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Analytical Solutions for the Radiated Emission
of Parallel Microstrip Traces

Bin-Chyi Tseng, Li-Chun Liao, Lin-Kun Wu, Member, IEEE,
and Hui-Tsui Lung

Abstract—A closed-form expression of the unintentional electromagnetic
radiation of parallel microstrip traces is proposed. Based on transmission
line theory, far-field Green’s function, and concept of array factor in an-
tenna theory, analytical solutions for the electric field radiated from a pair
of parallel microstrip lines are developed. Depending on the printed circuit
board material, dimension parameters, and termination impedances, the
frequency and angular responses of far-field radiated emission on the up-
per half-plane can be analyzed by the presented method. The differential-
and common-mode radiated emission solutions are validated by a full-wave
simulator and test board measurements in a full-anechoic chamber.

Index Terms—Crosstalk, Green function, microstrip, printed circuits.

I. INTRODUCTION

Rapid advances in science and technology in recent years have
led to increased requirements for high-speed data transmission. Since
data rates are directly proportionate to the bandwidth and carrier fre-
quency [1], in modern circuit systems, large numbers of high-speed
interconnections are routed in parallel on printed circuit boards (PCB).
For electromagnetic coupled parallel signal traces, the crosstalk that
exists between traces is problematic and plays an important role in de-
termining the performance of circuit systems. An enclosure is usually
applied to attenuate the coupling field. Due to the random switch-
ing patterns on each line, a single trace will reveal both velocity and
impedance changes that also affect system performance. Moreover,
with the lowering of supply voltage for high-frequency circuits, unin-
tentional radiation, which interferes with other circuits, is becoming a
major problem in a novel circuit design [2], [3].

In high-speed data communication, differential signaling (e.g.,
IEEE1394b, USB3.0, etc.), which inherently exhibits better immunity
to noise, has found increasing applications. However, when the dif-
ferential signal is imbalanced in phase or amplitude, a common-mode
current will be introduced on the traces [4], [5]. Generally, the common-
mode current is the dominant source for noise emission [6]. But, due
to the square relation between emission and operating frequency of
a differential-mode current [7], we should take both the common-
and differential-mode current into consideration for high-frequency
applications.

This paper presents closed-form solutions for common- and
differential-mode radiation of a pair of parallel microstrip traces. Based
on the concept of array factor in antenna theory and Green’s functions
for the metal-backed dielectric layer [8], the far-field radiated emis-
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Fig. 1. Single-ended microstrip line structure.

sions of parallel traces, depending on the PCB’s material, dimension
parameters, and termination impedance, are calculated. The presented
differential- and common-mode radiated emission solutions are veri-
fied by a full-wave simulator and practical test board measurements in
a full-anechoic chamber.

II. ANALYTICAL SOLUTIONS

A. Single-Ended Transmission Line

The radiated electric field of a conductor, with surface current density
JS on a surface S, is expressed as follows:

E (r) =
∫

S

Js (r′)G (r, r′) dS (1)

where G is the dyadic Green’s function of various radiation structures.
For a microstrip line structure with source and load at two terminals, as
shown in Fig. 1, currents exist on the microstrip line in the x-direction
and on the via in the z-direction. Assuming that the ground plane and the
dielectric layer extend in the x- and y-directions infinitely, the far-field
Green’s function of a unit dipole in the x-direction is given by [9]

Gx =
jωμ0

4π

e−j k 0 r

r
F x (2)

with

F x = (Rv − 1) (cos θ cos φ) eθ + (Rh + 1) (sin φ) eφ (3)

where

Rv =
1 − j v

εr cos θ
tan (k0vh)

1 + j v
εr cos θ

tan (k0vh)

Rh =
1 + j v

cos θ
cot (k0vh)

1 − j v
cos θ

cot (k0vh)

and v =
√

εr − sin2 θ.

In (3), eθ and eφ are the unit vectors in spherical coordinates. Up
to 1 GHz, the dielectric losses are not significant. When the dielectric
thickness h is much less than the operating wavelength, that is k0 h �1,
the tangent and cotangent functions in Rv and Rh can be simplified.
So, Fx is reduced to

F x ≈ 2jk0h

[(
sin2 θ

εr

− 1

)
(cos φ) eθ + (cos θ sin φ) eφ ] .
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In the z direction, the dyadic Green’s function of the via is

Gz =
jωμ0

4π
cos (k0vz ′)

e−j k 0 r

r
F z . (4)

Similarly, as k0 h�1, Fz results in

F z ≈ 2 sin θ

εr

eθ . (5)

In practical PCB designs, the signal trace follows the quasi-TEM
condition, so the surface current distribution I(x) can be approximated
as a line current. Also, because of the extremely thin substrate, the
current variation in the z-direction can be ignored. Therefore, (1) is
replaced by

E (r) =
∫ x ′= �

x ′=0

I (x′) Gx ej k 0 r ′ ·er dx′

+
∫ z ′=0

z ′=−h

Gz I (0) ejk 0 r ′ ·er dz ′

−
∫ z ′=0

z ′=−h

Gz I (�) ejk 0 r ′ ·er dz ′ (6)

where er is the unit vector in the r-direction of spherical coordinates.
Therefore,

r′ · er = x′ sin θ cos φ + z ′ cos θ.

Combining (2), (4), and (6), the radiated electric field integration in
(1) results in

E (r) =
jωμ0

4π

e−j k 0 r

r

{
F x

∫ x ′= �

x ′=0

I (x′) ejkx x ′
dx′

+F z

∫ z ′=0

z ′=−h

[
I (0) − I (�) ejkx �

]
cos (k0vz ′) ejk z z ′

dz ′

}

(7)

where
kx = k0 sin θ cos φ
kz = k0 cos θ.

With the same condition, k0 h �1, the second integral term of (7)
simplifies to ∫ z ′=0

z ′=−h

cos (k0vz ′) ejk z z ′
dz ′ ≈ h.

By the general transmission line theorem, the current distribution
I(x) on a trace is

I (x) =
VS

ZS + ZC

1
1 − ρS ρL e−j β 2�

(
e−j β x − ρL e−j β 2� ej β x

)
(8)

where VS is the excitation voltage, ZS and ZC are the impedance of
signal source and transmission line, respectively, and ρS and ρL are
the reflection coefficients at source and load, respectively.

Finally, we obtain the far-field radiation of a single-ended microstrip
line with arbitrary terminal load [8]

E (r) =
ωμ0

4π

e−j k 0 r

r

VS

ZS + ZC

1
1 − ρS ρL e−j β 2�

×
{

F x

[
1 − e−j (β−kx )�

β − kx

+ ρL e−j β 2� 1 − ej (β + kx )�

β + kx

]

+ jhF z

[
1 − ρL e−j β 2� − (1 − ρL ) e−j (β−kx )�

]}
. (9)

Fig. 2. Differential transmission line structure.

B. Differential Pair Transmission Lines

A differential transmission line structure is demonstrated in Fig. 2.
As we can see in this constitution, there are two identical single-ended
microstrip line elements separated by the distance P. When the current
in each line is the same as that of an isolated one (i.e., the mutual
coupling is neglected), the differential-mode current can be described
as [7]

I (x1 ) = ID

I (x2 ) = −ID .
(10)

Combining these current functions into (9), the total far-field radia-
tion of a differential-mode current is

E (r) =
ωμ0

4π

(
e−j k 0 r 1

r1
− e−j k 0 r 2

r2

)

× VS

ZS + ZC

1
1 − ρS ρL e−j β 2�

×
{

F x

[
1 − e−j (β−kx )�

β − kx

+ ρL e−j β 2� 1 − ej (β + kx )�

β + kx

]

+jhF z

[
1 − ρL e−j β 2� − (1 − ρL ) e−j (β−kx )�

]}
.

(11)

The relations between r1 , r2 , and r, are r1 = r + d and r2 = r − d
with

d =
(
ex

P

2

)
· er =

P

2
sin θ sin φ. (12)

For a far-field observation, d � r, we can obtain the following
simplified result:

e−j k 0 r 1

r1
− e−j k 0 r 2

r2
=

e−j k 0 (r+ d )

r + d
− e−j k 0 (r−d )

r − d

≈ e−j k 0 r

r

(
e−j k 0 d − ejk 0 d

)
. (13)

By using the pattern multiplication method [10], the total radiation
of a pair of parallel microstrip traces is given by the following relation:

Etota l (r) = AF × E (r)

where AF is the array factor with

AF = ejk 0 d ±−j k 0 d .

For a differential signal, the array factor has the form

AFDM = ejk 0 d − e−j k 0 d = 2j sin (k0d) . (14)
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With this array factor, the total far-field radiation of a pair of parallel
microstrip traces driven by a differential-mode current is

EDM (r) = 2j sin (k0d) × e−j k 0 r

r

× ωμ0

4π

VS

ZS + ZC

1
1 − ρS ρL e−j β 2�

×
{

F x

[
1 − e−j (β−kx )�

β − kx

+ ρL e−j β 2� 1 − ej (β + kx )�

β + kx

]

+jhF z

[
1 − ρL e−j β 2� − (1 − ρL ) e−j (β−kx )�

]}
. (15)

For a common-mode signal, the current distribution can be written
as

I (x1 ) = I (x2 ) = IC . (16)

Similarly, the array factor is

AFCM = ejk 0 d + e−j k 0 d = 2 cos (k0d) . (17)

So, the total far-field radiation of a pair of parallel microstrip traces
driven by a common-mode current is formulated by

ECM (r) = 2 cos (k0d) × e−j k 0 r

r

× ωμ0

4π

VS

ZS + ZC

1
1 − ρS ρL e−j β 2�

×
{

F x

[
1 − e−j (β−kx )�

β − kx

+ ρL e−j β 2� 1 − ej (β + kx )�

β + kx

]

+jhF z

[
1 − ρL e−j β 2�−(1 − ρL ) e−j (β−kx )�

]}
. (18)

III. RESULTS

Using the analytical results achieved in Section II, the single-end,
common- and differential-mode radiated emission can be quickly ob-
tained. To confirm the analytical result of a single-ended microstrip line,
a full-wave, 3-D method of moments-based simulator EMSIM (IBM,
Yorktown Heights, NY) was utilized. As a first example, a microstrip
line structure with excitation source VS = 1 V and shorted termination
load (i.e., ρL = −1) was performed. The line width W = 0.7 mm, trace
length � = 100 mm, substrate thickness h = 0.4 mm, dielectric constant
εr = 4.4, and copper thickness t = 17.8 μm are the parameters used
to simulate and fabricate a test board. With the designed characteristic
impedance ZC = 50 Ω and assigned source impedance ZS = 50 Ω,
the radiated electric field at 3 m with θ = φ = 0◦ is calculated and
demonstrated in Fig. 3. As demonstrated in [2] and [11], the correspon-
dence between the analytical result and the full-wave simulation result
is good.

To further validate the results between numerical solutions and mea-
surement, the radiation power of the test board in a 9 m × 6 m × 6
m full-anechoic chamber is measured. With the same conditions as
applied in numerical simulations, the radiated electric field, which is
converted from the measured radiation power, is also depicted in Fig. 3.
At 800 MHz, the λ/2 resonance is observed in the perpendicular direc-
tion for all three methods.

Following the developed estimation method for a parallel microstrip
lines is confirmed. Fig. 4 shows the configurations for numerical sim-
ulations and measurement. To evaluate the emission effectiveness of
differential signaling, the same substrate material and board size (i.e.,
N = 300 mm) used in the single-ended case are applied. Due to the
electromagnetic coupling between parallel traces, the width of a 50

Fig. 3. Comparison of a single-ended transmission line.

Fig. 4. Top and cross-sectional view of differential pair structure.

Fig. 5. Comparison of differential transmission lines.

Ω microstrip line is modified from 0.7 to 0.68 mm and separated by
spacing S = 0.9 mm [12].

In a matched condition (i.e., ρL = 0), the numerical results that
come from the full-wave electromagnetic simulator and those from our
analytical solution at θ = 45◦, φ = 90◦, and r = 3 m are both illustrated
in Fig. 5. With the same procedure, the test board is measured and its
results are also displayed in Fig. 5. As we can see in this comparison,
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Fig. 6. Radiation patterns of a parallel coupled common-mode traces for
different trace lengths and loading conditions.

Fig. 7. Radiation patterns of a parallel coupled differential-mode traces for
different trace lengths and loading conditions.

Fig. 8. Comparison of various transmission lines.

the correspondence between the proposed estimation method and full-
wave simulation is good. But, due to the diffraction effect at the board
edge, the measured data are larger than those from the analytical results.

As a demonstration of various radiation patterns of the parallel cou-
pled common- and differential-mode traces, Figs. 6 and 7 show the 3-D
diagrams for three different line lengths �/λ = 0.05, 0.5, 3, and load-

ing conditions ρL = −1, 0, and 1. The radiation patterns are calculated
according to (15) and (18). As can be seen in Fig. 6, the common-
mode radiation patterns are similar to those of a single trace in [8].
For differential-mode radiation patterns depicted in Fig. 7, all the 3-D
diagrams have nulls in the perpendicular x–z cutting plane (i.e., y =
0) as expected. When the trace length is a multiple of wavelength, the
radiation patterns exhibit complex side lobes under various loading
conditions.

With these validated analytical solutions, the single-ended, common-
and differential-mode circuits are driven with an equal excitation mag-
nitude. At the same observation point, θ = 45◦, φ = 90◦, and r = 3 m, the
superior emission cancellation effect of differential signaling is noted
and the square relation between emission and operating frequency of a
differential-mode current is observed in Fig. 8. As frequency increases,
the differential-mode radiation increases more rapidly than common-
mode current radiation.

IV. CONCLUSION

In high-speed interconnections, differential signaling schemes have
found increasing applications. In this paper, the unintentional electro-
magnetic radiation of the parallel structure is formulated by using array
factor. When this approximated function is applied to a circuit board
with finite size, the diffraction effect at the edge is ignored. With the
developed far-field analytical solutions, the radiated emission on the
upper half-plane, depending on the PCB’s material, dimension parame-
ters, and termination impedance, can be determined easily and quickly.
From the validated results, the radiated emission of a differential pair is
much lower than that of the single-ended transmission line. Using these
closed-form expressions, a high-speed circuit designer can evaluate the
radiation effect of a parallel structure and modify the design to meet
electromagnetic compatibility regulations.
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