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1. Introduction

For an n-by-n complex matrix A, let W(A) = {{Ax, x) : x € C", ||x|| = 1} denote its numerical
range, where (-, -) and || - || are the standard inner product and its associated norm in C", respectively,
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and let k(A) be the maximum number k of orthonormal vectors x1, . . ., x in C" with (Ax;, x;) in the
boundary dW (A) of W(A) for all j. Note that k(A) is also the maximum size of a compression of A with
allits diagonal entries in dW (A). Recall that a k-by-k matrix B is a compression of Aif B = V*AV for some
n-by-k matrix V with V*V = I. The number k(A) was first introduced in [5]. It relates properties of the
numerical range and the compressions of A. In particular, it was shown in [5, Lemma 4.1 and Theorem
4.4]that2 < k(A) < nforany n-by-n(n > 2)matrix A, and k(A) = [n/2] for any S,-matrix A (n > 3).
Recall that an n-by-n matrix A is of class S, if it is a contraction, that is, ||A]| = max)x =1 [|AX|| < 1,its
eigenvalues are all in the open unit discID = {z € C : |z| < 1}, and the rank of I, — A*A equals one.
One particular example is the n-by-n Jordan block

In this paper, we proceed to study k(A) for other classes of A. In particular, we are interested in
knowing when k(A) equals the size of A. In Section 2 below, we first give a structure theorem (Theorem
2.7)of Awhen it has a compression with all its diagonal entries in W (A). This is then used to determine
the value of k(A) for A of size 3 in terms of the shape of its numerical range W (A) (Proposition 2.11).
Then, in Section 3, we consider the n-by-n (n > 2) weighted shift matrix

- Wn—1

Wy 0

For such an A, we determine in Theorem 3.1 exactly when its k(A) equals n. We show that this is the
case if and only if either |[wy| = --- = |wy| or nis even and |wy| = |w3] = --- = |wy_1| and
|[wy| = |wg| = - -+ = |wy|. In particular, this implies that, for A of the form (1) with n > 3 and with
exactly one zero weight, k(A) is never equal to n. We then concentrate on those A’s in this latter class,
and show that in this case its k(A) can be any integer between 2 and n — 1 (Theorem 3.5). We also
completely characterize among such A’s those with k(A) = n — 1 (Theorem 3.10).

Our reference for properties of the numerical range is [6, Chapter 1].

We end this section by fixing some notations. For any finite square matrix A, we use Re A =
(A+A*)/2andIm A = (A — A*)/(2i) to denote its real and imaginary parts, respectively, and ker A
and ran A to denote its kernel and range, respectively. A is said to be reducible if it is unitarily equivalent
to the direct sum of two other matrices; otherwise, A is irreducible. The set of eigenvalues of A is denoted
by o (A). 0, and I, are the n-by-n zero and identity matrices, respectively. The n-by-n diagonal matrix
with diagonals ay, . . ., a, is diag(ay, . . ., a,). The argument, arg z, of a nonzero complex number z is
the unique number 6 in [0, 277) such that z = |z|e!? ; arg 0 can be any number in [0, 277). Finally, for
any n > 1, the nth primitive root of unity e*™/" is denoted by wy.

2. Generalities

In this section, we prove some general results on the number k(A) of a finite matrix A, and start by
reviewing a few basic facts concerning the boundary points of W (A).

For an n-by-n matrix A, a point a in 9W(A) and a supporting line L of W (A) which passes through
a, there is a 6 in [0, 2;r) such that the ray Ry from the origin which forms angle 6 from the positive
x-axis is perpendicular to L = Lg (cf. Fig. 2.1). In this case, Re (e~ q) is the maximum eigenvalue of
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Fig. 2.1. Supporting line of W(A).

Re (e~ A) with the corresponding eigenspace Eq1(A) = ker Re (e (A — al,)). Let K;(A) denote
the set {x € C" : (Ax,x) = al|x||?} and H,(A) the subspace generated by K,(A). If the matrix A is
clear from the context, we will abbreviate these to E, |, K, and Hg, respectively. Note that these three

10
sets are in general not equal. For example, if A = ( ) and a = Oor 1, then W(A) = [0, 1] has
00

infinitely many supporting lines L at a. It is easily seen that E,; = C? if L is the x-axis, and C & {0}
if otherwise, and K, = Hg = {0} @ C or C @ {0}. On the other hand, if 0 < a < 1, then L must be
the x-axis, E;; = Hy = C%,and K, = {(Vae™) @ (/1 —ae'®) : 6;, 6, € R}. The next proposition
gives precise information on their relationship.

Proposition 2.2. Let A be an n-by-n matrix, a be a point in W (A), and L be a supporting line of W (A)
which passes through a. Then the following hold:

(a) Hy is contained in Eq 1.

(b) Kg is a subspace of C", that is, K, = Hg if and only if a is an extreme point of W (A).

(c) If ais not extreme for W(A), then L is unique and H, = U{K} : b € LN dW (A)}.

(d) Hy = Eq if and only if either a is an extreme point of W(A) and L N 0W(A) = {a} or a is not
extreme for W(A).

(e) IfL N OW(A) is a (nondegenerate) line segment of dW (A), then dim E,; > 2. The converse is in
general false.

(f) IfAisirreducible and dim E, ; > n/2, then L N W (A) is a line segment.

Proof. (a)is trivial, (b) and (c) were proven in [2, Theorem 1], and (d) follows easily from (b) and (c).
The assertion in (e) is trivial. For the converse, let

0 0 —2¢/3422 0
4 0 0 0 —2/3-22
| 2/3+2v2 0 4 —4
0 2\/@ 4 4

Then W (A) is as in Fig. 2.3 with the y-axis as its supporting line L, which satisfies L N dW (A) = {0}
and dim Ep; = 2 (cf. [11, Example 4, Fig. 8]). It can be verified that the only (orthogonal) projection
which commutes with A is 04 or I4, and thus A is irreducible.
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Yy o W(A)

Fig. 2.3. Numerical range of A.

(f) After an affine transformation of A, we may assume that L is the y-axis and a = 0 is an eigenvalue
of Re A with multiplicity bigger than n/2, thatis, m = dim M > n/2, where M = ker Re A. Consider
ReAasO@®Bon C" =M @ M. For any unit vector x in M, we have

(Ax, x) = ((Re A)x, x) + i((Im A)x, x) = i{(Im A)x, x).
Assume that L N dW(A) = {0}. This implies that ((Im A)x, x) = 0 for all x in M. Thus

00 [ 0C 0 iC
A= +i =
(O B) (C* D) (iC*B+iD)

for some matrices C and D. Let iC = USV be the singular value decomposition of iC, where U and V
are unitary and S is of the form

IR 0
0 Sn—m
0-.- 0
0--- 0

0 S
withs; > -+ > s,_,, > 0. Hence A is unitarily equivalent to a matrix A" of the form ( . ) If
—S* E

Sn—m = 0, then A is reducible, contradicting our assumption on the irreducibility of A. Thus we have
Sp—m > 0. Therefore, we have

0 —iS
ker Im A'=ker
iS* Im E

):{(O,...,O,xnmH,...,xm,O,...,O) S Xn—m+1s - - -, Xm€C}
[ ——— —_—

n—m n—m
0 0 ,

C ker —=ker Re A".
0O ReE

ker A’ Nker A”* = ker Re A’ Nker Im A’ = ker Im A/,

Hence
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whichis ofdimension 2m—n > 0.This shows thatA’ is reducible, again a contradiction. Thus LNdW (A)
is aline segment. [

We remark that Proposition 2.2(f) is a consequence of [1, Lemmas 2.1 and 2.2]. The proof here is
more direct and matrix theoretic in nature. The case n = 3 was in [7, Proposition 3.2].
Using Proposition 2.2, we can give a lower bound for k(A).

Proposition 2.4. Let A be an n-by-n matrix, a be a point in dW (A), and k = dim H,. If W (A) is either
the singleton {a} or a line segment [b, c] with ain (b, c), then k(A) = k = n; otherwise, k(A) > k + 1.

Proof. If W(A) = {a}, then A = al,, and our assertion is obvious. On the other hand, if W(A) = [b, c]
with a € (b, c¢), then A is normal with eigenvalues in [b, c]. Hence we may diagonalize A to obtain
k(A) = n.Since H;, = U{K; : A € [b,c]} = C" by [2, Theorem 1] or Proposition 2.2(c), we also
have k = dim H, = n. For the remaining case, consider a supporting line Ly of W(A) at a with the
associated angle 6 in [0, 27r) such that H, = Eq 1, (cf. Proposition 2.2(d)). Let Ly~ be the support-
ing line of W(A) which is parallel to Lg, and let b be any point in Ly, N dW(A). Then Eq 1, (resp.,
Ep,1y,, ) is the eigenspace of Re (e~ A) for its maximum (resp., minimum) eigenvalue Re (e~*q)
(resp., Re (e~b)). Since W(Re (e~ A)) is not a singleton by our assumption, these two eigenvalues
are distinct. Thus Eq 1, and Ep 1, . are orthogonal to each other and hence the same is true for Hy and
Hp. Therefore, we can find at least m = dim H; + dim Hp many orthonormal vectors X1, . .., Xp in
C" with (Ax;, x;) in W (A) for all j. This shows that k(A) > m = dim H, + dim H, > k 4+ 1 as
asserted. [

Similar arguments as above together with Proposition 2.2(e) yield the following.
Corollary 2.5. Let A be an n-by-n (n > 3) matrix

(a) If oW (A) contains a line segment, then k(A) > 3.
(b) If 9W (A) has two parallel line segments, then k(A) > 4.

Another easy corollary is the following necessary condition for k(A) = 2.
Corollary 2.6. If A is an n-by-n nonscalar matrix with k(A) = 2, then dim H, = 1 for all a in 9W (A).

The converse of the above is false. For example, if A = J5, the 5-by-5 Jordan block, then it is known
that dim H, = 1 forallain dW(A) = {z € C : |z| = cos(;r/6)}, but k(A) = 3 (cf. [5, Theorem 4.4]).
There are even 4-by-4 counterexamples to the converse as, for example, the matrix

02
0 1
02
0
(cf. Theorem 3.10 below). For 3-by-3 matrices, such a phenomenon cannot occur as will be seen in our
discussions later in this section.

The main result of this section is the following structure theorem for matrix A which has a com-
pression with diagonal entries all in 0W (A).

Theorem 2.7. Ann-by-n (n > 2) matrix A has a k-by-k compression with all its diagonal entries in dW (A)
if and only if it is unitarily equivalent to a matrix of the form
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By ... 0 elth G
, , (2)
0 - By ey,
—elth C e _eiamc;; C
where 61, ..., 0y are distinct numbers in [0, 7r) and Bj, 1 < j < m, is of the form
R e“D;
()
o --- asj
. (3)
[0)
Yoo
i0; 1y
—e JDj : Lo
0 ... ﬁé’)
withsi+t; > 1forallj, > ™ (si+t) = —igDy=... = —if )= it
i+t > J, 221 (sj+t) =k, Re (e7 Moy )=--- = Re (¢” s, )=max o (Re (e"A))
and Re (e_ieiﬂ](')) =..--=Re (e_"gfﬁg)) = min o (Re (e~A)).
Geometrically, the conditions on the matrix B; simply say that its diagonal entries a?), R oes(ji)
(resp., ﬂl('), RN f(j')) are on the supporting line Ly, (resp., the parallel supporting line Ly, ) of W(A)

(cf. Fig. 2.1).
The proof of Theorem 2.7 depends on the corresponding result for 2-by-2 matrices (cf.[15, Corollary
4] or [5, Proposition 4.3]). This we state below for easy reference.

ab
Proposition 2.8. The following conditions are equivalent for a 2-by-2 matrix A = ( J ) :
c

ac WA,
be~® 4+ el = 0 for some 6 in [0, 277),

)
)
) [b| = |cl,
)

Under these conditions, if A is normal and W (A) equals the line segment [a, d], then b = ¢ = O0;
otherwise, the tangent lines to the (nondegenerate) ellipse dW (A) at a and d are parallel to each other
with the common slope — cot 6.

Proof of Theorem 2.7. We need only prove the necessity. Let B be a k-by-k compression of A with
the asserted property. We may assume, after a unitary equivalence, that A = [a,-j]}szl and B =

[aij]ﬁj:r Consider all those diagonal entries of B which are on the same supporting line Ly, (resp.,
the parallel supporting line Ly, +) of W(A) for some 6; in [0, 7). Call them (xil), R as(ll) (resp.,
B, ...,ﬂt(ll)). Then Re (e~ oej(l)) = max o (Re (e"™1A)) for1 <j < s; (resp., Re (e~ ﬂj(l)) =
min o (Re (e"14)) for1 < j < t1). After a suitable permutation of rows and columns, we may
further assume that
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(xj(l) for1 <j <sy,
G=1 20

i fors; +1<j <s1+1t.

i dii
Applying Proposition 2.8 repeatedly to the 2-by-2 principal submatrices ( ! U) ,1<ij<nof
aﬁ Cll‘]'
A, yields that A is of the form
B, e'D; ey
—elth D} B/], elfic ;/
_ei91 C{* _ei91 C;/* E

where B} = diag(oé”, cey O )) andB = dlag(ﬂ(l) - B, )) We next apply the above arguments
to E to obtain
B, D, e
E=| —e®ps B, eC |.

: ; 7"
_6102 Cé* _9192 C2 * E/

where 6, € [0, ) and 6, + 7 are distinct from 6; and 6; + 7w, B2 = dlag(a(z), . a52)) and

82 = dlag(,B](Z), . ,Btz)) For any 2-by-2 submatrix

i (4)
aji Gjj
withl <i<s;+1t and s1+t1+1 <j< sl +t1 453+ to, the diagonal entries a;; (equal to elthera( )

or ﬂFSl ) and g;j; (to oz] s —t or J(Z)sl —ty—s, ) are on distinct and nonparallel supporting lines of W (A).

Hence the submatrix (4) is normal with numerical range equal to [a;;, a;;]. We infer from Proposition

2.8 that a;; = a;; = 0. Repeating the above to E" and so forth, we thus obtain the asserted form for A.
The following lemma is useful on some occasions.

Lemma 2.9. IfA = A1 @ A, with W(A,) contained in the interior of W (A7), then k(A) = k(Ay).

Proof. We obviously have k(A) > k(A1). To prove the converse inequality, assume that A, A1 and A,
are of sizes n, ny and n,, respectively. Let k = k(A) and let u; = x; ® y1,..., U, = X D yi be
orthonormal vectors in C* = C™ @ C™ such that a; = (Au;, u;) is in W (A) = 8W(A1) for all j. We
claim that y; must all be 0. Indeed, if y; # 0 for some j, then

aj = (A1, X)) + (A2y;, ¥j)

X;j X;j Yi Yij
= ||xj||2< 1 > ||y]||2< =L = >
Il 1|| I J“ ||YJ|| ||)’J||

= [Ix;11°b; + Ily;lI*c;

ifx; # 0, and a; = ¢; if otherwise. This shows that g; is a convex combination of b; and ¢;. Since aj, b;
and cj are in dW (A), W (A1) and W (A,), respectively, and W (A) is contained in the interior of W (Ay),
we infer that x; # 0 and g; must be equal to b;. It follows that y; = 0, which is a contradiction. Thus
yj = Oforalljandxy, ..., x are orthonormal vectors in C"! with (A1x;, x;) = a; in dW (A;) for all j.
This shows that k(A1) > k = k(A) and hence k(A) = k(A;). O
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An easy consequence of Theorem 2.7 and Lemma 2.9 is the following upper bound for k(A).
Proposition 2.10. IfAisann-by-n (n > 3) matrixwithdim H, = 1forallain oW (A), thenk(A) < n—1.

Proof. If k(A) = n, then, by Theorem 2.7, A is unitarily equivalent to a direct sum ij=1 @B, where
each B; is of the form (3). Our assumption on Hy implies that 9W (A) has no line segmentand Hy = Eq 1
for any supporting line L of W (A) (cf. Proposition 2.2(e) and (d)). As W (A) equals the convex hull of
Ujm:1W(Bj), these force the existence of some jo, 1 < jo < m, such that W(B)) is contained in the
interior of W(B;,) for all j # jo. Lemma 2.9 then yields that k(Bj,) = k(A) = n.1f m > 1, then,
obviously, k(Bj,) < sj, +tj, < n, whichis a contradiction. Hence we must have m = 1 or A s unitarily
equivalent to B;. Then the fact that dim E,; = 1 for any a in dW(B1) and any supporting line L of
W (B1) implies that s1, t; < 1. Therefore, By, together with A, is of size at most 2, which contradicts
our assumption that n > 3. Thus k(A) < n — 1 as asserted. OJ

We now combine Proposition 2.4 and Proposition 2.10 to determine k(A) for a 3-by-3 matrix A.
Recall that, in this case, W (A) is of one of the following shapes (cf. [7]):

(a) atriangular region (or, in the degenerate case, a line segment or a singleton) if A is normal,

(b) an elliptic disc,

(c) an elliptic disc with a cone attached to it if A is unitarily equivalent to, say, A’ @ [a], where A’ is
a 2-by-2 nonnormal matrix and a is not in the elliptic disc W (A"),

(d) the convex hull of a heart-shaped region, in which case dW (A) contains a line segment, and

(e) an oval region.

In cases (d) and (e) above, A is irreducible. The next proposition gives the value of k(A) in terms of the
shape of W (A).

Proposition 2.11. Let A be a 3-by-3 matrix. Then k(A) = 2 if W(A) is either an elliptic disc, except when
A has an eigenvalue on 0W (A), or an oval region. In all other cases, k(A) = 3.

Proof. If W (A) contains a line segment, then k(A) = 3 by Corollary 2.5(a). This covers cases (a), (c)
and (d) above. For the remaining part of the proof, we assume that dW (A) contains no line segment. If
Aisirreducible, then dim H, = 1 for all a in W (A) by Proposition 2.2(a) and (f), and hence k(A) < 2
by Proposition 2.10. Therefore, in this case we have k(A) = 2 by Proposition 2.4 or [5, Lemma 4.1]. In
particular, k(A) = 2 in case (e) above. For the remaining case (b), if A is irreducible, then k(A) = 2 as
proven above. Now assume that A is reducible. Let A be unitarily equivalent to A’ @ [a], where A’ is a
2-by-2 nonnormal matrix and a is in W(A").If ais in dW(A"), then dim H, = 2 and hence k(A) = 3 by
Proposition 2.4. On the other hand, if a is in the interior of W (A’), then k(A) = k(A’) = 2 by Lemma
2.9 and [5, Lemma 4.1]. This completes the proof. [

The next corollary is already proven in the above.
Corollary 2.12. A 3-by-3 matrix A is such that k(A) = 2 ifand only ifdim H, = 1 for all a in W (A).

Corollary 2.13. The following conditions are equivalent for the matrix

0a
A= 0b
c 0
(a) k(A) = 3,

(b) lal = [b] = |c,
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(c) Ais normal, and
(d) either A = 03 or dW (A) contains a line segment.

Proof. The equivalence of (b) and (¢) was proven in [13, Proposition 4]; that of (b) and (d) was noted in
[13, p. 248]. The implication (d) = (a) is by Corollary 2.5. Finally, assume that (a) is true and A # 0s.
According to Proposition 2.11, either A is unitarily equivalent to A’ @ [a], where A’ is a 2-by-2 nonnormal
matrix and a is in dW(A"), or 9W (A) has a line segment. The former cannot happen since A is unitarily
equivalent to w3A (cf. [13, Proposition 3 (1)]). Thus (a) implies (d), completing the proof. [

In the next section, we consider the n-by-n weighted shift matrix (1) and determine when its k(A)
is equal to n, thus generalizing the preceding corollary.

3. Weighted shift matrices

An n-by-n weighted shift matrix A is one of the form (1), where the w;’s are called the weights of A.
Properties of such matrices, especially those concerning their numerical ranges, were studied recently
in [13,12]. Using the results there, we are able to give, among such matrices A, a characterization of
the ones with k(A) = n.

Theorem 3.1. Let A be an n-by-n (n > 2) weighted shift matrix with weights w1, . .., w,. Then k(A) = n
if and only if either |w1| = --- = |wy| orniseven and |w1| = |w3| = --- = |wp_1] and |wy| =
lwg| =--- = [wnl.

The proof of this theorem depends on Theorem 2.7 and a corrected version of [12, Theorem 4] on
the reducibility of weighted shift matrices, which appears in ([4], Theorem 3.1 and Corollary 3.3).

Theorem 3.2. Let A be an n-by-n (n > 2) weighted shift matrix with weights wy, ..., wy. Then A is
reducible if and only if either at least two of the w;’s are zero or the moduli of the weights |w;| are periodic.
Moreover, if A is reducible and w; # 0 for all j, then A is unitarily equivalent to ed Zf;ol eaw’,is, where
¢ = (Z]’f‘:1 arg wj)/n, p is the period of the |wj|’s, m = n/p, and B is the p-by-p irreducible weighted

shift matrix with weights (w1, .. ., [wp|.

Recall that the period 0f{|Wj|}],-1:1 is the smallest integer p, 1 < p < n, such that [wj| = |w| for
allj (Wm = Wy, (mod ny form > n). {Iw;}; is periodic if the above p is such that 1 < p < n, in which
case we necessarily have p|n.

The next two lemmas facilitate the proof of Theorem 3.1.

Lemma 3.3. Let A be an n-by-n (n > 2) weighted shift matrix with nonzero weights w1, ..., wy, a
be a point in W (A), and L be a supporting line of W(A) which passes through a. Then dim E,; < 2.
Furthermore, dim E, 1 = 2 ifand only if L N 0W (A) is a (nondegenerate) line segment.
Proof. Let 0 in [0, 277) be such that the ray Ry from the origin which forms angle 6 from the pos-
itive x-axis is perpendicular to L (cf. Fig. 2.1), and let x = [x1, ..., xa]" be any vector in Eor =
ker (Re (e~ (A — al,))). Then Re (e~ ?A)x = Re (e a)x = Ax, which is the same as

1 0 -

E(e”ewmz + e Wpxn) = Axq,

1 i@—‘ . —if Y- _)\_ 2<< 1

E(e Wi—1Xi—1 +e " wixjp) = Axj, 2<j<n-—1,

and

1 —if i0 —~
E(e WnX1 + e Wy_1Xp—1) = AXp.
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Hence
2xet? Wpe2i?
Xy = X1 — Xn = d2X1 + PoXn, (5)
w1 W1
2kei9 V_Vj—l eZi9 .
Xjp1 = ——Xj — —Xj—1, 2<j=n-—1 (6)
Wi w;j
and
wpe 210 22e
Xn—1 = ——— X1+ — Xn = Op—1X1 + Bn—1Xn.
Wn—1 Wn—1

Iterating (6) and then applying (5), we may express eachx; 1,2 < j < n—3,asXj11 = aj1X1+Bjr1Xn
for some scalars &j1 and Bjt1. Letu = [1, 02, ..., ap—1,0]" and v = [0, Ba, ..., Bn—1, 1]". Then
X is a linear combination of u and v. Since u and v depend only on A, 6 and the w;’s, we obtain
dimE, | < 2 as asserted. The second assertion was proven before in [13, Lemma 11]. O

Lemma 3.4. Let A be an n-by-n (n > 2) irreducible weighted shift matrix with nonzero weights. Then
k(A) = nifand only ifn = 2.

Proof. Assume that k(A) = n. The irreducibility of A implies, by Theorem 2.7 and Lemma 3.3, that A
is unitarily equivalent to a matrix of one of the following forms:

a1 0
o1 ok *
) 0 ay and
* B

where o1 and «; (resp., 81 and ;) are on a line segment of dW (A). In particular, n can only be 2, 3 or
4.1fn = 3(resp.,4), then the existence of a line segment on dW (A) yields that A is normal by Corollary
2.13 (resp., A is unitarily equivalent to the direct sum of two 2-by-2 matrices by [13, Proposition 12]),
which contradicts the irreducibility of A. Thus we must have n = 2. Conversely, ifn = 2, then k(A) = 2
by [5, Lemma 4.1], completing the proof. O

We are now ready to prove Theorem 3.1.

Proof of Theorem 3.1. Assume that k(A) = n. If A is irreducible, then n = 2 by Lemma 3.4 and we
are done. Hence we may assume that A is reducible and also A # 0. Then Theorem 3.2 says that
either at least two of the wj’s are zero or {|wj] }}‘:] is periodic. In the former case, we may express A as
A1 @ - - - D Apn, where each Ay is either the 1-by-1 zero matrix 07 or a ng-by-ny (n, > 2) weighted shift
matrix with exactly one zero weight. Since the numerical ranges of the Ay’s are either the singleton
{0} or a circular disc centered at the origin (cf. [13, Proposition 3 (3)]), we may assume that there is
somel,1 < | < m,suchthat W(A;) = --- = W(A)) and W(Aj+1), ..., W(Ap) are all contained in
the interior of W (A7). From Lemma 2.9, we deduce that k(A) = k(A1 @ - - - ® A;). Since k(A) = n and
k(A1 ®--- D A) < Zf<=1 n, < n,we haven = Zf<=1 ngorA = A @ ---® A;, where the A;’s are
each of size at least 2 and have equal numerical ranges. Note also that the Aj’s are irreducible. This is
because if some

0 uy

0 .
Ak: s
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where u; # 0 for all j, is reducible, say, it is unitarily equivalent to A’ @ A”, where A" and A” are of
sizesn’ andn” (1 < n’,n” < n, — 1), respectively, then, since Ay, A’ and A” are all nilpotent, we have
Aﬁ = AP @ AP = 0p,, where p = max {n’, n”} < n — 1. This yields that

0--- 0 H”kl

_— 0 0
ATl = . ' = 0y,

0

and hence some u; is equal to 0, which contradicts our assumption. (This fact appeared in
[4, Proposition 3.2] with a different proof. The above was communicated to the second author by
H.-L. Gau. Compare also [8, Lemma 2.4].) Next we claim that the Aj’s are all of size exactly 2. To
prove this, note that, by Theorem 2.7, A is unitarily equivalent to ij=1 @B;, where B;, 1 < j < m,
is of the form (3). Since each B; can be further decomposed as the direct sum of irreducible ma-
trices and the irreducible summands of any matrix are unique up to ordering and unitary equiv-
alence (cf. [3, Theorem 3.1]), we infer that B; is unitarily equivalent to the direct sum of some of
the Ay’s, say, Aj, @ --- @ Aj,- Note that for any point o in OW(Bj) = dW(4;), 1 < i < q, we
have dim Ey 1, (Bj) = Z? ;dim Eyp,(A;) = q, where L, is the unique supporting line of the

circular dlSC W(B]) = W(AJ ) at « (cf. Lemma 3.6 below). Since the diagonal entries oz(’) .. ozs(j’)

(resp., ,31 . ,3 ) 3) for Bj are all in qu Ly (B) (resp Eﬁ] (Bj)), we infer that the size s; + ¢;
of Bj is at most 2q. Thus the same is true for A;; @ --- @ Aj,. Slnce each Aj; is of size at least 2, we

Ov
conclude that it has size exactly equal to 2. The same holds for all the Ag's. If Ay = k)
00

, the equality of their numerical ranges {z € C : |z| < |v|/2} yields that |v{| =

forl <k <1
= v.Hencenisevenand |wi| = |w3| = --- = |wy_1| = vand [wy| = |wy| = --- =

= Il
|Wn| =0.
We next consider the case of periodic weights. Assume that w; > 0 for all j and {WJ _, is periodic
with period p > 3. Theorem 3.2 says that A is unitarily equivalent to Zk 0 @a)kB wherem = n/p
and B is the p-by-p irreducible weighted shift matrix with weights wy, ..., w;. On the other hand,
since k(A) = n, Theorem 2.7 implies that A is also unitarily equivalent to Zf’:] @B;, where each B;
is of the form (3). Note that, by Lemma 3.3, B;, 1 < i < g, is of size at most 4. As before, by the
uniqueness of the irreducible summands of A [3, Theorem 3.1], we infer that each B; is unitarily equiv-
alent to the direct sum of some of the wkB's. Since B is of size at least 3, each B; can be of size 3 or 4
only. Hence B; is unitarily equivalent to one single a)’,iB and oW (B;) = 0W/(B) has a line segment by
Lemma 3.3. These facts combined together yield, via Corollary 2.13 or [13, Proposition 12], that B is
reducible, which leads to a contradiction. Thus p must be equal to 1 or 2. This yields our assertion on

the weights of A. '

Conversely, if [wq| = --- = |wy|, then A is normal and is unitarily equivalent to e'® |w; |B, where
¢ = (Xj;arg wj)/nand B = diag(1, wn,..., 1), Thus k(A) = n obviously. On the other
hand, if n is even and |wq| = |w3| = -+ = |wp—1] and |wy| = |wy|] = -+ = |wy|, then A is

0 |w
unitarily equivalent to e'® Z(n/z) ! @wkc, where C = ol fwil ) by Theorem 3.2. We easily
wy 0

obtain k(A) = n from Proposition 2.8.

Note that under the conditions of Theorem 3.1, the numerical range of A is either a regular n-
polygonal region with vertices e/(2k7+2 3T W)/ |y | 0 < k < n — 1, or the convex hull of the union
of n/2 elliptic discs with foci 4-e! k725 T8 W) /M|y | 0 < k < (n/2) — 1, and minor axis of length
[lwi] — w2l



K.-Z. Wang, P.Y. Wu / Linear Algebra and its Applications 438 (2013) 514-532 525

A consequence of Theorem 3.1 is thatif Ais an n-by-n (n > 3)weighted shift matrix with exactly one
zero weight, then k(A) is never equal to n. In the remaining part of this section, we restrict ourselves
to such matrices A. It turns out that in this case k(A) can be any integer from 2 ton — 1.

Theorem 3.5. Foranyn > 3andanyk, 2 < k < n — 1, there is a matrix A of the form
0 Wq
0
(7)

T Wng
0
with w;j # 0 for all j such that k(A) = k.
This will be proven after a series of lemmas, the first of which gives conditions for two unit vectors
x and y with (Ax, x) and (Ay, y) in dW (A) to be orthogonal to each other.

Recall that the numerical radius w(A) of a matrix A is the quantity max {|z| : z € W(A)}.

Lemma 3.6. Let A be an n-by-n (n > 2) matrix of the form (7) with w; > 0 for all j. Then the following
hold:

(@) W) ={zeC:|z] =w(A)}.
(b) Thereis a unique unit vectorx = [x1, . . ., X,]" in C" with Xj > 0forallj such that (Ax, x) = w(A).
(c) For any a = w(A)e’, 6 e [0,2m), in IW(A), let xg = [x1, €Vxy, ..., e Vi 1T Then

a = (Axy, xp) and Hy is generated by xg.
(d) Let aj = w(A)ein (6; € [0,2m)), j =1, 2, be two points in dW(A). Then xg, and xg, are
orthogonal to each other if and only ife"(g1 ~02) is a zero of the polynomial x% + x%z +--- 4 xﬁz”_l.
Proof. Since U;AUy = e A for any real 6, where Uy = diag(1, e, e%?, ..., e~y s unitary, (a)
follows immediately. (b) is a consequence of [9, Proposition 3.3] since A is a nonnegative matrix with
Re A (permutationally) irreducible. To prove (c), note that

a=wA)e? = (e¥Ax, x) = (UjAUpx, X)
= (A(Upx), Upx) = (Axg, Xa),

which shows that xg is in H;. Thatdim H, = 11is by [9, Corollary 3.10]. Thus H, is generated by xg. (d)
follows from the fact that (xg, , Xg,) = >.}_4 e("_l)'(el_gﬁxi. This completes the proof. [

Thus, for a matrix A of the form (7) with w; > 0 for all j, k(A) equals the maximum number of
01, ..., 6 in [0, 27r) for which e/®~% is a zero of X3 + x3z + --- +x2z" ' foralljand [, 1 < j #
I < k. To actually construct the matrix A in Theorem 3.5, we need another tool, namely, a parametric
representation of the weights w; from [14, Theorem 3.1(b)].

Lemma 3.7. Let A be an n-by-n (n > 2) matrix of the form (7) with w; > 0 for all j. Then there is a

unique sequence {a; ]’7=1 witha; = =1, =1 < aj < 1for2 < j < n—1, and a, = 1 such that
. . . j—1

wj/w(A) = \/(1 — a))(1 + ajq1) for allj. In this case, ify1 = 1, y; = [Ty v/ — @) /(T + a1 for

2<j<nandy =y, ....yal", then (A/IlyID.y/IIyll) = w(A).

Proof. We need only prove the second assertion. Note that (Re A)y = (1/2)[w1y2, wiy1+ways, ...,
Wp—2Yn—2 + Wn—1¥n, Wn—l}’n—l]T- Here
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wiyz = w(A)/(1 —a;)(1+az)

Wjyj + Wjt1Yj+2

=w@) [/ —a)(1 +g )]ﬁ,/ﬂ—k\/(l—a- )(1+a )]ﬁ R
= ' j+1 - 1+ak+1 li+1 lj+2 1+ak+1

_ — 1+ a4
W(A)( H 1+ ak+1) |:\/(] aj)(] + aJH) 1—

aj
+\/(1 —ajy1)(1 4+ aj42) 1=%n
] + a]+2

= w(A)Yj+1[(1 + aj+1) + (1 — aj+1)]
=2w(A)yj+1, 1=j<n-2,

: N w1 - ap) = 2w(A) = 2w(A)y,
2

and

— ai
1+ ag4+1

—w(A>(H T ) A e [

= w(A)yn(1 + ap)
= 2w(A)yn.

Wi 1Yn—1 = WA/ (1 — @y 1>(1+an)H

This shows that (Re A)y = w(A)y. Since

1
2, Ly = (Re Ay, y)—— +itm (A2, L) = wa) +im (a2, L)
vl Tyl i vl vl vl vl

is in the circular disc W(A) = {z € C : |z] < w(A)}, we infer that (A(y/|lyID,y/llyll) = w(A) as
asserted. [

Our construction of the matrix A in Theorem 3.5 is based on the following lemma. Here, for any real
t, let [ t] denote the largest integer which is less than or equal to t.

Lemma 3.8. For any positive integers | and m, let

P =0+ A+z+ - +Z=140124 -+ apm 2 T 424,
Then the following hold:
a) p(z) is a self-inversive polynomial, that is, its coefficients satisfy o; = ojrm—j forallj, 1 < j <
(@) p(2) i If-i ive pol ial, that is, its coeffici isfy o +m—jforallj, 1 <j

I+m—1.
(b) 1 <oy Sy <+ < d(14m)/2)-

(c) There is a sequence {a]}l+m+1 withay = =1, =1 <qgj < 1for2 <j<Il+m, and aymy1 = 1
suchthatoj = szl(]—ak)/(l +agy1)for1 <j<Il+m—1 and]'ﬂ;r?(l—ak)/(1+ak+1) =1
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Proof of (a) and (b). It is easily seen that

j i /]
Z(l) if1<j<l, Z() if1<j<m,
k=0 k k=0 k
I i
! I
o = Z() ifl+1<j<m, or Z ()ifm—i—lijil, (8)
i—o \K kzj—m \K
1 1
1 . , !
> (k)lfm+15]51+m—1, > ()ifl+1§j§l+m—l
k=j—m k=j—m k

depending on whether | < mor [ > m. (a) and (b) follow immediately.

Note that (a) can also be proved by comparing the coefficients of p(z) and 2 ™p(1 /Z). The equality
of these two polynomials follows from the fact that the leading coefficient, the constant term and the
moduli of the zeros of p(z) are all equal to 1 (cf. [10, p. 17, Theorem 2.1.2]).

To prove (c), we need another lemma.

Lemma 3.9. (a)If1 < oy <y < -+ < an_1, then there is a sequence {q; ]'721 witha; = —1 and

—1 <a <1for2 <j<nsuchthata; = l_[],;:l(l —ap) /(A +ags1) for1 <j<n-—1.
(b) Let | and m be positive integers such that | > m and | + mis even. If

I (1
> () for1 <j<m,
k

k=0
I (1

Z (I) form+l§j§%(l+m),
k

k=j—m

then, lettingaj, 1 <j < (I4+m)/2, beasin(a)and a(i+m)/2)+1 = 0, we have o;j = H’,;Zl(l —ap)/(1+
agt1) for1 <j < (I+m)/2.

Proof. (a)Let a; = —1, and define a;, 2 < j < n, inductively by
1—a_1'22 1—a
aj — ( H—1 H k ) 1
Q-1 oy 1+ G
Then o = ],;:1(1 — ai)/(1 + ag4q) for all j. Now we show that —1 < g; < 1for2 < j < nby

induction. Since 1 < oy = 2/(1 + az), we have —1 < a; < 1.In general, if —1 < gj, < 1 for some
Jjo.2 < jo < n, then
1—a, 0 1—q 1—g
1+ Qjo+1 = J0 = il Wjo—1 = 1-— o, < 2,
Ao p=q 1 Gk o

from which we obtain —1 < aj,41 < 1. Thus —1 < g; < 1 for all j as asserted.
(b) Letting n = (I 4+ m)/2, we need only show that &, = &—1(1 — ay). This is done by first
expressing 1 —a;,2 <j < n,interms of ag (= 1), a1, ..., @j_1, namely,

2 i
1—g=—"—(1—a2+ -+ (=1 ") (9)
aj—1

Indeed, for j = 2, we have
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2 2(1 — o
l—g=2—(14a)=2— 2 22—
(051 (051
Assume next that (9) holds for all j < jg, 2 < jo < n.Then
(1 —agjp—1)a,—2
Hjo—1

(@ip—2 = &jo—3 + -+ (=1)°?a)

1—(1]'0:2—(1-‘;-01‘0):2—

=2 —

Ujo—1
2 jo—1
= ——(®jp—1 — Hjp—2 + - + (=1)""atp).
Ujo—1

Hence (9) holds by induction. To complete the proof, we need the identity

an =21 — 2+ + (=1)" ). (10)
Indeed, we have

(D" " a4 (=) Moo+ 4 (D" g

m m—1
_ (Cqymet z(’) S (’) e D
=0 k k

k=0

) 4 () (o)) ifmiseven 2
D) 4 (8) + -+ ()] ifmis oad,

and

Un1 — 0z + -+ (=D a4

A
= — +”_+(_1)n—m— ( )
k=n—m—1 k k=n—m-—2 k k=1 k

)+(ml+4) + Tt (nil)]_[(],) + (é) +---+ (,HLZ)] ifn—m — 1iseven,
=1 2 () o (I + () o (o)

+
i)+(£)+“'+(mil)] ifn—m — 1is odd.
(12)

For m and n — m — 1 both even, adding (11) and (12) yields

2(0tn—1 — tp—z + -+ (=1)"ag)

[0 I R e ] PR T (R B 0
<[5 E )
=L (V)

where the second equality follows by using the identity
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()-(3)+(2)

On the other hand, we also have

w=% (=2 [()(20)
=l ()05
=[5 (V)

This shows that (10) is indeed true in this case. For other parities of m and n — m — 1, analogous
arguments as above show that (10) also holds. This completes the proof. [

Proof of Lemma 3.8(c). We need only check that there is a sequence {aj}L(Hm)/ZH] witha; = —1,

—1<ag < 1for2 <j<|[(I+m)/2]+ 1,and, in addition, a|(4+m)/2)+1 = 0if [ + m is even such

that oj = H]"<=] (1 —a)/(1 4+ agy1) for1 <j < [ (I 4+ m)/2].Indeed, if this is the case, then, letting
aj = —0jymy2—j for [(I4+m)/2] +2 <j <1+ m+ 1, we obtain, by Lemma 3.8(a), that

+m—j

o = Upym—j = e e
j=amj =[]
k=1 1t oy T+ Gk

1—ag

for (I+m)/2] +1<j<Il4+m—1and Hl+m(1 ax)/(1 + ag+1) = 1 as required.

Now consider the case of odd [ + m. Since 1 < o1 < ap < --- < &|(+m)/2] by Lemma 3.8(b),
Lemma 3.9(a) yields a sequence {a; }}S{’_m)/ 20+ with the properties in the preceding paragraph.

Next assume that [ + m is even. If | < m, then (8) yields that oj = > _ (li) for 1 <j < L. Hence
} I+1

Lemma 3.9(b) (with [ = m) guarantees the existence of {g;};,; witha; = —1, -1 < a; < 1 for

2 <j<landay; = 0suchthato; = ]'[,< (I —a)/(A + agyq) for1 <j < LIfl <m — 1, then,
lettingaj = Oforl+2 <j < ((I4+m)/2) + 1, we have, by Lemma 3.8(a) and (8),

+m—j

O = dym—j =

for|+1 < j < (I + m)/2. This shows that the required properties for {a]}((1+m)/2)+1

paragraph are satisfied, and thus we are done.
Finally, consider | > m. In this case, we have

I (1
Z() if1<j<m,

k=0 k
i

> (’l{) ifm+1<j<(+m)/2

k=j—m

in the first

oj =

by (8). Lemma 3.9(b) yields a sequence {q; }((l+m)/2)+1

first paragraph. This completes the proof.
Now we are ready to prove Theorem 3.5.

which satisfies the required properties in the
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Proof of Theorem 3.5. For the given n and k, let
p@=1+2" A +z4+- + N =14az+ -+ a2+
Let {aj}]'f‘:1 be the sequence given in Lemma 3.8(c) witha; = —1, -1 < qj < 1for2 <j <n-—1,

ap = 1suchthate; = ]_[],;:1(1 —ap)/(1+agyq) for1 <j < n—2and]_[;:;]1(] —a)/(A+a) =1,
letw; = \/(1 —aj)(1+aj4q)for1 <j<n-—1,andlet

0 wq
0

T Wnp—

0 0

Ify = [1, Joi, ..., Jan—, 117, then (Ay,y) = |yl|*w(A) by Lemma 3.7. Hence, according to
Lemma 3.6(d), k(A) equals the maximum number of 81, . . . , 6 in [0, 27) for which e/~ is a zero

of p(z) foralljand [, 1 <j # | < k. Since the zeros of p(z) are —1, wy, a),%, ey a)}:_], one maximal

choice of the 6’s is 27j/k, 0 < j < k — 1, and thus k(A) = k as required.
Our final result is a characterization of the n-by-n weighted shift matrices A with exactly one zero
weight for which k(A) =n — 1.

Theorem 3.10. Forn > 3, let

0W1
0

- Wn—1

0

withw;j # 0 for all j and w(A) = 1. Then k(A) = n — 1 if and only if either

(a) niseven, lwi| = [wp—1| = v2and |wa| = - -+ = |wp_a| = 1, 0r
(b) nis odd, and |wi| = 2//1+a, |wyi| = 2a/(1 + ), [Wyjp1]l =2/(Q +a)for1l <j <
(n—3)/2,and |wp—1| = 24/a/(1 + &) for some o > 0.

Proof. We may assume that w; > 0 for allj.

(a)Ifnisevenand wy = w1 = J2andwy = -+ = wp_y = 1, thenx = (1/4/n — 1)[1/ﬁ,
1,...,1, 1/ﬁ]T is the unique unit vector in C" with positive components such that (Ax, x) = 1 =
w(A). Hence, by Lemma 3.6(d), k(A) equals the maximum number of 61, . .., ) in [0, 277) for which
e'@=0 is a zero of the polynomial p(z) = (1/2(n— 1)) (1 +2z+--- + 27" 42" Y forallj # 1.
Since the zeros of p(z) are —1 and wﬁl_l, 1 <j < n— 2, we infer that a maximal choice of the §;’s are
O0and2mj/(n —1),1 <j <n—2,and hence k(A) =n — 1.

Conversely, if n is even and k(A) = n — 1, then let x = [x1, ..., X,]" be the unit vector in C"
with x; > 0 for all j such that (Ax, x) = w(A) = 1,and let p(z) = x§ + X3z + - - + x2z"~. Since
X = [x1, €7xy,...,emVTx T is a unit vector satisfying (Ax, x¥') = —1 and is orthogonal to x

(because they are eigenvectors of Re A corresponding to the eigenvalues —1 and 1, respectively), by
Lemma 3.6(d), —1 is a zero of p(z). On the other hand, since k(A) = n — 1 and p(1) = 1 # 0, there
are 01, ...,0,_1with0 <61 <0y < --- < b1 < 27 such that /@~ 1 <j#l<n-1,
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are all zeros of p(z). Note that, except —1, the zeros of the real polynomial p(z) appear in conjugate
pairs. Thus for each fixed [, 1 < | < n — 1, the zeros of p(z) are exactly —1 together with ¢! =0,
1 <j # 1 < n— 1.Since the latter are counterclockwise around the unit circle, we have, in particular,
that e!@2=01) = i¥3—02) gpq ¢i(3—01) — ¢i(0a=02) Hepce

(O3 —01) — (02 —01) = (04 — 02) — (03 — 02) =04 — O3 = (04 — 01) — (03 — 0O1).

In a similar fashion, we may show that (6j11 — 61) — (6; — 61) = (042 — 61) — (6j31 — 6;) for allj,
1<j<n—-2(0, =21 +6). Therefore, el@+1=61) 1 <j < n — 2,are equally distributed over the

unit circle, that is, e/®+1=%) = ¢ . for allj. It follows that

p(2) = ¥(1 +2)(A4z+- 42" = ¥(1 +22 44224,
2(n—1) 2(n—1)
thatis,x; = x, = 1/4/2(n—1)andx; = -+ = x;—1 = 1/4/n — 1. Let {q; }1:1 be the sequence
given by Lemma 3.7 such thata; = —1, -1 < g < 1forallj2 <j <n-1,a;, = 1and
wj = \/(1 — a;)(1 + aj41) for all j. Moreover, ify; = 1 and y; = H]k_:]] (A —a)/( 4 agqq) for
2 <j < n, thenx is the normalized vector of y = [y, ..., yn]'. Thus Hj,;11(1 —ag)/(1+ agy1) =2

forallj,2 <j < n — 1, from which we obtaing; = 0for2 < j < n — 1.Hence w; = wy_1 = ﬁ
and wp = - -+ = wy_ = 1 as asserted.

(b) Assume that n is odd. We may argue analogously as before except that this time —1 and
w,(::])/ > coincide. So, for one direction, if the wj's are of the asserted form for some > 0, then
x=1/J/—=DAF+a)[1, V/T+a,...,v/T+a, Ja]is the unique unit vector in C" with
{(Ax,x) =1 =w(A),andp(z) = (1/(n— 1A +a))A+ A +a)z+---+ (1 + )" 2 o
has zeros —1/« and w’nfl, 1 <j < n — 2.From this, we infer as before that k(A) = n — 1.

Conversely,ifk(A) = n—1,letx = [x1, ..., x,]",p(z) = x%+x§z+- . ~+xﬁz"_1,and 01, ...,0h1
with0 <6y <6y < --- < 6p_1 < 2w beasin(a). Then foreach fixed,1 <[ <n—1,then —2
distinct numbers e!@ =% 1 < j # | < n — 1, are zeros of p(z). Let the real 8 be the remaining zero
of p(z). As before, we have el®i+1=1) — w’,;f] for1 <j <n — 2and hence

—7‘1 — e n—2

PO = gy PR )
__r _ a2 4 1
= aTna_p PO BE (=PI,

In particular, this implies that 8 < 0Oandx; = /—B/((n —1)(1 — B)),xj =1//n—1for2 <j <

n—1l,andx, =1/y/(n—1)(1 — B).Leta = —1/p and let {q; }1:1 be as given in Lemma 3.7. We can
derive as before that the w;’s are of the form as asserted. [
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