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Abstract We theoretically show that a family of optical

beams with vortex-lattice structures can be reliably gen-

erated by tilting the focal lens to introduce the relative

phases between the interfering beams. We also experi-

mentally generate the quasicrystal beams to confirm the

theoretical analysis. With the analytical wave functions and

experimental patterns, a variety of vortex-lattice structures

are manifested.

1 Introduction

Since the interesting demonstration of the optical Bessel

beam by Durnin et al. [1], nondiffracting beams have been

widely explored not only in theoretical works [2–4] but

also in various applications such as minute particle trap-

ping [5, 6], nonlinear optics [7, 8], and optical coherence

tomography [9]. In fact, the nondiffracting beams cannot

be exactly created due to the finite size of the focusing lens.

The realizable beams with the finite energy are therefore

the approximations known as the pseudo-nondiffracting

beams that propagate with relatively small divergence

angle. On the other hand, reliable generation of optical

beams with complex crystalline and quasicrystalline

structures has become increasingly important in numerous

applications such as optical tweezers for multiple traps

[10], spatial solitons [11], and micro-fluidic sorting [12]. It

is more practically desirable and useful for emergent

applications to generate optical beams simultaneously with

pseudo-nondiffracting characteristics and complex lattice

structures.

Multi-beam interference technique is often used to

produce desired optical patterns with periodic and quasi-

periodic structures [13]. Nevertheless, multi-beam inter-

ference generally requires an intricate setup to divide a

laser beam into several components of equal intensity,

resulting in the deficiency of stability. Recently, pseudo-

nondiffracting optical beams with crystal and quasicrystal

structures have been robustly generated by the Fourier-

transformed method in which the desired beams are formed

by using a collimated light to illuminate a mask with

multiple tiny apertures regularly distributed on a ring [14–

16]. The Fourier-transformed method has been also

employed to create the cluster-like speckle patterns with a

longer correlation beyond the speckle size [17–19]. In

reality, this method generally needs a focusing lens to

transform the spherical wave emanating from the mask into

a plane wave. Consequently, the interference patterns are

highly possible to be affected by the astigmatism that

comes from the tilting angle between the central axis of the

lens and the optical axis. To the best of our knowledge, the

influence of this astigmatism on the beam structures has not

been explored so far.

In this study, we demonstrate an experimental configu-

ration to generate the optical quasicrystalline beams with

small divergence angles. Even though the configuration is

different from that reported by Durnin et al. [1], the diver-

gence angle of the present optical beam can be reduced to be

close to that of the conventional pseudo-nondiffracting

beam. We also analyze the influence of the tilting angle a
between the central axis of the lens and the optical axis on

the formation of optical beams. We find that the tilting angle

a can introduce a special kind of relative phases between the

interfering beams. Numerical calculations reveal that the
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tilting angle a can turn into a beneficial parameter to gen-

erate quasicrystal beams more flexibly. We further experi-

mentally generate a variety of quasicrystal beams to confirm

the numerical results of theoretical analysis. Finally, we

employ the derived wave function to analyze the experi-

mental beams to manifest the structures of vortex lattices.

2 Theoretical analysis

For an ideal thin lens normal to the optical axis in the

z direction, the phase delay suffered by the wave at coor-

dinates n; gð Þ is given by

/ n; gð Þ ¼ /o �
k

2f
n2 þ g2
� �

; ð1Þ

where /o is the delay at the center, f is the focal length,

k = 2p/k, and k is the wavelength of the coherent light.

When the thin lens has a tilting angle a with respect to the

x-axis at z = 0, the coordinates of the lens can be denoted

as (x0, y0), where x0 ¼ n cos a and y0 ¼ g. Thus, the phase

factor may be expressed as

/ x0; y0ð Þ ¼ /o �
k

2f
x02= cos2 aþ y02
� �

ð2Þ

Ignoring the constant phase and using the Fresnel

diffraction theory, the complex amplitude u(x, y, z) of the

field behind the lens with a tilting angle a for the input

complex amplitude uo(x, y) of the field just in front of the

lens can be derived to be

u x; y; zð Þ ¼ �i

k z
eik zþx2þy2

2z

� �

ZZ
uoðx0; y0Þ e�i k

2fðx02 tan2 aÞ e�i k
2f 1�f

zð Þðx02þy02Þ

� e�ikzðxx0þyy0Þ dx0 dy0 ð3Þ

Now consider a mask with multiple apertures (small

circular holes) regularly distributed on a ring to be

illuminated with collimated light. In terms of polar

coordinates (q0, /0), the field just after the mask can be

approximately expressed as

uo q0; u0ð Þ ¼ ð1=qÞ d q0 � að Þ
q0

Xq�1

s¼0

d u0 � 2p s

q

� �
; ð4Þ

where a is the radius of the ring, q is a positive integer, and

d(•) is the Dirac delta function. Substituting Eq. (4) into

Eq. (3) and performing the integration, the output field can

be found to be

u q;/; zð Þ ¼ �i a

k z
eik zþq2

2z

� �
e�ika2

2f 1�f
zð ÞWq q;/; z; að Þ ð5Þ

and

Wq q;/;z;að Þ¼ 1=qð Þ
Xq�1

s¼0

e�i k a2 tan2 a
2f cos2ps

qð Þ2 e�i k a
z q cos /�2ps

qð Þ:

ð6Þ

We can find that the output field represents a

quasicrystalline beam formed by q plane waves with the

specific relative phases related to the tilting angle a. Note

α =0° α =18.0°α =15.0°α =12.7°α =8.0°

1.4mm

Fig. 1 Numerical patterns for the intensity Wqðq;/; z; aÞ
�� ��2 with various tilting angles a for the case of q = 12, a = 5 mm, z = f = 1,000 mm,

and k = 632.8 nm
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Fig. 2 Experimental setup for

realizing the pseudo-

nondiffracting beams with the

vortex-lattice structures
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that Eq. (6) is derived with an infinitesimal pinhole. For a

genuine small pinhole, the quasicrystalline pattern can be

really generated at the position after the focusing lens with

z [ 0.5 f. Furthermore, the divergent angle of the optical

beam in Eq. (6) can be derived to be h & sin h = a/f. In

the Durnin’s approach [1], the divergence angle of the

generated beam is given by h = a2/Rf because of the finite

geometric radius R of the focusing lens. From a practical

point of view, the present optical beam with the help of

lowering the ratio a/f can have the divergence angle to be

as small as that of the pseudo-nondiffracting beam

generated with the Durnin’s approach. If a = 0, the wave

function wqðq;/;z;aÞ turns out to be the standard

representations for the crystal and quasicrystal waves

with all interfering beams in phase. For q ? ?, the wave

function Wq q;/;z;að Þ approaches to the form of the zero-

order Bessel beam: Wq!1 q;/;z;að Þ¼ 1=2pð Þ J0 kaq=zð Þ.

Figure 1 depicts the calculated patterns for the intensity

Wqðq;/; z; aÞ
�� ��2 with various angles a for the case of q = 12,

a = 5 mm, z = f = 1,000 mm, and k = 632.8 nm. It can

be seen that a variety of rich quasi-crystal wave patterns can

be constructed by controlling the tilting angle a. This result

indicates that the tilting angle a can turn into a beneficial

parameter to generate quasicrystal beams more flexibly. In

the following, we perform an experiment to confirm the

numerical results of theoretical analysis.

3 Experimental setup and results

Figure 2 depicts the experimental setup for realizing the

beams with the crystalline and quasicrystalline structures

described in Eq. (5). As a parallel light beam is formed by

α=0° α=18.0°α =15.0°α =12.7°α =8.0°

Fig. 3 Experimental interference patterns for q = 12 quasicrystal structures corresponding to the numerical cases shown in Fig. 1
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Fig. 4 Experimental generated

quasicrystal patterns by rotating

the focusing lens to the angle

a = 8.0� for q = 12 at different

propagation distances along z
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using the collimating lens, the mask was placed just in

front of the focusing lens with the focal length of

1,000 mm. Moreover, the mask closing to the focusing lens

could simplify the numerical calculations. The light source

was a linearly polarized 20-mW He–Ne laser with a

wavelength of 632.8 nm. Light from the He–Ne laser was

focused to a point at a pinhole by a lens of short focal

length, where the lens/pinhole arrangement was used as a

spatial filter. A collimating lens, of focal length 100 mm,

was placed at a distance 100 mm from the plane of the

pinhole to collimate the laser light with the divergence

angle \0.1 mrad. We employed a laser stencil-cutting

machine to precisely fabricate the metal masks with tiny

circular holes regularly distributed on a ring, where the

radii of the hole and the ring were 0.1–5.0 mm, respec-

tively. The focusing lens was mounted on a rotational stage

for tailoring the tilting angle with respect to the x-axis.

Interference patterns formed in the back focal plane were

imaged with a microscope lens and a CCD camera.

Figure 3 depicts the experimental interference patterns

for q = 12 quasicrystal structures observed by rotating

the focusing lens to the different angles corresponding to the

numerical cases shown in Fig. 1. It can be seen that the

experimental observations agree very well with the numerical

patterns shown in Fig. 1. Figure 4 shows the experimental-

generated quasicrystal patterns by rotating the focusing lens

to the angle a = 8.0� for q = 12 at different propagation

distances along z. The patterns can be clearly seen to be

diffraction free over a finite distance which called propaga-

tion-invariant region. The excellent agreement validates the

theoretical analysis and confirms the experimental approach.

Figure 5 shows the experimental and numerical quasicrystal

patterns for the case of q = 30. Once again, the experimental

results are in good agreement with the numerical calculations.

More intriguingly, the beams Wq q;/; z; að Þ for the high order

case exhibit exotic kaleidoscopic wave patterns.

As the relative phases between the interfering beams are

explicitly introduced by tilting the focal lens, the resultant

=16.3° =20.0°=0° =11.8°

2.2mm

α α α α

Fig. 5 Experimental (the first row) and numerical (the second row) quasicrystal patterns for the case of q = 30. In the last row contour plots of

phase fields H(q, /) for the boxed regions shown in the second row

596 J. C. Tung et al.

123



beams generally belong to a field containing phase singu-

larities, such as vortices. Phase singularities of the complex

fields are characterized by isolated dark spots, where

phases are ambiguous and amplitudes are zero. Light

beams possessing phase singularities, or optical vortices

[20, 21] have been extensively explored in modern optics

over the last two decades because they can be exploited in

a variety of applications which includes trapping and

rotation of micron and submicron objects in hydrodynam-

ics and biology, phase contrast microscopy, and spiral

interferometry. Phase singularities can be manifested with

the phase angle field H(q, /) = arctan (Im[Wq q;/; z; að Þ]/
Re[Wq q;/; z; að Þ]), where Re[Wq q;/; z; að Þ] and Im[Wq q;ð
/; z; aÞ] are the real and imaginary parts of the field

Wq q;/; z; að Þ. The phase angle H(q, /) of the field

Wq q;/; z; að Þ is undefined in all the vortex singularities.

The last row of Fig. 5 depicts the contour plots of phase

fields H(q, /) for the boxed regions shown in the second

row of Fig. 5. The features of phase singularities in the

field Wq q;/; z; að Þ can be clearly seen to display various

vortex-lattice structures.

4 Conclusion

We have theoretically demonstrated a simple way to gen-

erate the quasicrystalline beams. It has been verified that

tilting the focal lens can cleverly introduce a variety of

relative phases between the interfering beams to generate

the quasicrystal beams with vortex lattices. We also

employed the derived wave function to numerically man-

ifest the dependence of quasicrystal wave patterns on the

tilting angle. Furthermore, we set up an experiment for

generating beams with various quasicrystal wave patterns

by means of tilting the focal lens. The excellent agreement

between the numerical and experimental wave patterns

confirmed the theoretical analysis. Finally, the analytical

wave function was used to manifest the quasicrystal vortex

lattices for the experimental beams.
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