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Although the circularity test problem for attribute grammars (AGs) has been proven to be

intrinsically exponential, to date, a worst case for the existing circularity test algorithms has yet

to be presented. This note presents a worst-case AG in which the number of incomparable

dependency graphs induced at the root is exponential. The worst case can help to clarify the

complexity of the problem.
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1. INTRODUCTION

Jazayeri et al. [1975] first gave a sketch of a proof of the complexity of the

circularity problem for attribute grammars (AGs). Since the original proof is

very complex, Jazayeri [1981] later proposed another proof with a simpler

AG. Unfortunately, this second proof does not include certain properties of

the original proof. For this reason, the second proof was corrected and

expanded by Dill [1989]. The complexity of the circularity problem is not

obvious. A worst-case example is needed to help us understand the complex-

ity of the problem.

Theoretically, such a worst case must exist. However, deriving a simple

worst case from the proofs in Jazayeri [1981], Jazayeri et al. [1975], and Dill

[1989] is not straightforward. The only exponential factor in existing circular-
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ity test algorithms [Deransart et al. 1984; Knuth 1968; Raiha and Saarinen

1982] is the number of (incomparable) dependency graphs for a nonterminal

symbol [Raiha and Saarinen 1982]. Two dependency graphs are incompa-

rable if none of them includes the other. Most practical AGs tend to have few

dependency graphs [Deransart et al. 1984; Raiha and Saarinen 1982]. In this

note, we present an example AG that contains an exponential number of

incomparable dependency graphs. The example AG is a worst case for the

existing circularity test algorithms.

2. A WORST-CASE AG FOR THE EXISTING ALGORITHMS

To show that an AG is a worst case, the size of the AG must be O(n) and the

number of incomparable dependency graphs be 0(2 n), for a given number n.

2.1 The Construction

In constructing our worst-case example, we partly follow the method in

Jazayeri et al. [1975] and the simplification (the elimination of asterisk

attributes) suggested in Dill [1989]. An AG G(n) is defined as follows:

(1) There is a nonterminal symbol X. We ignore terminal symbols in the
presentation.

(2) Symbol X has C(j) and P(j) pairs of attributes, 1 s ~ ~ 2 n – 1. Each

C(j) or P( j) contains a pair ( a, b), where attributes of C( j) are inherited,

and attributes of P(j) are synthesized. The attributes a of C(j) and P(j)

are denoted by C(j, a) and P(.j, a), respectively. For a production rule

containing more than one symbol X, the attribute occurrences are labeled

XO.C(j, a), X1.C(j, a), etc.

(3) The attribution rules and production rules are defined as shown below.

(The difference between production rules pl and p2 is in their first

attribution rule.)

pl: x+x

X1.C(n – 1, a) = Xo.C(n, a);
X1.C(j – 1, u) =XO.C(j, v), u = {a, b}, 2 <j < 2n – 1, j + n;

XO.P(j, U) =X1.P(j, u), u c {a, b}, 1 <j S 2rz – 1;

X1.C(7Z – 1, a) = Xo.C(n, b);
X1.C(j – 1, v) =XO.C(j, u), v = {a, 5}, 2 <j < 2n – 1, j + n;

XO.P(j, u) = X1.P(j, u), u ● {a, b}, 1< j S 2n – 1;

p3: x+&

X.P(j, u) = X.C(j, LI), u G {a, b}, 1< j < 2n – 1;
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Note that the number of attributes of X, the size of the production rules,

and the size of the attribution rules are all O(n).

2.2 The Proof

We claim that the AG G(n) is a worst case for three existing algorithms:

Knuth [ 1968] and two improved algorithms of Raiha and Saarinen [ 1982] and

Deransart et al. [1984]. The first part of the claim holds, since there is an

exponential number of dependency graphs for X. Consider a derivation of

length

~(1) ~(n–l)

n+l:Xd X+... * x3&,

where p(’) ● {PI, p2}, 1 < i < n – 1. A dependency graph for the root X is

shown as follows:

P(i, a) + C(n + i, a)ifp(’) =pl and P(i, a) + C(n + i, b)if p(’) =p2,

where “ e “ means “depends on.” Because P(i, a) depends on either C(rz + i,

a) or Cl n + i, b), 1 s i < n – 1, there are 2 n– 1 dependency graphs on the

root X. Figure 1 shows a parse tree of G(3) and its dependency graph. Figure

2 shows the dependency graph for the root X of the parse tree.

The second part holds as well, since the algorithm in Raiha and Saarinen

[1982] applies several improved techniques without changing the basic circu-

larity test scheme.

The third part calls for more detailed treatment. One major improvement

in the algorithm in Deransart et al. [1984] is based on the concept of a

covering. The covering of a set of dependency graphs is the set of incompa-

rable elements. To show G(n) is a worst case, we need to show there are an

exponential number of incomparable dependency graphs. Because the algo-

rithm works from the bottom up, we need to show that the dependency

graphs induced on X for derivations of length n + 1 are incomparable with

those of length less than n + 1. The dependency graph of a derivation of

length 1, i.e., X - s, is a trivial case and is incomparable with those of length

n+l.

Consider a dependency graph of a derivation of length

Jl) ~(k– 1)
k+l, l<k<n: X+X-... + X~c.

Thetie dependency graphs are included in

{P(i, a)~C(k+ i,a)ll<i<2n–1 –k}u

{P(i, a)- C(k+i, b)ll<i<2n–l –k}.

Thus, they are incomparable with the dependency graphs of derivations of

length n + 1.The size of the covering of G(n) is then exponential. The third

part of the claim holds.
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Fig. 1. A parse tree of G(3) and its dependency graph.
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Fig. 2. The dependency graph for the root X of the parse tree in Figure 1.

3. CONCLUSION

We have presented a worst-case AG for the existing circularity test algo-

rithms. The worst-case example contains an exponential number of incompa-

rable dependency graphs. The example is very simple and can help us to

understand the complexity of the circularity problem.
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