561 0.00 0.09 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
50n 0.00 0 0.00 0.02 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

An asterisk means an instance with number of nodes over 100,000,000.
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Table 4
The performance of the genetic algorithms with n=50, A=0.2, and t=0.5.
R P M GAq GA» GAs3
RDP CPU time RDP CPU time RDP CPU time
Mean Max Mean Max Mean Max Mean Max Mean Max Mean Max
0.25 0.25 10n 1.05 10.60 11.53 11.92 1.55 14.73 11.65 12.00 0.67 10.44 11.52 11.91
30n 0.07 5.87 5.53 12.06 0.00 0.00 5.42 12.11 0.15 8.74 5.56 12.25
50n 0.22 11.74 6.79 11.98 0.13 11.74 6.66 12.17 0.09 5.18 6.81 12.13
0.50 10n 2.66 38.94 11.39 11.80 2.73 51.34 11.50 12.02 1.65 51.34 11.33 11.81
30n 0.00 0.00 0.16 0.25 0.00 0.00 0.00 0.02 0.00 0.00 0.15 0.25
50n 0.00 0.00 0.15 0.23 0.00 0.00 0.00 0.00 0.00 0.00 0.15 0.27
0.75 10n 1.99 56.07 10.88 11.83 1.57 57.10 10.90 11.81 1.21 28.87 10.72 11.69
30n 0.00 0.00 0.05 0.11 0.00 0.00 0.00 0.00 0.00 0.00 0.07 0.16
50n 0.00 0.00 0.04 0.08 0.00 0.00 0.00 0.00 0.00 0.00 0.06 0.1
0.50 0.25 10n 335 79.15 10.95 12.06 3.48 110.54 11.05 1222 0.50 12.44 10.89 12.06
30n 0.00 0.00 0.88 12.05 0.00 0.00 0.63 12.06 0.00 0.00 0.76 12.05
50n 0.00 0.00 1.18 11.98 0.00 0.00 0.85 11.98 0.00 0.00 1.08 11.84
0.50 10n 217 108.71 6.29 11.69 2.46 96.83 6.27 11.89 0.90 46.24 6.00 11.61
30n 0.00 0.00 0.18 0.34 0.00 0.00 0.00 0.03 0.00 0.00 0.12 0.27
50n 0.00 0.00 0.15 0.25 0.00 0.00 0.00 0.02 0.00 0.00 0.11 0.22
0.75 10n 0.52 27.97 2.58 11.53 0.00 0.00 2.29 11.61 1.01 54.09 2.12 1141
30n 0.00 0.00 0.06 0.16 0.00 0.00 0.00 0.00 0.00 0.00 0.06 0.13
50n 0.00 0.00 0.05 0.09 0.00 0.00 0.00 0.02 0.00 0.00 0.06 0.1
0.75 0.25 10n 1.61 127.27 453 12.16 0.78 47.91 453 12.53 0.26 22.71 424 12.16
30n 0.00 0.00 0.53 12.00 0.00 0.00 034 11.91 0.00 0.00 0.27 11.89
50n 0.04 4.00 0.49 12.13 0.00 0.00 0.14 12.00 0.04 4.00 0.26 12.05
0.50 10n 0.08 7.52 1.31 11.44 0.03 2.62 1.21 11.63 0.00 0.00 0.80 11.41
30n 0.00 0.00 023 0.48 0.00 0.00 0.01 027 0.00 0.00 0.07 0.22
50n 0.00 0.00 0.16 0.31 0.00 0.00 0.00 0.03 0.00 0.00 0.06 0.14
0.75 10n 0.00 0.00 0.49 1.38 0.00 0.00 0.26 4.13 0.00 0.00 0.06 0.36
30n 0.00 0.00 0.09 0.25 0.00 0.00 0.01 0.11 0.00 0.00 0.04 0.08
50n 0.00 0.00 0.06 0.1 0.00 0.00 0.00 0.02 0.00 0.00 0.04 0.06
recommend to use the best sequence from three GAs, The last part of the computational experiments is to test the
GA*=min {GA1, GA,, GAs}, as the approximate solution, since they performance of GAs when the number of jobs is large. The num-
are all finished within a second and its mean error percentages are ber of jobs is set at 50 and 100. A set of 100 instances is tested,
less than 0.2% for all the tested cases. and the results are presented in Tables 4 and 5. The mean and the
Table 5
The performance of the genetic algorithms with n=100, A=0.2, and 7=0.5.
R P M GAq GA; GAs
RDP CPU time RDP CPU time RDP CPU time
Mean Max Mean Max Mean Max Mean Max Mean Max Mean Max
0.25 0.25 10n 2.72 14.55 73.68 76.53 4.13 44.99 73.76 75.97 1.24 9.41 73.69 76.33
30n 0.19 15.79 24.28 75.70 0.25 1231 22.96 75.31 022 15.79 23.69 75.92
50n 3.89 216.67 20.89 76.47 0.00 0.00 18.08 74.33 0.00 0.00 20.46 75.95
0.50 10n 3.44 40.27 72.93 75.45 2.80 40.27 72.50 75.55 1.77 31.56 72.11 75.17
30n 0.00 0.00 1.26 1.73 0.00 0.00 0.00 0.05 0.00 0.00 1.18 1.84
50n 0.00 0.00 1.13 1.55 0.00 0.00 0.00 0.02 0.00 0.00 1.05 1.59
0.75 10n 2.59 36.81 70.56 75.08 1.61 48.99 69.80 74.70 1.95 36.81 69.63 74.55
30n 0.00 0.00 0.56 1.23 0.00 0.00 0.00 0.02 0.00 0.00 0.53 0.95
50n 0.00 0.00 0.45 0.69 0.00 0.00 0.00 0.02 0.00 0.00 0.48 0.77
0.50 0.25 10n 13.64 813.85 71.68 76.97 13.00 726.15 71.54 76.33 5.14 97.06 71.29 76.48
30n 0.00 0.00 3.08 4.66 0.00 0.00 1.59 439 0.00 0.00 1.88 3.48
50n 0.00 0.00 2.76 5.02 0.00 0.00 0.08 0.23 0.00 0.00 1.75 3.44
0.50 10n 2.52 90.38 26.04 74.42 3.72 90.38 23.81 73.97 7.68 432.82 22.28 73.95
30n 0.00 0.00 1.53 222 0.00 0.00 0.00 0.00 0.00 0.00 0.87 1.52
50n 0.00 0.00 1.19 1.63 0.00 0.00 0.00 0.02 0.00 0.00 0.74 1.19
0.75 10n 0.02 1.54 5.26 70.39 0.00 0.00 2.51 69.06 0.00 0.00 1.34 70.03
30n 0.00 0.00 0.80 1.50 0.00 0.00 0.00 0.00 0.00 0.00 0.39 0.92
50n 0.00 0.00 0.48 0.78 0.00 0.00 0.00 0.02 0.00 0.00 0.36 0.77
0.75 0.25 10n 2.13 124.38 21.55 77.30 1.90 107.72 21.00 75.75 0.19 7.38 17.48 76.13
30n 0.00 0.00 3.07 5.25 0.00 0.00 2.31 5.98 0.00 0.00 0.82 2.00
50n 0.00 0.00 2.68 7.19 0.00 0.00 0.06 0.23 0.00 0.00 0.74 3.72
0.50 10n 0.00 0.00 4.77 17.44 0.00 0.00 2.45 7.20 0.00 0.00 0.58 2.78
30n 0.00 0.00 1.95 2.89 0.00 0.00 0.05 2.86 0.00 0.00 0.43 1.48
50n 0.00 0.00 1.28 2.02 0.00 0.00 0.01 0.05 0.00 0.00 0.36 0.78
0.75 10n 0.00 0.00 3.41 5.69 0.00 0.00 0.98 4.66 0.00 0.00 0.22 0.97
30n 0.00 0.00 1.13 2.06 0.00 0.00 0.51 27.25 0.00 0.00 0.18 0.50

50n 0.00 0.00 0.60 1.25 0.00 0.00 0.01 0.08 0.00 0.00 0.18 0.39
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maximum relative deviation percentages, and the mean and the
maximum CPU time (in second) are recorded. The relative devia-
tion percentage (RDP) of the solution produced by GA; is calculated
as

(Vi —min{Vy, V, V3})

min{Vy, V3, V3} < 100%

fori=1, 2, 3 where V; is the objective value of the sequence from
GA;. Itis observed that the execution times of the GAs are about the
same. It is seen that GA3 has the best overall performance and the
trend becomes more significant when the number of jobs increases.
The execution times of the GAs are about the same. It takes about
12 s for an instance of 50 jobs and 75 s for an instance of 100 jobs.

5. Conclusion

In this paper, we studied a two-agent scheduling problem on
a single machine with release time. The objective is to minimize
the total tardiness of jobs from the first agent given that the max-
imum tardiness of jobs from the second agent cannot exceed a
given upper bound. Computational results show that the branch-
and-bound algorithm could solve most of the problems with 16
jobs within a reasonable amount of time. In addition, it shows that
the performance of the combined genetic algorithm is very good
with mean error percentages of less than 0.2% for all the cases.
Considering objective functions, other than the two examined in
this paper or extending the single-machine case to other machine
environments would be an interesting topic for future research.
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