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1. Introduction and result

We start by fixing some notation which we are going to use throughout this work. First, let Iy
denote the finite field with q elements. Moreover, denote by Fg[T] the polynomial ring and by

Fo((T") ={f=anT" +an1T" ' +---: ajeFq, ne Z}

the field of formal Laurent series.
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For a formal Laurent series f =a,T" +an_1T""! +---, we define its fractional part {f} by

(fl=a T ' +a T2+,

and its valuation by | f| = g9/, where deg f is the generalized degree function. It is straightforward
to prove that |- | satisfies the ultra-metric property, i.e., | f — g| < max{|f|, |g|} forall f,ge IE‘q((T‘1))
with equality whenever |f| # |g|. This property implies that balls, which we denote by

B(f:q7%) ={geFe((T7")): lg— fl<a™},

are either disjoint or contained in each other.
Next, let

L={feFe((T""): Ifl <1}.

Restricting the valuation to this set gives a compact topological group. Hence, there exists a unique,
translation-invariant probability measure (the Haar measure) which we are going to denote by m.

In several recent papers, the following inhomogeneous Diophantine approximation problem was
investigated: for f, g € IL consider

1
I{Qf}—g|<qn—+,n, Q €Fg[T],  degQ =n, (1)

where [, is a sequence of non-negative integers. One is interested in the number of solutions in Q
of (1). Three situations have been studied: (D) f and g are both random; (S1) g is fixed; f is random;
(S2) f is fixed; g is random. The first case is called the double-metric case and the other two cases
are called single-metric cases.

We are going to recall some previous results concerning the number of solutions of (1). First, in
all three cases, it follows immediately from the Borel-Cantelli lemma that the number of solutions
is finite almost surely whenever 2@0 g~ converges. Moreover, in the double-metric case and the
single-metric case (S1) it was proved by Ma and Su [8] and Fuchs [3] that divergence of the latter
series entails that the number of solutions is infinite almost surely. Interestingly, the same result does
not hold for the single-metric case (S2). More precisely, for some functions f, the number of solutions
remains finite almost surely even for sequences I, for which }7, g~ = co. This then raises to

question of characterizing those f where the convergence or divergence of Zn>0q*’" determines

whether the number of solutions is finite or infinite almost surely.
To this end, we define the following set

o0
W =1 f € L: VI, with Zq"" = 00, (1) has infinitely many solutions for almost all g ;.
n=0

A characterization of this set was given in a recent paper by Kim and Nakada [5], their result being an
analogue of Kurzweil’s theorem from the real case. In order to state the result, we need a notation:
f €L is called badly approximable if there exists a ¢ € N such that for all Q € Fy[T] with degQ =n,
we have

1
qn+c !

Hafi =

Then, Kim and Nakada proved the following result.
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Theorem 1 (Kim and Nakada). We have

W ={f eL: f isbadly approximable}.

As for the proof of the above result, Kim and Nakada used continued fraction theory. Hence, their
proof is not easily extended to simultaneous Diophantine approximation. It is the purpose of this note
to give another proof which works for simultaneous Diophantine approximation as well. Our new
approach combines ideas of Kurzweil’s original proof [7] and Kim and Nakada’s approach from [5]
(for a more recent proof of Kurzweil's theorem see Fayad [2]).

In order to state our result, we need further notation. Therefore, fix non-negative integers r and s.
Then, we denote by Fy[T]" the r-th fold Cartesian product of F4[T] and by ]Fq((T‘l))r the r-th di-
mensional vector space over Fq((T*I)). Throughout this work, vectors will always be row vectors and
will be denoted by bold, lower-case letters.

Let f=(f1,..., fy) € ]Fq((T‘1))r be a vector. Then, we define its fractional part by

B=>A)- ()

and its valuation ||f|| = qdesf = maxigigr | fil, where degf = max;¢i¢rdeg fi. Note that | - || again

satisfies the ultra-metric property and balls

B(f:q ™) ={geFq((T™")": g —fll <q~}

are again either disjoint or contained in each other.

Finally, we let " denote the r-th fold Cartesian product of I.. which we equip with the product
measure of I (also denoted by m). Note that due to Tychonov’s theorem, I is again a compact
topological group and hence the product measure is the unique Haar measure.

Now, we consider the following extension of (1): for A € L™ and g € I’ consider

[{aA} —g| < ﬁ qeFy[TI",  degq=n, )
q-s-T

where [, is a sequences of non-negative integers. Again, one has three cases: (D) A and g are both

random; (S1) g is fixed and A is random; (S2) A is fixed and g is random.

In this note, we are interested in case (S2). We mention in passing that similar results as in the
one-dimensional case have been proved for the double-metric case and the single-metric case (S1) by
Kristensen in [6]. So, the only case which has not been studied yet is (S2). In this case, we again have
from the Borel-Cantelli lemma that if Z@()q*lﬂs is convergent, then the number of solutions of (2)
is finite almost surely. As for the other direction, we again define the set

o0
Wrs=1AeL™: VI, with Zq’l”s = 00, (2) has infinitely many solutions for almost all g}.
n=0

We need the following notation: A € L™*S is called badly approximable if there exists a ¢ € N such that
for all q € F4[T]" with degq=n, we have

1
la)] > — G)
q

T4’

Then, our main result is the following extension of Theorem 1.
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Theorem 2. We have

W, s={A €L™*: Aisbadly approximable}.

The structure of the paper is as follows: in the next section, we will collect a couple of results
which are needed in the proof of Theorem 2. The proof of Theorem 2 is then presented in Section 3.

2. Some preliminaries

Throughout this section, let A € L™** with

fir fiz - figs
B fa1 fa2 - fas
for B2 o frs

We first recall the higher-dimensional version of Dirichlet’s theorem.

Theorem 3. The following Diophantine inequality

1
[{aA}| < —. qe€Fy(TI",  degq=n

L5’
has infinitely many solutions.
Proof. This is proved as in the real case. O
Next, we need the following result.
Lemma 1. If AuT € F¢[T]" for some u € F4[T]*® with u # 0, then A is not badly approximable.

Proof. Let u= (U1, ..., Us) with Uj € Fg[T] and assume w.l.o.g. that Us # 0. From the assumption,
we obtain that

AuT = (Vq,..., V)T

with V; = Zj‘:] fi’jUj € Fq[T].
Next, denote by A’ the matrix A with the last column removed. Then, by Dirichlet’s theorem,

[{aA’}| <q b, qeF[TT, degq=n

has infinitely many solutions. The latter is equivalent to that

1Q1fi14+ Qafa1+--+Qrfr1— P1l <q Ll
1Q1f12+Qafaz+- 4 Qrfra— Pa| <q L1l

1Q1 f15-1+ Qafas1+ -4 Qrfrs—1 — Ps_1] <q L1
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has infinitely many solutions in Qj,..., Qr, P1,..., Ps_1 with max;¢;<rdegQ; =n. Multiplying by
Us and setting Q UsQi, 1<i<r, and P =UsPj, 1< j<s—1, implies that

|Q1fi1+ Qo1+ +Qlfr1— Py <g te=1i7,

|Q1fi2+ Q) fa2+ -+ Q[ fr2— Py| <q ls=171,

\Q{ f],sfl + Qéf2,s—1 +---+ Qr/fr,sfl - P;—]‘ < qitﬁJicl (4)

has infinitely many solutions, where max; g, deg Qlf =n’ and ¢; is a suitable constant.
Now, fix a solution of the latter system and observe that

UsQ{fl,s + UsQﬁfZ,s +--+ USQ;fr,s

= Z(V;’ —Uifi1—-—Us_1fis—1)Q]

i=1

r s—1 s—1
= ViQ =Y UH(Q frj -+ QU frj— Pj) = Y USP;
j=1

i=1 j=1
Rearranging yields
r s—1 r s—1
UsY Q{fis+ Y UjP;=> ViQ[==>"Uj(Q{frj+ -+ Q/frj—P).
i=1 j=1 i=1 j=1

Hence,

< mmax Ul|Q1frj+ -+ Qlfrj— Pj| <q 1172,

r s—1
Us D Qifis+D_UjP] ZV Qf
i=1 j=1
where the last line follows from (4) and c; is a suitable constant. Dividing both sides by |Us| gives

Z jP, Zl lVQ/
Us

q—LS”rlJ =3

where c3 is a suitable constant. Note that Ule 1<i<r, and US|P 1< j<s—1, and hence

X UP - Y Vi
_ 0

is a polynomial. Overall, we have proved that

’Q{fl,s+"'+Qr/fr,s+R‘ <q7L%J*C3.
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So, we can add this equation to (4) and the resulting system still has infinitely many solutions. This
in turn yields that if we set q'=(Qj, ..., Q;) and ¢4 = min{cy, c3}, then

[{a'A}| <q 551074, q' eFgITT,  degq =n’ (5)
has infinitely many solutions.
The latter, however, implies that A is not badly approximable because otherwise (3) would hold
which clearly contradicts (5). Hence, the proof is finished. O
Remark 1. In the real case, a matrix A is badly approximable if and only if AT is badly approximable
(see Theorem VIII in [1]). If the same is true for formal Laurent series as well (which we expect), then
Lemma 1 would follow from this as a simple consequence.
For the final two results of this section, assume that A is badly approximable, i.e., (3) holds.
Lemma 2. The set {{qA}: q € F4[T1"} is dense in LL°.
Proof. Fix ne N and g=(g1,..., &) € LS with
gi=gPT 1 4 g T2 4.
We have to show that there exists a q € Fg[T]" with
[{aA) —g[ <q™". (6)

In order to do so, we reformulate (6) as a solvability problem for a system of linear equations. There-
fore, let q=(Q1q,..., Q;) with

Qi=a) +al’T+-- +aQTV

and for 1<i<rand 1<j<s

fij=RTT A TR

Moreover,
O\ T ((3)] (i, J) (i,)) D\T
ag 1 ) - fa g
(i) ()] (i,J) (%)) )
a f f e f g
w= | a2 3 L vy= | P
B0 Qi) ) el (i.J)
N N+1 N2 N+n &n
for 1 <i<rand 1< j<s. Finally, set
up\ T A1 Az oo A vi\ T
u .| Az Az o Az V2
u= s = s V=
uy Ar1 Ara - Ars Vs

Then, (6) has a solution if and only if the system of linear equations uA’ = v has a solution u.
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In order to show that the latter system is solvable, it suffices to show that rank(A’) =ns for N

large enough. Assume that this is wrong. Then, there exist o, ..., aps not all 0 with
1,1) 1,1) £2,1) 2,1 1) r,1)
Oll(fl seees INg1 0 1 sees INgT o0 Ty yeeey N+1)
1, 1, 2, 2, , .
s (F e S R RS = (7)
If we now set u= (Uq,...,Us) with
Ui =aq -|-(X2T+---+OlnTn7],
Uz = dpi1 +nyaT + - +ag, T,
Us =0ni—1)+1 +0ns—1)42T + -+ OlnsTnila
then (7) can be reformulated as
{firUi 4+ fisUs)| <qg !
for 1 <i<r. This in turn gives that
|AuT|| <q N1 (8)

Now, since A is badly approximable, Lemma 1 implies that |AuT| > 0. Consequently, since there are
only finitely many possible choices of u (since n is fixed), (8) becomes wrong if N is large enough.
This gives a contradiction and hence our result is proved. 0O

Lemma 3. Let E C IL° and assume that E is invariant under the action - + {qA} for all q € F4[T]". Then,
m(E) =0orm(E) =1.

Proof. First, recall from the introduction that LS is a compact topological group and m is its Haar
measure.

Now, assume that m(E) > 0. We have to show that m(E) = 1. In order to do so, we use Lebesgue’s
density theorem for compact topological groups (see Remark 5 on page 268 in [4]): for all € > 0,
there exists a d € Z with

m(E N B(g; q~%))
/P“Q_ mBgq D) | = EmE.

where xp denotes the indicator function of E. The latter implies that

/<y_mwmsgm”»

m(B(g: ¢-9)) )dm<€mw}

Hence, there exists a g € ¥ with

| MENBE)
m(B(g; )
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and consequently,

m(ENB(g; q7)) > (1 —e)m(B(g; q79)).

Since E is invariant under the action - + {qA} and m is translation-invariant, we obtain

m(E N (B(g:q~%) + {qA})) > (1 — e)m(B(g: %) + {qA})

for all q € Fg[T]". This together with Lemma 2 clearly implies that m(E) > 1 — € and since this holds
for all € > 0, we have m(E) =1 as desired. O

3. Proof of the main result

In this section, we will prove Theorem 2. We will start with the case where A is badly approx-
imable. For the next two results again assume that A satisfies (3).

Lemma 4. Let g € LS and d > 0. Then, the number of q € F4[T1" with degq < N such that {qA} € B(g; ™)
is at most max{gN"tes—4ds 1).

Proof. First, fix q,q" € F4[T]" with degq, degq’ < N. Then, since A is badly approximable, we have

Nr

ltan) — 1| = {(a—a)a}] > =540 g1

This means that the distance between any two points {qA} and {q'A} is at least q*L%*C.
Now, we consider two cases.

Case 1. If g"L51=¢ > g, then there is at most one point in B(g; g~9).
Case 2. If q’L%J’C < g%, then the number of points in B(g; q~¢) is at most

—d
(q )S < Nr+cs—ds
@

Hence, our claimed result is proved. O

Lemma 5. Let I, be a sequence with ano q S = 0. Then, for all k > 0

m<U U B({quan;JI")) i qu1+1'

n=k degq=n

Proof. We first exclude the case ¢ =2 and r =1.
Let I/, = max{l,, c + 1}. Then, ZDO g~ = co. We will use proof by contradiction. Therefore, as-
sume that the claim is wrong. Hence, there exists a kg > 0 such that for all N > kg, we have

N
m( U U B({q/\};qlnsr“;’)> <q e ©

n=ko degq=n
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Next, define the following set
{degq N{qA}EUU ({a'A}; q“’\UU {qA}ig 5y b
n=ko degq'=n n=Kko degq'=n
Our first goal is to estimate the cardinality of Ly. Therefore, set

U U B({aa}iqtsi™m) = JB({gjA}:a 7).
n=ko degq'=n i

where the B({qu}; q~%) are disjoint for all i. Then, from (9),

_cs 1>m<U U /A q Lnrj N)) m(U ({q' ) Zq—ds
n=ko degq'=n i

Using Lemma 4 gives that the number of q with degq < N such that {qA} € | J; B({q;A}; g~ %) is at
most

Z max{qNH'CS_d"S, 1} — max{qu+cs Zq—dis, qu} — qu'

i i
Hence, the number of elements in Ly is at least
q(N—H)r _ qu _ qu — qu(qr _ 2) — qur7

where d > 0 is a constant.
Next, we claim that

LJ B(taAy: g7t )

qeln

CU U ’A qL”rJln\U U ’A qLJl) (10)

n=ko degq'=n n=ko degq'=n
In order to show this, fix a q € Ly and assume that there exists a q' with degq’ =n < N such that
B(lgA}:q 5 ) nB({q/A}: g 15y 20,
Since we know that {qA} ¢ B({q'A}; q‘L%J_';l), we obtain that
B({q'A}; g 151 7h) < B({qA}; g U5 MN)

and hence {q'A} € B({qA}; q‘L%"?V). The number of q with degq < N and {qA} belonging to the
latter set is, however, at most

max{quJrcs (LY J+1)s 1} <max{q(”])571;v5,1} -1

This gives a contradiction and hence (10) is established.
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Finally, we claim that the balls appearing on the left-hand side of (10) are pairwise disjoint. There-
fore, consider q,q2 € Ly with

B({q1 A} g 5 17) N B({gaA): g L 1) £ 0.
Thus, these two balls are equal and hence
a4} = @24 = [{(@1 —q)A}| <g~1) v,

Now, as above, the ball B(0; q*L%J";V) contains at most one point {qA} with degq < N. Consequently,
q1 = q and our claim is proved.
Now, from (10) and the latter claim, we obtain

o(0) U stonsa )

n=ko degq'=n
(U U B({aa}q !5 ’)>+m< U B({qA};q‘L%"'N)>
n=Kko degq'=n qely
>m<U U [qA}:q -2 l))_'_qur(q—\_%J—l;V)s
n=Kko degq'=n
>m<U U /A q L J ln))-{_dq_l/Ns_
n=Kko degq'=n

Iterating yields

n(U U slaagasoi) 2o

n=Kko degq’'=n n=Kkg

Since Zn>0 q*lﬁS = oo this gives a contradiction when N is large enough.
Now, what is left is to consider the case g =2 and r = 1. Here, we note that since } - g = oo,

we have either 3~ q ¥ =00 or 2 n>0 q~'2141% = 00. W.Lo.g. assume that the first case holds. Then,
the same proof as above can be used with the only difference that instead of Ly, we consider

2N-2
iN:{dengzw: {(qA} € U U B e U B “L5I=h) 1
n=ko degq’'=n n=ko degq’'=n

Details are straightforward and we leave them to the reader. O
Now, we can prove one half of Theorem 2.

Proposition 1. Let A € I."*S be badly approximable. Then, for all sequences I, with Zn>o g~ = o0, we have
that (2) has infinitely many solutions for almost all g € IL°.
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Proof. Consider

E= (WLJ U B(gakq ts1™h).

k=0n=k degq=n

Then, we have for all g € I that g € E if and only if (2) has infinitely many solutions. Moreover,
Lemma 5 implies that m(E) > 0. Since E is invariant under the action - + {qA} for all q € F4[T]", the
latter and Lemma 3 yields m(E) =1 which is the desired result. O

In order to conclude the proof of Theorem 2 what is left is to consider the case where A is not
badly approximable.

Proposition 2. Let A € I."** be not badly approximable. Then, there exists a sequence I,, with 2@0 g =00
but (2) has only finitely many solutions for almost all g € IL°.

Proof. First, since A is not badly approximable, there exists a sequence q; = (Q(l) Qr(i)) e Fq[TY
with degq; =n; and n; increasing such that

| @iny]

Now, define to =0 and t; =n; +i for all i. Moreover, for n with t;j_; <n <t; set

= L(ti —ﬂ)TJ.
s

Note that I, is a sequence with

qulns>2q le;— 1S>Zq LLls iqfr:
1

n=0 i=

Next, assume w.l.o.g. that ¢" = ||q;|| = |Q1(i)\. We claim that

U U Blaara ¥y e J({aa)a ¥+,

ti_1<n<t; degq=n

where the second union runs over all ' =(Q7, ..., Q;) with
Qi <! fQaf<aiTh L fQi <
In order to show this, fix q =(Q1,..., Q,) with t;_; < degq=n < t;. Using division with remainder

gives a P e Fg[T] with |Q; + PQ(’)I < q%~1. Note that |P| <qi~1~". Now set

=(Qi+PQ,...,Q +PQ").

Then,

[t} — {a'a}| <IPI]i@iA)]| <71 =g
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Also, note that

(ti— “)" nr (& —n)r

| g FET gL 2,

nr
q —15 1=l =q 5L
Consequently,

B({qA): ¢~ ¥ 1) C B({q/A}: gL F1+2)

which proves the claim.
In order to conclude the proof, observe that the claim implies

Gr ti(r— —
< U U {qA q -1%] ln)><q(fLTJ+2)sqn,+tl(r 1)<q3s i

ti_1<n<t; degq=n

Hence,
s nr ad :
S U U Blaarg ) < g <o
i=1 ti_1<n<t; degq=n i=1

The Borel-Cantelli lemma now implies that for almost all g € L’

ge |J U Bllaayg 51

ti_1<n<t; degq=n
for only finitely many n which proves the desired result. O
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