sets and systems

ELSEVIER Fuzzy Sets and Systems 74 (1995) 217-223

Measures of similarity between vague sets

Shyi-Ming Chen
Department of Computer and Information Science, National Chiao Tung University, Hsinchu, Taiwan, ROC

Received May 1994; revised September 1994

Abstract

In this paper, we propose two similarity measures for measuring the degree of similarity between vague sets. The
proposed measures can provide a useful way for measuring the degree of similarity between vague sets.
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1. Introduction

In 1965, Zadeh proposed the theory of fuzzy sets [10]. In recent years, many measures of similarity
between fuzzy sets have been proposed [4, 6,9, 12]. In [9], Pappis et al. made an assessment of measures of
similarity of fuzzy values. In [12], Zwick et al. reviewed 19 similarity measures of fuzzy sets and compared
their performance in an experiment. In [4], we proposed a similarity function F to measure the degree of
similarity between fuzzy sets. In [6], Hyung et al. presented two similarity measures between fuzzy sets and
between elements.

Roughly speaking, a fuzzy set is a class with fuzzy boundaries. A fuzzy set 4 of the universe of discourse U,
U={uy,uy,...,u,}, is a set of ordered pairs {(u;, p4(u1)), (U2, pta(z)), ... , (U, t4(4))}, where p, is the
membership function of the fuzzy set 4, u,: U — [0, 1], and u,(u;) indicates the grade of membership of u; in
A. When the universe of discourse U is a finite set, then the fuzzy set A can also be represented by

n

A= pa(uy)/ug + paz)/uzy + - 4+ pa(ua)/t =Y, pa(u;)/u;. (1)

i=1

When the universe of discourse U is an interval of real numbers between a and b, then a fuzzy set A4 is often
written in the form

A= f pa(u)/u;, @

where u;e[a,b]. For more details, please refer to [1-3,7,8,10,11]. It is obvious that Vu;e U, the
membership value u, (1) is a single value between zero and one. In [5], Gau et al. pointed out that this single
value combines the evidence for u; € U and the evidence against u; € U, without indicating how much there is
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of each. They also pointed out that the single number tells us nothing about its accuracy. Therefore, in [5],
Gau et al. presented the concepts of vague sets. They used a truth-membership function ¢, and false-
membership function f, to characterize the lower bound on p,. These lower bounds are used to create
a subinterval on [0, 1], namely [,(u;),1 — f4(;)], to generalize the u,(u;) of fuzzy sets, where t,(u;) <
ta()) €1 —f4(u;). For example, let A be a vague set with truth-membership function ¢, and false-
membership function f,, respectively. If [t,(w;), | — f4(u;)] = [0.5,0.8], then we can see that t,(u;) = 0.5,
1 — fa(u;) = 0.8; f4(u;) = 0.2. It can be interpreted as “the degree that object u; belongs to the vague set A is
0.5; the degree that object u; does not belong to the vague set A is 0.2”. As another example, in a voting model,
the vague value [0.5,0.8] can be interpreted as “the vote for resolution is 5 in favor, 2 against, and
3 abstentions”.

In this paper, we propose two similarity measures for measuring the degree of similarity between vague
sets. The proposed measures differ from the previous ones in that the proposed measures deal with the
similarity measures between vague sets rather than fuzzy sets. The proposed measures can provide a useful
way for measuring the degree of similarity between vague sets.

The rest of this paper is organized as follows. In Section 2, we briefly review the theory of vague sets from
[5]. In Section 3, we propose two similarity measures for measuring the degree of similarity between vague
sets. The conclusions are discussed in Section 4.

2. Vague sets

Let U be the universe of discourse, U = {uy,u,, ... ,u,}, with a generic element of U denoted by u;.
A vague set A in U is characterized by a truth-membership function ¢, and a false-membership function f,,

ta:U-[0,1], 3)
fa:U—[01], )

where t4(u;) is a lower bound on the grade of membership of u; derived from the evidence for u;, f,(;) is
alower bound on the negation of u; derived from the evidence against u;, and t 4(4;) + f,,(4;) < 1. The grade of
membership of u; in the vague set 4 is bounded to a subinterval [t ,(u;), 1 — f,(u;)] of [0, 1]. The vague value
[ta(u;), 1 — f4(u;)] indicates that the exact grade of membership u(u;) of u; may be unknown, but is bounded
by t,(u;) < pa(u;) <1 —fu(u;), where t(u;) + f,(4;) < 1. For example, Fig. 1 shows a vague set in the
universe of discourse U.
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Fig. 1. A vague set.
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When the universe of discourse U is continuous, a vague set A can be written as

A= L [t () 1 — fa(u) ]/ 5)

When the universe of discourse U is discrete, a vague set A can be written as

A= ¥ Ttaw 1~ folw) ) ©)

For example, let U be the universe of discourse, U = {6,7,8,9,10}. A vague set “LARGE” of U may be
defined by

LARGE = [0.1,0.2]/6 + [0.3,0.5]/7 + [0.6,0.8]/8 + [0.9,1]/9 + [1,1]/10.

3. Similarity measures

Let x = [t,,1 — /] be a vague value, where ¢, € [0,1], f, € [0, 1], and ¢, + f; < 1. Then, the score of x can
be evaluated by the score function S shown as follows:

S(x)=t: —fs, (7)
where S(x)e [ — 1,1]. Let f¥ = 1 — f,, then we can see that x = [t,,1 — f,] = [t,,f¥]. In this case, we can
see that

Sx)=ti—fi=t:—fi—L ®)

Let X and Y be two vague values, X = [tx,1 — fx] = [tx,f¥]and Y = [ty,1 — fy 1 = [ty, ¥ ]. The degree

of similarity between the vague values X and Y can be evaluated by the function M,

S(X)—S(Y)
2 b

MX,Y)=1-— 9

where S(X) =ty — fx=tx +f5—1and S(Y) =ty — fy = ty + f§ — L. Let us consider the following cases:
Case 1: If the vague values X = [1,1] and Y = [0,0], then we can see that S(X) = 1and S(Y) = — 1. By
applying Eq. (9), the degree of similarity between the vague values X and Y can be evaluated and is equal to

L= (-1
1_‘—2_‘_0. (10)

Case 2: If the vague values X = [1,1] and Y = [1,0], then we can see that S(X) =1 and S(Y) = 0. By
applying Eq. (9), the degree of similarity between the vague values X and Y can be evaluated and is equal to

1-0| 1
1”’ 2 |2 4y

Case 3: If the vague values X = [1,0] and Y = [1,1], then we can see that S(X) =0 and S(Y) = 1. By
applying Eq. (9), the degree of similarity between the vague values X and Y can be evaluated and is equal to

0—1| 1
S el L 12
1 ’ 5 (12)

2
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Case 4: If the vague values X = [0,1] and Y = [0, 1], then we can see that S(X) = — 1and S(Y) = 1. By
applying Eq. (9), the degree of similarity between the vague values X and Y can be evaluated and is equal to

—1-1
2

1 — ‘ ’ = 0. (13)
Itis obvious that if X and Y are identical vague values (i.e., X = Y), then S(X) = S(Y). By applying Eq. (9),

we can see that M (X, Y) = 1, ie, the degree of similarity between the vague values X and Y is equal to 1.
Let A and B be two vague sets in the universe of discourse U, U = {u;,u,, ... ,u,}, where

A=Tta(u) 1 — fau)]/uy + [taua), b — fa(u2) 1tz + - 4 [ta(ua) 1 — fa(ua) ]/t

= [l ) S5 uy + [ea(ua), S5 uz + o+ [Laua), S5 (wn)]/un

EACAN SIS (14)

1

™M=

1

B = [tg(uq), 1 — fa(uy)/uy + [tg(uz), 1 — fp(uz)1/us + - + [tp(u,), 1 — fa(u,)]/u,

= [tp(uy ), fE)1/uy + [taluz), f3(u2)1/uz + - + [tp(un), £5 (Un)]/us

[t(u), [ (u:)]/u;, (15)

1

M=

where f4(u;) =1 — f4(w;), f§(w)=1—fp(w;), and 1 <i<n Let V()= [ta(u;),f%(u;)] be the vague
membership value of u; in the vague set A, and let V p(u;) = [ts(1;), f} (4;)] be the vague membership value of
u; in the vague set B. By applying Eq. (8), we can see that
SV alwi)) = talw;) + () — 1, (16)
S(Va(w)) = tp(u;) + fE(w) — 1, (17)

where | < i < n. The degree of similarity between the vague sets A and B can be evaluated by the function T,

d SV atu) — S(V (1)
I

>, (18)

where T (A, B) € [0,1]. The larger the value of T(A, B), the more the similarity between the vague sets 4
and B.

i=1

Example 3.1. Let 4 and B be two vague sets of the universe of discourse U,
U = {uy,uz,us, s, us |,
A =1[0.2,04]/u; +[0.3,0.5]/u, + [0.5,0.7]/us + [0.7,0.9]/u, + [0.8,1]/us

B = [0.3,0.5]/u; + [0.4,0.6]/u; + [0.6,0.8]/u; + [0.7,0.9]/us + [0.9, 1]/us,
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where
V a(uy) = [0.2,04], Vp(u,) =[0.3,0.5],
V 4(uy) =[0.3,0.5], Vg(u,) =[0.4,0.6],
V 4(u3) = [0.5,0.7], Vp(uz) = [0.6,0.8],
V 4(us) = [0.7,0.9], Vplus) =[0.7,0.9],
V4(us) =[08,1], V(us) =[09,1].

By applying Eq. (8), we can get
SVa())=02+04—1= —04,
S(Vau:)) =03+05—-1= —02,
S(Va(u3))=05+07—-1=02,
S(V4(us)) =07+ 09 — 1 = 0.,
S(Va(us)) =08 +10—-1=0.8,
S(Va(u;)) =03 +05—1= —02,
S(Vp(u)) =04 4+06—1=0,
S(Vp(u3)) =06 +08—1=04,
S(Vp(us)) =07 +09 — 1 =0,
S(V(us)) =09 4+ 1.0 — 1 = 09.

22]

By applying Eq. (18), the degree of similarity between the vague sets 4 and B can be evaluated by the

function T,

SV aus)) — S(Vp(wy))

1 5
T(A4.B)=< Y (1—
i=1

2

It indicates that the degree of similarity between the vague sets 4 and B is equal to 0.93.
In the following, we present a weighted similari

sets in the universe of discourse U, where

U={u,u,, .. NTRR

n

A= 3 Tald | = fu) V= 3, Tt S50
i=1

i=1

s

B =

i=1

where % (u;) = 1 —Jfalw), fE() =1 — fy(u;), and 1 <i < n.

[tau U~ fo)lf = 3 [taus) f8(u)]/un,
i=1

(19)

ty measure between vague sets. Let 4 and B be two vague



222 S.-M. Chen [ Fuzzy Sets and Systems 74 (1995) 217223

Assume that the weight of the element ; in the universe of discourse U is w;, respectively, where w; € [0, 1]
and 1 < i < n, then the degree of similarity between the vague sets A and B can be evaluated by the weighting
function W,

W(AB) = ¥ wi MVt Vo) /Z w;
= i=1
_ Z ( {S(VA u)); S(Vp(u .-))D/ S i, 20)
i= i=1

where W (A4, B) € [0,1]. The larger the value of W (4, B), the more the similarity between the vague sets A
and B.

Example 3.2. Let A and B be two vague sets of the universe of discourse U, where
U = {uy,uz,usz,uq,us},
A =[0.1,0.3]/u, + [0.2,0.6]/u, + [0.4,0.8]/us + [0.6,0.8]/u, + [0.8,1]/us
B =1[0.2,0.5}/u; + [0.3,0.7]/u, + [0.5,0.8]/u3 + [0.7,0.97/u, + [0.9,1]/us.
We can see that
V a(u;) =[0.1,0.3], Vg(u,) =[0.2,0.5],
Va(uy) =[0.2,0.6], Vg(uy) = [0.3,0.7],
V 4(u3) =[04,0.8], Vg(us) = [0.5,0.8],
V a(uy) =[0.6,0.8], V(ug) = [0.7,0.9],
Va(us) = [08,1], Vg(us) =[0.9,1],
By applying Eq. (8), we can get
S(V4(u))=014+03—-1= —0.6,
S(Va(uz2))=02+06—-1= —-02,
S(V4(us3))=04+08-1=02,
S(V 4(uy)) =06+ 08 —1=04,
S(Vaus)) =08+1—-1=0.38,
S(Veu)) =02 +05—1= —03,
S(Vp(u))=03+07—-1=0,
S(Vp(u3)) =05+08 —1=03,
S(Vp(uy))=0.74+09 — 1 =0.6,
S(Vp(us))=09+1—-1=09.
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Assume that the weights of u,, u,, us, us, and us are 0.5, 0.8, 1.0, 0.7, and 1.0, respectively, then by applying
Eq. (20), the degree of similarity between the vague sets A and B can be evaluated by the weighting function
W?

SV a(w;)) — S(V p(u:)
2

) / i w; = 0.90625. (21)

i=1 i=1

5
W(A4,B)=Y w,.*<1 -

It indicates that the degree of similarity between the vague sets A and B is equal to 0.90625.

4. Conclusions

Although many similarity measures have been proposed in the literature for measuring the degree of
similarity between fuzzy sets, those measures cannot deal with the similarity measures between vague sets. In
this paper, we propose two similarity measures for measuring the degree of similarity between vague sets. The
proposed measures can provide a useful way to deal with the similarity measures of vague sets.
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