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Confinement Factors and Modal Volumes of Micro-
and Nanocavities Invariant to Integration Regions

Shu-Wei Chang, Member, IEEE

Abstract—We present a convenient and self-consistent approach
to calculate confinement factors and modal volumes of micro- and
nanocavities, which are important for ultrasmall lasers and cav-
ity quantum electrodynamics. This scheme does not rely on the
numerical integrations related to optical fields and can avoid the
indefinite dependence of physical quantities on integration regions.
As aresult of this built-in invariance to integration regions, the field
representation of the confinement factor, in additional to its con-
ventional expression, contains counter terms of volume and surface
integrals, which cancel the effect of arbitrary integration volumes.
This procedure is useful for small open cavities or those without
sharp boundaries that distinguish cavity regions from free spaces.
The uncertainty from different choices of integration regions can
be thus eliminated.

Index Terms—Confinement factor, microcavity, microlaser,
modal volume, nanocavity, nanolaser.

1. INTRODUCTION

HE confinement factor of a laser cavity is one of the impor-
T tant parameters which characterize the lasing performance.
This quantity indicates how well the lasing mode profile over-
laps with the active region where the gain medium is present.
In a waveguide, the confinement factor is expressed as the ratio
between two cross-sectional integrals of fields: one in the ac-
tive area, and the other throughout the whole waveguide cross
section [1]-[6]. If the lasing mode is a guided mode, the confine-
ment factor calculated in this way is usually well defined. For
3-D cavities, the generic expression of confinement factors I is
often written in an analogous form to the waveguide counterpart
as [2], [7]-{9]

Jo, drl---[E(r)P]
Jo drl-+ - [E(x)]* + - [H(r)?]

where 0, and ) are the active region and an integration re-
gion (often set to the whole computation domain), respectively;
E(r) and H(r) are the electric and magnetic field profiles, re-
spectively; and “- - -” represents some physical quantity such as
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the permittivity or permeability, depending on details of for-
mulations. The expression in (1) has been utilized in numerical
calculations for different cavity structures [7], [9]-[12] and often
leads to reasonable values.

The appearance of confinement factors in (1) is, nevertheless,
loosely defined. Suppose that far away from the cavity region
is the lossless free space. If we adopt an integration region
extending to the far-field zone so that the laser at the steady
state can be approximated as a localized source, the far-field
approximation indicates that magnitudes of optical fields exhibit
an asymptotic behavior of the inverse distance r from the cavity
region [13]:

lim |E(r)| =

r—00

r—00

fh(gv d)) (2)
r

where 6 and ¢ are the polar and azimuthal angles of the co-
ordinate; and f, (0, ¢) and f, (0, ¢) are the far-field patterns of
E(r) and H(r), depending on the multipole expansion of the
equivalent source to the lasing near field. If we choose the inte-
gration region (2 as a ball with a radius R}, much larger than the
lasing wavelength and keep in mind that the differential volume
dr=7r2sin 0drdfde has the r2 dependence, the denominator of
I in (1) becomes

[ arl B +
/ dr|- / Ijhdr/o Qﬂdqb Oﬂdesme
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where R, is a phenomenological cutoff radius above which the
far-field approximation is applicable; and V' is the volume of (2.
In (3), we drop the radial integral below R. since it does not
scale with Ry,. For a given active region (,, the integral of the
numerator in (1) is a fixed number. Therefore, the confinement
factor I scales as V' ~1/3 and ultimately vanishes as V — oc. As a
result, the expression in (1) is improperly defined. Specific con-
straints which bypass this flaw such as carrying out the integral
in (3) in the minimal ball outside which the field is solely com-
posed of outgoing waves [14] were attempted. Common numer-
ical schemes such as the finite-difference-time-domain (FDTD)
method [7], [9], [10], [12] and complex-frequency (complex-w)
method [7], [15] bare similar problems. In particular, field in-
tegrations in the complex-w method are more involved due to
divergent far fields [16], [17].

The nonphysical scaling of the confinement factor with the
size of integration region originates from the far-field contri-
bution irrelevant to the lasing action. From this viewpoint, one
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would attempt to adopt an integration region that does not extend
too much outside the cavity region to exclude the unnecessary
contribution from the far field. However, it is not straightfor-
ward to construct such an integration region so that only the
field relevant to the lasing action is included in the confinement
factor. This is especially true for small cavities with low radia-
tive quality () factors since the lasing mode may easily leak into
the free space. Alternatively, an expression of the confinement
factor invariant to integration regions would be more useful.

In this paper, we present a convenient and self-consistent
approach to calculate the confinement factor. In addition, we
also calculate two types of modal volumes. One is used in the
laser rate equations [8], and the other is often adopted in the
cavity quantum electrodynamics (cavity QED) [15] and Purcell
effect [18]. This method is based on a frequency-domain for-
mulation for reciprocal cavities [17], which has been applied
to experimental data of real devices with satisfactory agree-
ments [19]. An analogous procedure was described in [20] from
the viewpoint of permittivity-induced variations of cavity res-
onances and examined with the complex-w method. For the
approach presented here, we derive a representation of the con-
finement factor in terms of various field integrals and show that
in addition to the conventional expression in (1), extra counter
terms of volume and surface integrals are present so that the
physical confinement factor does not depend on integration re-
gions. This situation is analogous to cancellations of infinities
for key parameters in the quantum field theory: even though
renormalized quantities do depend on the energy scale of de-
tections, their seeming divergences due to path integrals are
eliminated by the counter terms in the Lagrangian [21]. As
an example, we calculate the confinement factors and modal
volumes of whispering gallery modes (WGMs) in a dielectric
sphere and show how the indefiniteness of the expression in (1)
shows up as the integration region becomes larger.

The main factor leading to a physical confinement factor in
this approach lies in that the photon lifetime, which is propor-
tional to the () factor, and threshold gain are simultaneously
obtained in a physical manner [17]. Other schemes such as the
FDTD and complex-w methods can provide the photon lifetime
or () factor but could not access the threshold gain directly.
In those methods, the threshold gain is obtained either from
the region-dependent integration of the confinement factor (the
original problem) or insertions of different gain coefficients into
the active region in search of a value at which the photon life-
time or (Q factor of the warm cavity approaches infinity [7], [9].
Thus, the procedure presented here is a convenient and physical
modeling tool for small lasers, particularly those with low ra-
diative () factors or without clear borders between cavities and
free spaces.

II. CONFINEMENT FACTOR AS THE BALANCE
MEASURE BETWEEN GAIN AND LOSS

We consider the energy confinement factor I'y; of mode
[, which is closely related to the electromagnetic energy in
the dispersive but nonmagnetic material [8], [22]. Without the
spontaneous-emission term in the rate equation of the photon
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density, the threshold condition of mode [ is

1 w

L Ik, 1vg,a (W1)gin.1 4)
Tp,l l

where 7, ; is the photon lifetime; w; is the resonance frequency
of mode [; Q; is the quality factor; v, ,(w;) is the material group
velocity of the gain medium; and g, ; is the threshold material
gain. The material group velocity is inversely proportional to
the material group index ng ,(w;) in the active region, which
is related to the frequency derivative of the refractive index

Na(w) = \/€ar (w) at wy [8]:
Vg,a(wi) = ﬁ(wl) (5a)
~ Olwna(w)] _ lega(wi) + ear (wi)]
nga(wr) =  ow - 21, (wy) (5b)

w=w
where €, ,(w) = O[we, r (w)]/Ow is called the group permittiv-
ity of the active region. In (4), it is usually the threshold gain
gtn,; that is calculated from the quality factor (); and energy
confinement factor I'g ;. While (); can be obtained from vari-
ous numerical schemes, I'g ; is often estimated in an indefinite
manner from field integrations and leads to the uncertainty in
gtn,- Alternatively, we calculate I'g ; from well-defined @); and
gen,1- The result can reveal what is missing in the conventional
confinement factor calculated from field integrations, and the
information might be useful for other computation schemes.
We utilize the formulation developed in [17] and outline the
necessary information to obtain the confinement factor. The
electric-field profile f;(r,w) of mode [ at a real frequency w is
the solution of the following generalized eigenvalue problem:

2_

Y e (rw)fi(r,w)

V X V x f(r,w) — (E)

2
= iwptgje (r,w) = (%g) Aer (W)U ) (r,w)  (6a)

where €, (r,w) is the relative permittivity tensor; Ae, ;(w) is
the relative permittivity variation which makes mode [ self-
oscillating at frequency w; U(r) is the indicator function
which equals unity in the active region but vanishes elsewhere;
Js.u(r, w)=—iweg A, | (w)U (r)f; (r, w) is the equivalent source
current density; €y and pp are vacuum permittivity and perme-
ability, respectively; and c is the speed of light in vacuum. For
convenience, we define €, g (r,w) = Rele, (r,w)], &.1(r,w) =
Im[e, (r,w)], A€ r(w) =Re[Ae (w)], and Ae 1(w) =
Im[A¢, ;(w)]. Once fj(r,w) is obtained, the corresponding
magnetic-field profile is calculated from Faraday’s law:

gl (1‘7(4)) == !
iwflo
The permittivity variation A, ;(w) contains the spectral in-
formation of mode /. The resonance frequency wj is the one at
which the magnitude |wAe, ;(w)| is the minimum. The qual-
ity factor (); is obtained from the white-source condition of
Js.i(r,w) [17] and can be expressed as

B i OlwAe 1 (w)]
B 2A6r,1(w1) ow

V x £ (r,w). (6b)
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For a homogeneous and isotopic active region with the rel-
ative permittivity €,(w) (€4 r(w) = Refe,(w)] and €, 1(w) =
Iml[e, (w)]), the threshold gain g),; is obtained from the per-
mittivity variation Ae, ;(w;) at resonance with the cold-cavity
condition [but the contribution from interstate transitions is ex-
cluded from e, (w)]:

Gth,g = —2 (%) Im [\/€a(wz) + A€ (wr) — VVea(wr)

- (ﬂ) A€ 1(wr) )

c €ar (W)

where we have assumed that a proper amount of Ae, ;(w;) is
added into the active region, and |Ae, ;g (w;)|, |Ae 1 1(wi)],
and |e, 1(w;)| are much smaller than €, g (w;). Note that the
magnitude |Ae¢, ;1(w;)| reflects how well the mode overlaps
with the active region and how lossy the cavity is. The smaller
magnitude indicates that the gain-field overlap is better, or the
cavity becomes less lossy.

After substituting (5a), (5b), and (8) into (4), the inverse of
the energy confinement factor is expressed as

1 o 2Q1A€r,l,l(wl)
g, Eg,a(wl) + Ea.,R("‘)l)

9)

We note that Ae, ; 1(w;) is always negative so I'p ; is a positive
quantity. The relative permittivity €, ,(w;) and group permit-
tivity €, g (w;) in (9) are known in advance. Both the quality
factor @; [see (7)] and imaginary part Ae, ;1(w;) can be ob-
tained with the knowledge of the eigenvalue Ae, ;(w), and the
direct substitution of them into (9) leads to a well-defined en-
ergy confinement factor, which must be manifestly invariant to
the integration region if this quantity should be numerically cal-
culated with any field integrations. At this stage, it is unclear
how the indefiniteness of the confinement factor from arbitrary
integration regions could come into play. To clarify this point,
we need a field representation for the energy confinement factor
in (9).

III. FIELD REPRESENTATION OF CONFINEMENT FACTOR

The computation domain of a generic laser cavity is shown
in Fig. 1. The integration region {2 contains the active region
Q.. The surfaces of 2 and (2, are denoted as S and S,, respec-
tively. For simplicity, we consider an active region filled with
the homogeneous and isotropic gain medium. Other parts of the
cavity could be anisotropic.

We first write the quality factor (); in terms of various field
integrals. From (7), @Q; is related to the frequency derivative
of wAe, ;(w) at wy, and therefore the frequency derivatives of
fields are required. We define two analogous fields p;(r) and
qi(r) from f;(r,w) and g; (r,w) as follows:

of; (r,
pi(r) = wl% - (10a)
_ 1 _ Olwgi(r,w)]
q(r) = iwuov x pi(r) = 0w o (10b)
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Computation domain

Fig. 1. Computation domain of a cavity structure. The integration region {2
contains the active region (2,,. The surfaces of (2 and (2, are denoted as .S and
S., respectively.

We then take the frequency derivative w[0/dw] at two sides of
(6a), set w = wy, and utilize the expression of Q; in (7). In this
way, the wave equation for p;(r) is written as

Vx Vx pilr) — (%)2 [E(r.) +Ae i (w)U () 1] ()

— (%) o o + )

+ (1= 2iQ)) Aer s (w))U(x) F} fi(r,w) (1)

where zg)(r, w) = dlw € (r,w)]/Ow is called the complex
group permittivity tensor. Next, we dot-product both sides of
(11) with the field f(r,w;) and integrate over the integration
region ). With a similar procedure to the integration by parts
and applications of divergence theorem, we obtain the following

integral identity:

o da e (1) £ (1) = pu(e) x g (v,

+/ dr{V x V x fi(r,w;)
Q

— Fr(r,wz)+Aerﬁl(w1)U(r) I} fz(r,wl)}*'l)l(r)

(w2 * p
— 92 <?> g drf) (r,w;) - € 1(r,w;)pi(r)

Y (%)2 Aer11(w) / drf (r,w) - pi(r)

a

—(2) [ artitran - 57w + e e

c

2
+ (1 - 2iQ)) (%) Aer,l(wl)/Q drlfi (r, w2 (12)

a

where we have utilized the fact that €,(r,w) on the third line
is a symmetric tensor in reciprocal environments. The volume
integral on the second and third lines of (12) is zero due to the
wave equation of f;(r,w;) in (6a). Taking the real parts at both
sides of (12), we then express (); in terms of various integrals
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of fields as
[, drf (r,w;) - {Eg(r,wl) + Er,R(r,wl)] fi(r,w;)
QAGI-J,](MZ) an dI'|fl(I‘, w1)|2

Q=

AE1‘,l.,R/ (Wl) fQ drIm |:f[* (I’, wl) : zl‘,l(ra wl)pl(r)i|
20611 (wr) Aer g 1(wr) fQ dr|f(r,w;)|?
Jo, drIm [ (r,w;) - py(r)]
Jo, drlfi(r,w)?
1

_ wie fs da - Im[q; (r) x " (r,w;) — pi(r) x g (v, wi)]
2A6r7171(wl) fQu dI’|fl(I‘,wl)‘2

13)

where €, (r,w) = Re[zs) (r,w)] (€ (r,w) will be referred as the
group permittivity tensor). After the substitution of (13) into (9),
the field representation of I'g ; is obtained as follows:

1 Jodrfi(rw) - Fg(rvwz) +Z,R(r,w,)] fi(r,w)
I Jo, drlega(wr) + €ar (wi)][f (v, wi)]?
Aer i r(wr)
[eg.a(wi) + €ar (wr)]
Jo e T [67 (v, ) - o1, ) ()]
Jo, dr[egawi) + €ar (wi)]|fi(r, wi)|?
Aé g1 (w) an dr g Im [f7 (r, w;) - pi(r)]

- fQ dreg a(wr) + €ar (wWi)]|fi (r,wp)[?

1L § da- Tfa (r) x 6 (r,w0) — pi(r) x g (r, )]

4w
+ €
Jo, drlega(wr) + €ar (wi)]|f (r, wr)[?

(14)
The first line on the right-hand side (RHS) of (14) is the inverse
of the conventional energy confinement factor I‘gl,(l) (Q):

1
old
i (@)
fQ drf)(r,w;)- < Fg(r,wl)—}—aR(r,w;) fi(r,w;)

Jo, drleg.a(wr) + ar (W)][fi(r,w)?

In addition to this conventional term, other counter terms, which
maintain the invariance of I'g ; to an arbitrary integration region
Q, are also present. Since ) can be any regions containing €2,,
the uncertainty on the first line on the RHS of (14) has to be
removed by the presence of other terms. Among these counter
terms, the one proportional to the surface integral on the last line
of (14) is of particular importance because it is this term that
eliminates the indefiniteness brought by F(E(flld) () in the lossless
free space, namely, the exclusion of the irrelevant contribution
from the far field.

Still, specific constraints need to be imposed on the fields
p:(r) and q; (r) because their solutions are not unique. This fact
can be observed from (11). The operator acting on p;(r) on
the left-hand side (LHS) of (11) has the homogeneous solution

. (15)
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of f;(r,w;). The addition of any terms proportional to f; (r,w;)
to the particular solution of p;(r) remains a solution to the
wave equation in (11). This additional degree of freedom can be
utilized to simplify the field representation of I'g ; if one would
calculate it from (14) rather than (9). The detail is presented in
Appendix A for interested readers.

The invariance of I'r ; can be inferred from the RHS of (9)
because the quantities there are all well defined. However, this
property is less obvious from the field representation in (14).
As a consistency check, a proof for the invariance of the field
representation in (14) to the integration regions containing €2, is
provided in Appendix B based on the generalized Poynting the-
orem. The proof also makes the origin of counterterm integrals
clearer.

IV. MODAL VOLUMES

The self-consistent energy confinement factor in (9) can be
utilized to define modal volumes of cavity modes invariant to
integration regions. When I'g, ; is adopted in the laser rate equa-
tions [8], the effective modal volume V.4 ; used in photon-
density calculations is written as

E,l (€)

',
where V,, is the volume of the active region. On the other hand,
for the cavity QED and Purcell effect, another modal volume
Vaw,; of the cavity mode is often preferred (slightly modified
from the expression for nondispersive cavities [18]):

1 Jo, AP legalwr) + e (wi)]lf(r,w)
Voum, =
£ (rp,wn) - 4 |

+ [counter terms] (16a)

€ (Tp,wi) + Er,R(rp»wl)] fi(rp,w)

fQ drf)(r,wy) - & Fg(nwl) + zr’R(r, wl)} fi(r,w)

£ (rp,wr) - & [zg(rp,wl) + z,._’R(rp,wl)} fi(rp,wr)

+ [counter terms] (16b)

where 1, is the position at which |f;(r,w;)|? is the peak value.
The two modal volumes V.g; and Vqyr; in (16a) and (16b),
respectively, are physical because they are calculated from fi-
nite and well-defined quantities rather than their conventional
counterparts [the expressions other than the counter terms in
(16a) and (16b)] . The effect of far field has been removed from
these expressions by the counter terms.

V. APPLICATION TO WGMS IN DIELECTRIC SPHERE

We apply this self-consistent method to WGMs of a lossless
dielectric microsphere in Fig. 2, and show how the indefiniteness
of the integration region comes into play. The sphere has a radius
R of 5 pm. Outside the sphere is the free space of vacuum
(unity relative permittivity). The active region €2, is chosen as
the whole region inside the sphere, and its permittivity €, is
independent of the frequency and set to 2.25.

For each angular momentum (AM) mode number L € Z™,
we consider the radially fundamental and second-order WGMs
(radial mode number N =1, 2) consisting of the profiles with
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z
Vacuum
1
1
\

Fig.2. Dielectric spherical cavity (radius R = 5 pm) which supports WGMs.
Outside the sphere is the free space of vacuum with the unity relative permittivity
while the inner is the dielectric with a relative permittivity €, = 2.25.

the largest magnitude of AM in the z direction (azimuthal
mode number M =+L). In addition to these mode numbers,
the modes can be further classified as radially transverse mag-
netic (TM, ) or radially transverse electric (TE, ). Thus, the mode
label [ contains a set of indices [ = (I, |M|, ) = (I, L, 3), where
I=(a, N, L); & = 1(0) represents TM, (TE,); and 3==+1 in-
dicates two possibilities for the azimuthal dependence except
for M =0. The mode profiles f;(r,w) of the WGMSs are written
as

oTM,[l = (o, N,L) = (1, N, L)]

Y (0,0)+ BY[ (0, 9)]
V2i(1-5)/2
- 0 [Yir(0,0) + BY;,(0,9)]
+0f 1 (rw)ag \/§i(1—6>/2L(ZL—|— 1)
iYL (0,¢) — BY},(0,9)]
V2i1-A)/2(L + 1) sin 0

eTE.[l = (o, N,L) = (0, N, L)]

~ 3 Y 67 Y* 97

fi(r,w)=0f; (r, w)% | Lji(z‘(f/)i)—/:i(zi 1)¢)}

iV (0,0) — BY;1(0,0)]
\/52'(17/3)/2(L + 1)sinf

where f; | (r,w) [f; | (r,w)] s the field amplitude parallel (per-
pendicular) to the radial direction; and Y7 1, (6, ¢) is the spheri-
cal harmonic with M = L. Inside (outside) the sphere, the field
amplitudes f; (r,w) and f; | (r,w) are closely related to the

fi(r,w) =7f(r,w)

+ofi (r,w) (17a)

+of; (r,w) (17b)

spherical Bessel (Hankel) function jr, [h(Ll>] of the first kind.
After matching the boundary conditions of the fields at » = R,
we obtain the following transcendental equation for the TM,
(a=1) and TE, («=0) WGMs:

1 dlzjr ()] }
=k, R

.+ Ae, (1-2a)/2
oAl 2j(@)  da

1 dleny @) s)
h(l) dx
Ty (‘T) r=koR

where kg =w/cand k, =ko+/€a + A€, 1 (w) are the propagation
constants in the vacuum and sphere, respectively. The permit-
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Fig. 3. (a) Comparison between the theoretical resonance energies fw; and
corresponding analytical approximations [23] for the fundamental TM, and
TE, WGMs. The theoretical and analytical results match well. (b) Comparison
between the theoretical quality factors (); and corresponding analytical approx-
imations [24] for the same modes. There are significant deviations for the TE,
WGMs.

tivity variation Ae, ;(w) is numerically calculated for a range
of frequency w. The parameters w;, );, and Ae, ; 1(w;) are then
obtained from the spectral information of Ae, ;(w), as described
in Section II.

Fig. 3(a) shows the comparison between the theoretical res-
onance energies hw; and analytical approximations based on
the asymptotic expansions of spherical Bessel functions [23]
for the radially fundamental TM,. and TE, WGMs (the corre-
sponding wavelengths roughly cover the range of 1.1-1.55 pm).
The theoretical results agree well with those calculated from
the analytical expressions. On the other hand, in Fig. 3(b), the
theoretical quality factors @); calculated from (7) exhibit devi-
ations from analytical approximations based on the asymptotic
expansions [24]. The deviations are more significant for the
TE, WGMs and can be as large as 45%. The same observa-
tions had been reported in calculations based on the complex-w
method [25], indicating that the asymptotic expansion is accu-
rate in the order of magnitude rather than the absolute value for
Q factors.

In fact, the resonance energies and () factors obtained from
the spectral information of A, ;(w) almost coincide with those
from the complex-w method, but the divergent far field is absent
in the former. We also believe that the () factors calculated from
the current scheme are more physical than those estimated from
the asymptotic expansions because they lead to sensible mag-
nitudes of the energy confinement factors and modal volumes.
The energy confinement factors I'g ; in Fig. 4(a) are calculated
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Fig. 4. (a) Energy confinement factors 'y, ; of WGMs with different Ls. The

magnitudes of I'g ;s are lower than unity. (b) Modal volumes Vg ; of the
same modes. Reflecting the fact that I'r ; < 1, Vg ;s are larger than V. (c)
Modal volumes V7, which are small fractions of V,, due to the localization
of fundamental WGMs near the surface of the sphere.

from @; in (7) and Ae, ;1 (w;) [see (9)] and exhibit magnitudes
less than unity. This behavior reflects the imperfect overlaps
between the WGMs and the active region (2, . If the analytical
approximation of the () factor based on the asymptotic expan-
sions of spherical Bessel functions were used, I'g ; of the TE,
WGMs would be well above unity—unreasonable overlaps be-
tween the mode profiles and gain medium. While the fundamen-
tal TE, WGMs are better confined than the TM, counterparts,
both types of modes exhibit increasing I'g ; as the AM mode
number L becomes larger, indicating the less leakage into the
free space and better field-gain overlaps. In Fig. 4(a) and (b),
we show the modal volumes V¢ ; and Vg [(16a) and (16b)],
respectively, in the unit of V, = 47 R? /3. The modal volumes
Vg of the WGMs are larger than V,, and decrease with the AM
mode number L, reflecting the trend of 'y, 11 in (16a). Contrary to
Vet 18, the modal volumes Vi, of these fundamental WGMs
are small fractions of V, because they are a measure of how
well the modes are localized around the respective field peaks,
which are located near the surface of the sphere. Analogous to
the trend of Vig s, Vs of various WGMs decrease with the
AM mode number L due to the more enhanced confinement
near the surface. In addition, the fundamental TE, WGMs are
better localized than their TM, counterparts because disconti-
nuities of the radial components f; I (r,w;) at 7= R bring about
the more significant tails of the fields resident in the free space.
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Fig.5. Square magnitudes of the mode profiles for the radially (a) fundamental
(N = 1)TM,, (b) second-order (N = 2) TM,, (c) fundamental (N = 1) TE,.,
and (d) second-order (N = 2) TE, WGMs. The upper and lower graphs in each
figure represent the profiles of WGMs with L = 25 and L = 15, respectively.
The corresponding resonance energies and () factors are marked inside the
graphs. In general, @) factors of the TE, WGMs are higher. The same trend
applies to WGMs with the larger L or smaller V.

To see how the indefiniteness due to different choices of inte-
gration regions comes into play, we consider the mode profiles

and energy confinement factors I‘g)lld> (Q2) of the TM,. and TE,
WGMs with the AM mode number L = 15, 25 and radial mode
number N = 1,2 as a function of the integration region €2. The
region () is set to a ball concentric to the microsphere and has
a radius R, (integration boundary) larger than R. The square
magnitudes (|7 (r,wy)[* and [f; | (r,w)[?) of the TM, mode
profiles are shown in Fig. 5(a) (N = 1) and (b) (N = 2), and
those of the TE, modes (| i | (r,w;)[?) are presented in Fig. 5(c)
(N =1) and (d) (N = 2). In each figure, the upper and lower
graphs indicate the mode profiles for L = 25 and L = 15, re-
spectively. The corresponding resonance photon energies and ()
factors are also marked in the graphs. In general, the () factors of
the TE, WGMs are higher than those of the TM,. counterparts,
as reflected in the less conspicuous tails of the TE, modes ex-
tending into the free space. Similarly, the modes with the larger
AM mode numbers L have the higher () factors (the upper graph
versus lower one in each figure) because the formers are better
confined in the peripheral of the sphere and less leakier into the
free space. On the other hand, the opposite trend takes place for
modes with the higher radial mode number NV [Fig. 5(a) versus
(b); and Fig. 5(c) versus (d)]. For these modes, the more nodes
(or more oscillatory behaviors) on the mode profiles along the
radial direction indicate that the radial momentum is more sig-
nificant. Photons coupled to these modes leave the cavity more
easily, which results in the lower () factors.

Corresponding to the profiles in Fig. 5, the conventional en-
ergy confinement factors FSEO_IId) (€2) of the WGMs as a function
of the integration boundary near the sphere radius are shown
in Fig. 6. In addition to Fglld) (2) calculated from the profiles
in (17a) and (17b) and definite counterparts I'g ;, we also show

F](;lld) () obtained from the profiles based on the complex-w



CHANG: CONFINEMENT FACTORS AND MODAL VOLUMES OF MICRO- AND NANOCAVITIES INVARIANT TO INTEGRATION REGIONS

-
o

or
-
o

g (a) TM s (b) TM r.=0.860
8 0 r=08% & g'z ----------- LA i
é T ——This sc-h_éae é 0-7 [ T e———
= S TTINL=2,25 =

g (1)8 (N.L)=(1,25) -~ Compelx o g?g (N,L)=(2,25)
(:) : g F ~ T T T T I T R a1~
o 0.9 o 08k r_=0.917
> Ul =
3 r,=0808| o6l =
[N OO, SN 2 Te-T
508 Soab

07 (N,L)—(1,15) ) ) - 02 (N,L)=(2,15)

1.0 1.1 1.2 1.3 1.4 1.5 “1.0 1.1 1.2 1.3 14 1.5
Integration boundary (R) Integration boundary (R)

1.0 1.0
g \© TE 3 (DTE, r.=0.923
& r.=0.936 S oo T T T
] e 0 3
£ N,L)=(1,25 £ N,L)=(2,25 Te==
g?'8( )=(1,25) g(1)_8( )=(2,25)
S § [ TTTTTTTTTTRE0856
Boop >~ 0% Host ~—~—
5] 2 B
G GlNL=(115) b ND=@15) e

0. . L 0.l .
1.0 11 1.2 1.3 14 15 1.0 1.1 1.2 1.3 1.4 1.5
Integration boundary (R) Integration boundary (R)

Fig.6. Various energy confinement factors in the range of R, 2 R for (a) TM,
WGMswith N = 1, (b) TM,, WGMs with N = 2,(c) TE, WGMswith N = 1,
and (d) TE, WGMs with N = 2 (black solid: T'}{"\")
scheme; red dash: the counterpart based on the complex-w method; and blue
dash—dotted: I'g, ;). For the high-Q WGMs in (a) and (c) [(N, L) = (1,25)],
F;;lld) (£2)s are close to 'y, ;s in a considerable range. On the other hand, these

ranges are narrower for other low-Q) WGMs.

(£2) based on the current

method. For R}, 2 R, the conventional energy confinement fac-
tors based on the current scheme and complex-w method do not
differ much since their near-field profiles resemble each other.
We note that the differences on the field leakage lead to distinct

behaviors of FfEcilld) () for these WGMs. From the upper graphs

in Fig. 6(a) and (c), the conventional energy confinement factor
Ty () of the TM, and TE, WGMs with (N, L) = (1,25)
are close to their definite counterparts over a considerable range
around Ry, ~ 1.21R and Ry, ~ 1.23R, respectively. This char-
acteristic is common to both radially fundamental TM,. and TE,
WGMs with large AM mode numbers L. Thus, it can be inferred

that for modes with high radiative @ factors, I‘gﬁ” (£2) obtained
from field integrations should be close to I'y, ; if the integration
region € is decently but not excessively large. On the other hand,
for other modes with the much lower () factors, the condition

r gﬂ,@(Q) ~ I'g; is valid in a much narrower range. Above a

(old)

certain integration boundary, I' (Q) quickly drops below its

definite counterpart I' ;, indicating that F<Eo‘lld) () is sensitive to

the integration region €). The observation applies to resonance
modes with low radiative () factors in various cavity structures.
This situation may take place in small lasers such as those made
of nanocrystals [26]-[28] or those without sharp borders or feed-
back reflectors at which photons leave the cavity [29]. Care is
required in the choice of integration region €2 when modeling
these cavity structures. Also, the radiative () factor and energy
confinement factor I'g ; are not always positive correlated. From
the lower graphs in Fig. 6, both of the TM, and TE, WGMs
with (N, L) = (2,15) have the larger I'g ;s than their counter-
parts with (IV, L) = (1, 15) do, but the corresponding () factors
behave the other way around. Comparing the profiles of TM,.
(TE,) WGMs with (N, L) = (1,15)and (N, L) = (2,15) inthe
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Fig. 7 Various energy confinement factors in the wider range of R; for (a)
TM, WGMs with N = 1, (b) TM,, WGMs with N = 2, (c) TE, WGMs with

N = 1,and (d) TE, WGMs with N = 2 (identical line styles to those in Fig. 6).
Al (2)s of the WGMs ultimately deviate from the respective I'g ;s in

E,l
the large Ry, limit. In addition, I'{"\"

decrease exponentially as I?;, increases.

(€2)s based on the complex-w method

lower graphs of Fig. 5(a) and (b) [Fig. 5(c) and (d)], the higher
order modes are distributed closer to the sphere center despite
the more significant field tails into the free space. In fact, the
higher I'r, ;s of WGMs with (N, L) = (2, 15) than those of the
modes with (N, L) = (1,15) reflect the exclusion of far-field
contributions from I'r ; so that the fields inside/near the sphere
play the more important role in lasing and modal volumes.
Although the valid integration range for high-QQ WGMs is
wider, the corresponding conventional energy confinement fac-
tors F(Eo‘lld)(Q) ultimately deviate from their definite counter-

parts I'g ; and approach zero as the integration region extends

(old)

to infinity. The behaviors of I'y;” (€2)s are shown in Fig. 7 for

sufficiently large integration boundaries. For all Fglld) (Q)s in
Fig. 7, the uncertainty due to the integration region {2 shows
up as R}, becomes large, even though practical computations
do not often reach this regime. From the comparison between
Fg”lld) (€2)s of the high-QQ WGMs with (N, L) = (1, 25) [upper
graphs of Fig. 7(a) and (c)] and those of other low-@) modes,
although the conventional energy confinement factors of high-Q)
modes do drop less rapidly than those of low-() modes, this trend
does not prevent I‘g”lld) (©)s of high-Q) modes from vanishing at
the larger Ry,. In addition, while for high-@) modes the depen-

dences of F,(E"_lld) (£2)s on Ry, using mode profiles from the cur-
rent scheme and complex-w method are similar [upper graphs
of Fig. 7(a) and (c)], the counterparts of other low-() modes
behave distinctly. The conventional energy confinement factor
based on the current scheme has an asymptotic dependence of
Ry ! but that based on the complex-w method decreases expo-
nentially due to the divergent far field. These divergent far fields
of lower-QQ WGMs exhibit the more rapid exponential growth
explw;r/(2¢Q);)] toward the free space. Therefore, the applica-

ble range of the integration boundary Rj;, of the conventional
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Fig. 8.  The modal volume V(y\ ; and its indefinite counterparts as a function

of Ry, for (a) TM, WGMs with NV = 1, (b) TM,, WGMs with N = 2, (c) TE,
WGMs with N = 1, and (d) TE, WGMs with N = 2 (identical line styles to
those in Fig. 6). The indefinite counterparts of Vyyp ;s diverge as Ry, increases.
For the complex-w method, the effect of divergence takes place at the smaller
Ry, than that based on the current scheme. The discrepancy is more significant
for the low-@ modes.

energy confinement factors based on the complex-w method is
more stringent for low-() modes.

The modal volume V) and its indefinite counterparts as a
function of the integration boundary [see (16b)] are shown in
Fig. 8. The trends of indefinite modal volumes are opposite to

those of conventional energy confinement factors I‘EEOIZd> (€). For
high-Q WGMs, the deviations of indefinite modal volumes from
Vow,i [upper graphs of Fig. 8(a) and (c)] are milder than those
of low-() modes. Quantitatively, in the range of R}, considered
here, the indefinite modal volumes based on the mode profiles
from the current scheme and complex-w method are similar for
high-@) modes, but those of the low-() modes are significantly
different. With the complex-w method, the indefinite modal vol-
ume diverges more rapidly as the () factor becomes lower due to
the exponential growth explw;r/(2¢Q;)] of the field in the free
space. These features indicate that estimations of V3 based on
field integrations and complex-w method [15] are acceptable if
(1) the target mode has a high radiative () factor, and (2) the
integration does not extend much into the far-field zone. How-
ever, the uncertainty due to integration regions is never fully
eliminated and may become significant as radiative () factors
decrease. On the other hand, without the knowledge of radiative
@ factors and specification of integration regions, the indefinite-
ness can be always eliminated with the calculations of I'g ; in
(9) [together with (7) and A€, ; 1(w;)], Ve in (16a), and Vi
in (16b).

VI. CONCLUSION

We have presented a self-consistent approach to calculate
confinement factors and modal volumes. This scheme does not
require numerical integrations of fields and is free from the in-
definiteness originated from choices of integration regions. The
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field representations of confinement factors and modal volumes
derived from this method indicate that the irrelevant contribution
to matter—field interactions from the far field is automatically
eliminated by the built-in counter terms. This feature is particu-
larly suitable for modes with low radiative () factors and small
cavities without sharp borders or optical feedback structures.
The simple formulae for these physical parameters are useful
for applications of micro- and nanocavities such as lasers, cavity
QED, and Purcell effect.

APPENDIX A
SIMPLIFICATION FOR FIELD REPRESENTATION
OF CONFINEMENT FACTOR

Some arbitrariness needs to be fixed for the fields p;(r) and
qi(r). If f;(r,w) is the solution of the generalized eigenvalue
problem in (6a), the field f; (r,w) defined as

fi(r,w) = h(w)fi(r,w) (19a)

also satisfies the same generalized eigenvalue problem with
the same permittivity variation Ae, ;(w), where hj(w) is a
frequency-dependent complex number for mode [. If we de-
fine a new set of fields g;(r,w), p;(r), and §;(r) for g (r,w),
p:(r), and q;(r), respectively, as follows:

gi(r,w) = hy(w)gi(r,w) (19b)
pi(r) = wzaflé:m
= hy(w)pi(r) +_wllh§ (@)fi(r,w)  (19¢)
q(r) = T V x pi(r)
= hy(w)a(r) +wihi(w)gi(r,w)  (19d)

where hj(w) = dhj(w)/dw, it can be shown that with the real
part of Poynting’s theorem at wj:

0= }{ da - Re [f’(r’wl) = (r’wl)}
S

+ % drf) (v, wy) - an(r, w ) (r,wp)
)
Ae,
n ‘“”60%’1(“”)/ dr[f (v, w)]%. (20)
g a

Q@ and I'g ; in (13) and (14), respectively, are invariant to the
transformation in (19a) to (19d). The solution of p;(r) is not
unique unless some constraint is specified. This situation re-
flects that the differential operator in (11) has the homogeneous
solution of f;(r,w;).

In fact, we can fix the fields in (192)-(19d) by imposing
particular normalization schemes to f;(r,w) and simplify the
field representations of (J; and I'y ;. For example, we may pick
up the following pair of conditions:

| arlfire)? = Glo) e B! (21a)

a
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/ drff (r,w;) - fi(r,w) = §(w) € RT (21b)
Qa

where (;(w) is a positive and frequency-dependent factor given
in advance; and & (w) is determined after the positiveness of
(21a) is enforced [note that {;(w;) = &/ (w;)]. The condition in
(21b) simplifies the field representations of ¢); and I'y; ; in (13)
and (14), respectively. We first take the frequency derivative on
both sides of (21b):

w% {/Q drf(r,wy) - fl(r,w)} N

w=w

= /Q dref(r,w;) - pi(r) = w&(w) €RT. (22)

After taking the imaginary part on the second line of (22), we
obtain a useful null identity:

/Q drIm[f/ (r,w;) - pi(r,w;)] = 0. (23)
The LHS of (23) appears on the third line of (13) (Q;) and the
fourth line of (14) (I'g ;). With the normalization conditions in
(21a) and (21b), we can drop these terms in (13) and (14). If we
further set 2 =, and S = S,, we may drop more terms due
to the homogeneous and isotropic active region and (23), and
compactly express (); and I' ; as

Q =— [Eg-,a(wl) + ea,R(Wl)} _ AEr,l,R(Wl)
206 1(wr) 2A¢ 11 (wr)
g S daImla(r) < (v, w) — pi(r) x g/ (v, w)]
20¢ 1 1(wy) an dr|f) (r,w;)|?
(24)
L ~ 1 + AervlvR(wl)
Pe [€g.a(wi) + €ar (wWr)]

1o $s da-Tm[q (r) x £ (v, wr) — pi(r) x g (v, w)]
Jo, drlega(wr) + € (wi)][fi (v, w)]?
(25)

APPENDIX B
INVARIANCE OF FIELD REPRESENTATION OF CONFINEMENT
FACTOR TO INTEGRATION REGIONS

We prove the invariance of the field representation in (14) by
showing that I' }ls evaluated with any integration regions that
contain {2, are all identical to a single value. For an arbitrary inte-
gration region €2 (2, C ) and its surface 5, let us check the
difference of I'; s which are evaluated with (€2, S) = (21, 51)
and (€2, S) = (Qa, Sa) in (14), respectively:

1 1
T (2,8)=(21,51) Ip i (2,8)=(24,8,)
1

wi fo, drglega(wi) + €ar (wi)][fi (v, wi)]?
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* € = =
X {wl drf (r,wy) - 50 {eg(r,wl) + erﬁR(r,wl)} fi(r,w)
Q)

,wl/
Q

1
2

dregIm {f,*(r,wx) “eni(r,w)pr (r)}

’
1

da - Im|q(r) x £ (r,w;) — pi(r) x g (r, wl)]} (26)
51
where Q) =y — Q, is the region of Q; excluding €2,; and
St = S U S, is the union of the two surfaces.

From (11), the wave equation of p;(r) in €2} becomes
wp 2= . .
Vx Vxp(r)— (f) € (r,w))pi(r) = iw; pojesr,1 (r)
(27a)

where the effective source jeg ; (r) is defined as

(c)

jesr1(r) = —iwye [Zg (r,wl)—i—zr(r,wg)] fi(r,w;). (27b)

As indicated in (10b), (27a), and (27b), the fields p;(r) and
q(r) and effective source jeg ;(r) satisfy Maxwell’s equations
in ©]. On the other hand, the fields f;(r,w;) and g (r,w;) are
solutions of the source-free Maxwell’s equations in ). With
the generalized Poynting theorem in the frequency domain:

1

V-3

w 1
(El XH;):?(H; . B17E1 . D;)7§E1 J:Q (28&)

vi(EQ XHI):E(HI 'BQ—EQ 'Dl)—§E2' 8,1 (28b)

where (E;, H;, Dy, By) are the electric, magnetic, electric dis-
placement, and magnetic flux fields in the presence of source
Js 1, respectively; and (Eg, Hy, Dy, By) are the counterparts
in the presence of J 2; we first add the complex conjugate of
(28a) to (28b) and then integrate the outcome over . After
utilizing the divergence theorem and taking the imaginary part
of the resulted integral, we obtain the following identity:

(-
0:—/0/ drglm [E1
1

-

+ [ drZRe[E!
Q2

¥

If we set w = w; and assign the fields and sources in )] as

. J572 + E, - J:,l]

dr%Re [H, - B} — H - B,]
|
D, — E; - D]

1
da - EIID [H2 X ET — EQ X Hﬂ . (29)

!
1

E1 = fl(r,wl) -
D, =€ &(r,w)fi(r,w)
H; =g(r,w) B (r.00) (30a)
= r,w,

Js,1:0 1 Ho8iI\T, Wi

E, = pi(r) -

- Dy = ¢ & (r.w)pi(r)
H; = q(r) B ) (30b)
. - r
Js72 = .]effﬁl(r) ? Hodi
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the RHS of (29) turns into the content inside the curly brackets
of (26), which vanishes according to (29) (the second line on
the RHS of (29) does not have a corresponding term in (26)
because H; - By — Hj - By vanishes in this case). Therefore,
the inverse energy confinement factors Fg‘ll evaluated with ar-
bitrary integration regions which contain (2, are all identical to
that evaluated with 2 = €),. This indicates that the field repre-
sentation of I'y ll in (14) is indeed invariant to integration regions
() that contain Qa.

The field representation of FE}I in (14) can also be derived
using the integral identity in (29) over an arbitrary integration
region () containing €2,. With analogous field and source as-
signments in (30a) and (30b) based on full wave equations of
f;(r,w) and p; (r) in (6a) and (11), respectively, one first derives
the field representation of (); and then obtains that of I';, }l from
(9). Comparing the derivation of FE}I through this approach and

aforementioned proof, we see the key to the invariance of F}T:,lz
that the source j; ;(r,w) of fj(r,w;) in (6a) and its frequency
derivative 0j ;(r,w)/0w are merely present in {2, but vanish
elsewhere.
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