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Abstract 

We present a theoretical study of the time evolution of Rydberg wavepacket, initially localized in radial space and 
mimicking the classical particle, undergoing microwave multiphoton ionization. The dynamical behavior of the Rydberg 
wavepacket is found to be different from that of Rydberg atoms initially prepared at given Rydberg eigenstates. It is seen 
that the Rydberg wavepacket can exhibit collapse and revival behavior in the short time regime. Further, both the microwave 
ionization rates and the quantum phase space trajectories of the Rydberg wavepackets exhibit qualitatively different behavior 
in small scaled-frequency (~o s (-= ~on 3) << 1.0) and large scaled-frequency (oJ s >/1.0) regimes. 

1. Introduction 

Recently it has been demonstrated experimentally 
[1,2] that it is feasible to create a Rydberg wavepacket 
from the ground state by a short pulse laser excita- 
tion. In this case, a non-stationary state is obtained 
which is a coherent superposition of stationary states. 
The Rydberg wavepacket so generated can be local- 
ized in radial space and will mimic the classical 
radial motion of a charged particle in a Coulomb 
field. The time evolution of the wavepacket exhibits 
effects like dispersion and revivals [3,4]. As such the 
study of the dynamics of Rydberg wavepacket pro- 
vides a unique opportunity, both theoretically and 
experimentally, for probing the correspondence be- 
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tween classical and quantum mechanics. Most exper- 
imental studies so far have been focused on the time 
evolution of the field-free Rydberg wavepacket [1-4]. 

In this Letter, we present the first theoretical 
study of the time evolution of Rydberg wavepacket 
driven by microwave fields. Historically there has 
been considerable interest in the past decade in the 
study of microwave ionization of Rydberg H atoms 
initially prepared in highly excited eigenstates [5,6]. 
This is a non-integrable system which exhibits clas- 
sically chaotic motion and has served as one of the 
paradigms for 'quantum' chaos study [7]. In this 
Letter, we report some interesting new features of 
microwave ionization from the initial Rydberg 
wavepacket whose behavior is shown to be qualita- 
tively different from that of ionization from the 
highly excited eigenstates. 
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2. Time evolution of Rydberg wavepacket in mi- 
crowave fields 

A prototype system that has been widely used in 
the study of  microwave ionization of  Rydberg atoms 
(initially prepared in given highly excited eigen- 
states) is the 1D hydrogen atom driven by the exter- 
nal fields [7]. The dynamical evolution of  such Ryd- 
berg atoms satisfies the time-dependent Schr6dinger 
equation (in atomic units), 

iO/Ot ~b( x ,  t) = I~( t) d/( x,  t ) ,  (1) 

where 

I4 = f f 2 / 2 m  + ('(  x,  t) (2a) 

and 

= - 1 I x  - Fx s in( to t ) .  (2b) 

Here we are interested in the time evolution of  the 
Rydberg atoms initially prepared in the (Gaussian) 
wavepacket form, 

~ ( x , O )  = (~r t r  2 ) - ' / 4  exp [  - ( x -  Xo)e / 2 t r2 ] ,  

(3) 

where x 0 = 2 h  2, t r = ( 2 0 / x r ) h 0 ,  and h 0 is the 
mean quantum number of  the wavepacket. 

We shall extend the fast Fourier transformation 
(FFT) method [8-10] to numerically integrate the 
time-dependent Schr~idinger equation in space (x )  
and time (t). We have previously shown that this 
method is capable of providing reliable and efficient 
treatment of  the time evolution of Rydberg eigen- 
states in microwave fields [10]. It also allows an 
accurate treatment of  the continuum states. To propa- 
gate the wavefunction, we use the split-operator 
algorithm [8], 

~b(t + At)  = e x p [ - - i ( l ~ 2 / 4 m ) A t ]  exp(-- i l~A/)  

× e x p [ - i ( / ~ 2 / 4 m ) A  ,] ~b(t) 

+ O [ ( A t ) 3 ] ,  (4) 

where the effect of  applying the operator 
e x p [ - i ( l ~ 2 / 4 m ) A t ]  is evaluated in terms of  dis- 
crete Fourier transforms and the FFF algorithm. 

In this calculation, the spatial x coordinate is 
discretized from 0 to 25000 a 0 by using 2048 mesh 
points. To prevent unphysical reflection from the 
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Fig. 1. Logrithm of 1¢0)12 versus t (in ps), showing the decay of 
the wavefunctions with time due to microwave ionization. The 
scaled field strength is F s = 0.05 au for all the three scaled 
frequency cases considered: (a) % = 0.1 au, (b) % = 1.0 au, and 
(c) to s = 2.0 au. Solid curves for Rydberg atoms initially prepared 
in the Gaussian wavepacket form with 2 o = 72. Dotted curves for 
Rydberg atoms initially prepared at n o = 72 eigenstate. 

outer boundary, we adopt the absorbing boundary 
method [10] and place a slowly vanishing filter 
function (b = 0.004), 

f ( x ) = { l  + e x p [ b ( x - x f ) ] }  1, (5) 

centered at xf = 22500 %. The result is insensitive 
to the choice of  b and xf, provided that x r is chosen 
large enough and b small enough. 

Fig. 1 shows the comparison of  the decay rate of 
the Rydberg H atoms initially prepared in the eigen- 
state n o = 72 (dotted curves) or in the localized 
wavepacket form, Eq. (3), with h 0 = 7 2  (solid 
curves). Three different microwave frequencies have 
been considered, all at the same scaled field strength 
F s ( - F n  4) = 0.05 au: (a) to s (scaled frequency = 
ton 3) = 0.1 au, (b) % = 1.0 au, and (c) % = 2.0 au. 
The time scale plotted here is in terms of  the real 
time (in ps). If  expressed in terms of  the number of 
optical cycles (oc), the time span in Fig. 1 is equiva- 
lent to t = 0 to 4 oc, for the tos = 0.1 case, t = 0 to 
40 oc, for the % = 1.0 case, and t = 0 to 80 oc for 
the % = 2.0 case. We see that the % = 1.0 case has 
the largest ionization (decay) rate overall and the 
% = 0.1 case has the smallest. This may be at- 
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tributed to the fact that for tos = 1.0, the microwave 
frequency to ( -  tosno 3) is close to the spacing AE 
of nearby levels and resonance excitation can occur, 
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resulting in the enhancement of ionization rate. For 
the small scaled frequency (% = 0.1) case, the mi- 
crowave frequency to is much smaller than the adja- 
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Fig. 2. The t ime evolution of  Rydberg wavepacket  (~0 = 72) in the microwave  field in the short t ime period (t  = 0 to 1.4 optical cycles).  
The field parameters are F s = 0.05 au, and to s = 1.0 au. 
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cent level spacing AE. Thus, microwave ionization 
occurs through non-resonant processes, yielding 
smaller ionization rate. Fig. 1 also compares the 
wavefunction decaying behavior for the Rydberg 
eigenstate versus the Rydberg wavepacket. For the 
~o~ = 1.0 case, it is seen that there is some initial time 
delay for ionization. After that, the eigenstate tends 
to have a larger decay rate at least in the short and 
intermediate time period. This is understandable in 
terms of the resonant excitation nature from the 
initial eigenstate. However,  the decay of the wave- 
function in time is not quite monotonic and in fact 
the wavepacket  can have larger decay rate at later 
times. Similar behavior occurs for the co s = 2.0 case. 
For the non-resonant (~o, = 0.1) case, the decay rate 
is comparable for the wavepacket  and eigenstate 
excitation, both showing some exponential decay 
behavior at shorter times. At longer times (not shown 
in Fig. 1), we found the wavepacket tends to be 
ionized faster than the eigenstate, similar to the 
larger frequency cases. 

It is instructive to examine the time evolution of 
the initial wavepacket  in the microwave field. It has 
been observed experimentally that, in the field-free 
case, the initially localized Rydberg wavepacket  can 
exhibit collapse, fractional revival and full revival 
[3,4]. In Fig. 2, we show the time evolution of the 
Rydberg wavepacket for the ~o s = 1.0 and fi0 = 72 
case for a series of time interval At = 0.1 ~', where r 
is the period of field oscillation. The Rydberg (Gaus- 
sian) wavepacket,  initially centered at x 0 = 10368 a 0 
( =  2fi~), is undergoing first the broadening and the 
drifting to the shorter distance from t = 0 to 0.37. At 
about t = 0.4~-, the left branch of the wavepacket 
reaches the Coulomb center (nucleus), inducing pho- 
toabsorption and causing a rapid oscillatory behavior 
starting from the short distance. As the center of  
wavepacket  continues to drift to the shorter distance, 
the oscillatory behavior spreads more and more across 
the wavepacket.  At t =  0.5~-, the center of the 
wavepacket  reaches the closest distance of approach 
to the Coulomb center, and the whole wavepacket  
exhibits rapid oscillatory behavior, while still pre- 
serving the overall Gaussian envelope. After that, the 
wavepacket  begins to bounce back and its center 
now drift to the larger distance. As time goes by, the 
oscillatory behavior gradually disappears starting 
from the right side (larger distance). Finally at t = 
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Fig. 3. Quantum phase space trajectories for the time evolution of 
the initial Rydberg wavepacket (~0 = 72) in the microwave field 
for ~o s = 0.1, 1.0 and 2.0 au, respectively. The scaled field strength 
is F s = 0.05 au. 

0.9~-, the wavepacket  reaches the ' revival ' ,  nearly 
resuming its initial Gaussian shape. After that time, 
the wavepacket begins to drift to the left again and 
repeats the oscillatory behavior and so on as de- 
scribed before. Such revival phenomenon, however, 
will not last long. After a few such revivals, the 
wavepacket breaks up into several pieces and the 
time propagation begins to lose coherence. Similar 
behavior has also been observed for the oJ s = 0.1 and 
oJs = 2.0 cases, although the revival time is different. 

Fig. 3 depicts the quantum phase space trajecto- 
ries corresponding to co s -- 0.1 (t  = 0 - 2  oc), oJ s = 1.0 
( t =  0 - 2 0  oc), and o~ s = 2.0 (t  = 0 - 4 0  oc) cases. 
The initial state is prepared at ~ = 72 Rydberg 
wavepacket  and the scaled field strength is F~ = 0.05 
au for all the three cases. Here ( x ( t ) )  and ( p ( t ) )  
are, respectively, the expectation values of the elec- 
tronic coordinate ( x )  and momentum (p) .  The three 
phase space diagrams span the same (real) time 
period and each contains 4000 phase space points. 
Several salient features are noticed: (i) For the non- 
resonant small frequency (oJ s = 0.1) case, the phase 
space structure reveals a denser and more chaotic 
pattern, whereas the larger frequency (oJ s = 1.0 and 
2.0) cases show more regular patterns. (ii) As time 
goes longer, all the phase space volumes shrink. This 
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is attributed to the fact that we have placed a filter at 
a large distance and it has filtered out the ionized 
portion of the wavefunctions. 

It will be instructive to compare the time evolu- 
tion of the quantum Rydberg wavepacket and the 
classical dynamics in microwave fields. It is known 
from the previous studies of microwave ionization of 
eigenstates [5-7] that classical calculations can pro- 
vide rather good agreement with both the experimen- 
tal and the quantum results in the small scaled 
frequency regime (to s << 1.0). However, quantum 
suppression of classical chaos can occur at larger 
scaled frequencies (% >/1.0) and significant discrep- 
ancies exist between classical and quantum results. 
In the present Rydberg wavepacket excitation, the 
wavepacket evolves more closely to the motion of 
the classical particle. Thus a detailed exploration of 
the classical-quantum correspondence will be of spe- 
cial interest. Work in this direction is in progress. 
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