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Multiple-threshold the Markovian process model, we obtain the exact closed-form expression of rate matrix
Synchronous single vacation and the stationary distribution of the number of customers in the system. A cost model is

developed to search the joint optimal values of the thresholds of vacation policy and service
rate of each server, which minimizes the long-term average cost. Some numerical results
are presented to illustrate the optimization procedures.

© 2012 Elsevier Ltd. All rights reserved.

1. Introduction

Wu and Wu [ 1] analyzed the reliability of a two-unit cold standby repairable system under Poisson shocks consideration.
The explicit expressions of some reliability indices such as the steady-state availability, the mean up-time, and the steady-
state failure frequency of a system consisting of one switch unit and one repairman were derived. GI/BMSP/1/oo queues with
and without state-dependent arrival were investigated by Banik [2]. The steady-state queue length distributions at pre-
arrival and arbitrary epochs were derived by implementing matrix-geometric method, the argument of Markov renewal
theory and semi-Markov process. Moreover, queueing models with server vacations are effective tools for performance
analysis of manufacturing systems, local area networks, and data communication systems. For example, consider an airline
company where a group of employees is trained to load/unload baggages (primary tasks) as well as the jobs like drivers
(aerial ladders), machine repair and runway maintenance which are regarded as vacations. The employees would be
partitioned into several groups and operation by the groups. In this case, the synchronous vacation policy could be applied.

Past works on vacation queueing models are either single server or multiple server systems. Excellent surveys on the
single server vacation models have been reported by Doshi [3] and Takagi [4]. The variations and extensions of these vacation
models were developed by several researchers such as Krishna Reddy et al. [5], Choudhury [6,7], Shomrony and Yechiali [8],
Yechiali [9], Tadj and Choudhury [10], Ke [11,12], and Ke et al. [13] and many others. Later, Tian and Zhang [14] studied
an M™/G/1 queueing system with a controllable N policy, in which the server takes at most J vacations during the idle
period. For the multiple server vacation models, there are only a limited number of studies due to the complexity of the

* Corresponding author.
E-mail address: jauchuan@nutc.edu.tw (J.-C. Ke).

0895-7177/$ - see front matter © 2012 Elsevier Ltd. All rights reserved.
doi:10.1016/j.mcm.2012.10.012


http://dx.doi.org/10.1016/j.mcm.2012.10.012
http://www.elsevier.com/locate/mcm
http://www.elsevier.com/locate/mcm
mailto:jauchuan@nutc.edu.tw
http://dx.doi.org/10.1016/j.mcm.2012.10.012

C.-H. Wu, J.-C. Ke / Mathematical and Computer Modelling 57 (2013) 1122-1130 1123

systems. The M /M /c queue with exponential vacations was first studied by Levy and Yechiali [15]. Chao and Zhao [16]
investigated a GI/M/c vacation system and provided an algorithm to compute the performance measures. Tian et al. [17]
and Tian and Xu [ 18] gave a detailed study of the M /M /c vacation systems in which all servers take multiple vacation policy
when the system is empty. Zhang and Tian [19,20] and Xu and Zhang [21] analyzed the M /M /c vacation systems that partial
servers with a multiple vacation policy in which some servers (only the idle ones) take single or multiple vacations, which
is called the synchronous vacation policy. Multi-server vacation models are more flexible and applicable in practice than
single server models. Later, a discrete-time multi-server queueing system with infinite buffer size, Bernoulli arrival process,
and multi-threshold service policy was discussed by Peng [22]. An algorithm for computing the stationary waiting time
distribution was presented, and the stationary waiting time distribution was also derived. More recent, Ke et al. [23] used
quasi-birth-death and matrix-analytical method to investigate an infinite capacity M /M /c queueing system with modified
Bernoulli vacation under a single vacation policy.

Existing research works mentioned earlier, have not addressed the optimization issue of vacation criteria in the infinite
buffer multiple-server systems, in which some servers take vacations together. Since the arrival is random, the system may
blow up or overload sometimes. Nevertheless, it may be unmanned (even empty) once in some time interval. The manager
could employ more employees to deal with this variation. However, it need more labor cost and more time spending. In
order to reduce the cost of companies and increase the working efficiency of employees, adopting an appropriate allocation
strategy is essential and necessary. For example, the operator in facility would leave the service station (product line) to
take some secondary job when the system is not hard-pressed. Perhaps, they may be assigned to execute other second tasks
as they are idly in the system. This situation could be regarded as the vacation of servers. Therefore, we investigate a multi-
server queueing system with synchronous vacation policy which is described formally later. In this study, we wish to develop
a computational model that helps managers to answer the following important questions: (1) Under a certain cost structure,
what is the optimal multi-threshold vacation policy that minimize the expected cost function; That is how many servers are
needed and how to utilize their idle time when the customers in the queue are served till some predetermined thresholds.
(2) When the optimal multi-threshold vacation policy is determined, how to adjust the service rate on the minimum cost
reduced.

The paper is organized as follows; In Section 2, the mathematical model and the quasi-birth-death (QBD) model of an
infinite capacity M /M /c queue with a synchronous single vacation are set up. The closed-form of the rate matrix for the QBD
model is derived explicitly in Section 3. By using the matrix-analytical method, the stationary probabilities are obtained in
Section 4. In Section 5, some system performance measures are derived. A cost model is further developed to determine the
optimal values of number of servers and service rate, simultaneously which minimize the total expected cost per unit time.
We use direct search method and Quasi-Newton method to deal with the optimization tasks. Some numerical examples are
provided to illustrate the two optimization methods. Section 6 concludes.

2. Model description and QBD process

We consider a multi-server M /M /c queueing system with mean arrival rate A, mean service rate u, and a multiple-
threshold synchronous vacation policy. The system allows at most s orders (groups) of synchronous vacation. When the
number of customers in the system is less than a pre-determined threshold value h; (h; < ¢), k; (k; < ¢ and Zf.:l ki < c)
of servers (partial servers) would take a synchronous vacation with mean vacation time 1/6;,i = 1, 2, ..., s. At a vacation
completion instant, the returned servers start servicing the customers in the system or wait idly for serving new arrivals if
system is empty, that is, the single vacation policy. In addition, the inter-arrival time, the service time and the vacation time
are all exponentially distributed and mutually independent. The service discipline is assumed to be First Come First Served
(FCFS).

Let S(t) and N(t) denote, respectively, the number of normal (not on vacation) servers and the number of customers in
the system at time t. The state S(t) = i indicates that there are (c — i) servers on vacation. The process {S(t), N(t) : t > 0}
is a continuous-time Markov chain with state space given by 2 = (J{(i,n) :i=c,c —ky,...,¢c — Z; kj, n > 0}. For
analysis convenience, it is assumed that 6; > 6, > - - - > 6. Following the concepts by Neuts [24], using tllle lexicographical
sequence for the states (i, n), the infinitesimal generator for the Markov process could be written as a block-partitioned
form:

Ay B
¢, AL B
G A, B
Q= , (1)
Ce— AC,1 B
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where each entry of Q is a square matrix of size (s + 1). B = Al;;; with I;;; denotes the identity matrix with size (s + 1).
For1 <i <c,i ¢ {hy,hy,.. . hs} (i.e., i does not belong to the threshold values), C; is a diagonal matrix with diagonal
element C;[j, j] = min(i, c — 22;11 ko), 1 <j < s+ 1.The remainder matrix C,, (r =1, 2, ..., s) is the same as C; but the
element of Cp, [r, ] is shifted to the position of Cy, [r, r 4 1] (i.e., Cy, [, 7 + 1] = min(h,, ¢ — ;;1 ke)p and Cp, [r, ] = 0).
Consequently, matrix C; could be obtained by a general formula as follows:

A= IDpi 1 us
S Vs T

—1 —1
?*2221 ke Is—] ?*Z;Zl ke

i i i
C*ZE{:] kg
Hi (s+1D)x(s+1)

(1—FNp

with If,’ = 1ifa = b, i.e., the indicator function. The symbol ,ug = min(a, b)u denotes the mean service rate corresponding
to various statuses. In addition, the matrix A; is given by

95,] *
Os %/ (criyxs+)

Wk

The diagonal elements of matrix A; (or Q), indicated by “*”, are magnitudes satisfy that the sum of each row of Q is zero.
From the matrix structure of Q, we find that the Markov process {S(t), N(t)} is a QBD process (see Neuts [24] and Latouche
and Ramaswami [25]).

Based on the Theorem 3.1.1 in Neuts [24], the queueing system would be stable and the steady state probability exists if
and only if

xBe < xC.e (4)

where e is a column vector of dimension s + 1 with all elements equal to one. X = [X¢, Xc—k;, - - . ; Xc—k;.-—k, ] 1S the invariant
probability of the matrix F = C. 4+ A; + B which satisfies XF = 0 and xe = 1. Solving XF = 0 and xe = 1 implies x, = 1
and other x; = 0, for i # c. Substituting B, C. and x into Eq. (4) and doing some routine manipulations, then we have

A
cu>xr or 1>—=p, (5)
cu

which is a common and reasonable conclusion.

3. Steady state results

Asp = A(cp)~! < 1,this QBD process could be investigated in steady-state. Let {S, N} be the stationary random variables
for the status of the vacation servers and the number of customers in the system. Denote the stationary probability by
pin=P{S=i,N=n}= tlim P{S(t) =i,N(t) =n}, (i,n) € £2. (6)
—00
Let IT denotes the corresponding steady-state probability vector of Q. By partitioning the vector IT as I =
(Do, M4, ..., .4, I, ...], where each sub-vector IT; = [pc,i, Pc—k;,i> Pc—kj—ky,i» - - - » Pe—kj-—ks,i] 1S @ TOW vector
with dimension (s 4+ 1). Then, the steady state probability vector IT is the unique solution that satisfies ITQ = 0 and the

normalization condition Z;’io IM,e = 1 (see Neuts [24] and Latouche and Ramaswami [25]). It is noted that the vector
o=y, M,,..., O._q, I .4,...]hasthe following properties

O =IR fore>1 (7)
where the matrix R, called “rate matrix”, is the minimal non-negative solution of the matrix quadratic equation

R°C. +RA. +B=0. (8)
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The rate matrix R could be explicitly determined using an efficient Maple computer program. Because the coefficient
matrices of Eq. (8) are all lower-triangular, R is also lower-triangular. We develop the explicit formula for rate matrix R
as following:

1,1
2.1 22
31 32 33
R= 9)
Ts1 Ts2 Ts.3 s Tss
Tst1,1 Ts+12 Ts+13 -0 Tsp1s Tsyls+1

htbi gl =/ Dty TR —ah !

wherer;; = T Jfor1<i<s+1,
Cc
i =
fij+16 + e Y Tietej
£=j+1 . .
rij = , fori<j<i<s+1,

dot G+ e (1= 1 = 1))
rij=0, forj>i,

6o =0, ul = (c — 22:1 k¢) e and empty summation (Z],:,j < i) is defined to be zero.

Theorem 1. If p = A(cu)~' < 1, the spectral radius of rate matrix R, sp(R), is less than 1.

Proof. It is noted that the diagonal elements are the corresponding eigen-values of the matrix R. Firstly, because of the
assumption of 6 = 0

Atcu—Ilrh—cul  Atcu—(cu—2)

R[1,1] = =icp) ' < 1. (10)
2cu 2cu
For2 <i < s+ 1, the diagonal element R[i, i] = r;; is obtained from the quadratic equation
f) =pu % - +6 1+ Hx+r=0. (11)
By the intermediate value theorem, there exists exact one real root in (0, 1) because
f(0)=4>0,
(12)

FO=pT" =G+ 1 +pu)+r=—641<0.

From (10) and (12), all diagonal elements (eigen-values) of rate matrix R are less than 1. Therefore, the spectral radius of
rate matrix R, sp(R) = max<j<s+1{ri;} islessthan1. O

oSk
Theorem 2. The rate matrix R satisfies RT = Ae, where T = [, nsR L e Zist k’].

Proof. Multiplying both sides of Eq. (8) by e gives
(R’C. +RA, + B)e = R*’C.e — R(B+ C.)e + Ae
=R’T—R(e+T)+ e = (I—R)(Ae —RT) = 0, (13)

since (B 4+ A. + C.)e = 0 and C.e = T. However, I — Ris invertible, hence Ae = RT.
Once the rate matrix R is determined, the steady state probability IT;, i > c could be evaluated recursively. Furthermore,
the steady-state equations ITQ = 0 are given by

MyAq + I1,C; = 0, (14)
HO_B+ITA +1;;:C1 =0, 1<i<c, (15)
NRT“B+RA. +RC)=0, c+1<i, (16)

and the following normalization condition
SN =) Me=1. (17)
i o i
Eqgs. (14)-(15) could be manipulated routinely, we have
Iy = II,C(—Ay) "' = Mg,
I = M1 Cisa[—($i-1B+A)] ' = Mgy, 1<i<c—1,
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and

O.p._B + HA. + II.RC, = 0. (19)

Consequently, IT; (1 < i < ¢ — 1) in Egs. (14)-(15) could be written in terms of Il as II; = II.®; where ®; =

Ge1Pe—z -+ ¢ip10,0 <i<c—1and ¢y = C;(—Ag) !, ¢ = Ciy1[—(¢pi—1B+A)]~!, 1 < i < c — 1. Once the steady-state
probability I, is obtained, IT = [y, Ty, ..., .1, ., .4, ...] is determined. IT, could be derived by simultaneously
solving Eq. (19) and the following normalization condition

DY pin= Me= o+ M+ + Mg+ e+ ey + My - e
n i

i

= (I P+ P+ -+ M Py + M+ IR+ IR e

c—1
= 1II. |:Z¢i+(I—R)1:|e=l. O (20)
i=0

4. Special case of s = 1

Our model could be reduced to the queue system with synchronous single vacation for some servers, which was one
vacation threshold investigated by Zhang and Tian [19]. Ass = 1, set k; = d, hy = ¢ — d and 6; = 0, we have

(w0 (—Ot ) 0 _(n0
Cf‘(o (c—d),u)’ Af‘( 6 —[A+(c—d)u]>’ B‘(o A)'

Substituting these three matrices into Eq. (8) gives the system of equations

curly — (A4 i + A =0, (21)
cury1(ry1 +122) — (A +cu)rp 1 +A =0, (22)
(c—dyury, — [A+ (c = d)pulrzy + 1 =0, (23)

ThenR = (2; r;) is the minimal nonnegative solution of the system of Eqs. (21)-(23). Also, the rate matrix R could be
found from Eq. (9),

Adcpu— h+cul?—4drcpn A
B 2cu T
A+O0+C—dpu— h+60+(c—dul>—4r(c—du
2(c—d)u
_ 2,260 _ or _ or
Catcu(—r—n2)  Atcu(l—p-—r) cu(1—r1)
Consequently, the rate matrix is

P 0
R = (rll 0 ) — or ] (24)
1 T2 — T
cp(1—r)
By resorting the state sequence, we get the R that is consistent with Eq. (4) in Zhang and Tian [19].

11

’

2=

(set=r),

2.1

5. Performance measures and cost model

In this section, some performance measures of the system are given. Based on these measures, we develop a cost model to

determine the optimal vacation policy K = [kq, k>, . . ., k] when the threshold values H = [hq, h,, ..., hg] and the vacation
rate @ = [0y, 6, ..., 0] are given. Various system measures of our model are defined as follows. Let
L; = the average number of customers in the system

L, = the average number of customers in the queue
E[V] = the average number of servers on vacation
E[I] = the average number of idle servers

E[B] = the average number of busy servers

0.U. = the operative utilisation.
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The expressions for L, Ly, E[V], E[I], and E[B] are given as follows:

Ly = Ne+2Me+---+(c—1D.1e+cle+ (c+ DI04 ---
= II.$e+ 21,9, + -+ (C — 1)HC¢C_1E +cll.e + (C + l)HCRe + -
c—1
= I, (Z id;+cI—R)" +R(1—R)2> e (25)
i=1
r max{i — c, 0} 7 0 0
max{i — (c — ky), 0} k4 k4
c—1
Ly = Y I ; +n.| * |+0OR Do tel
i=1 s 5 5
max{i—(c—Zk]),O] ij ij
L =1 _ =1 =1
r max{i — c, 0} . 0
max{i — (c — ki), 0} ks
c—1
= ) m . +0.a-R7'| : |+HORI-R) e (26)
i=1 s s
max{i—(c—ZkJ),O] ij
L = _ =1
0 0

k] k]
o] c—1
E[V] = Zn,- | =m. (; @+ (I—R)1> SE (27)
B ki
]; :

max{c — i, 0} max{c — i, 0}
max{c — k; — i, 0} max{c — k; — i, 0}
00 c—1 .
E[l] = Z{;ni S = ZO:HC'D" :S (28)
1= 1=
max{c—ij—i,O} max{c—ij—i,O}
j=1 j=1

E[Bl =c—E[V]—E[I],  0.U.=E[B]/c. (29)
Next, we construct a total expected cost function per unit time based on these system performance measures. Let

C, = cost per unit time when one customer in the system,
Cp = cost per unit time when one server is busy,

C; = cost per unit time when one server is idle,

C, = loss cost of operative untilisation.

Using the definitions of these cost elements listed above, the total expected cost function per unit time is given by
F(K) = GuLs + GE[B] + GE[I] + G,(1 — 0.U.). (30)

Our objective is to determine the optimum vacation policy, say K* so as to minimize this function. Due to the
discrete property of K, a direct search method may be adopted. We use direct substitution of successive values of
ki, ko, ..., kg (Zf:] ki < c) into the cost function until all feasible combinations (solutions) are computed. The specific
steps in the direct search algorithm to establish the optimal value K* are as follows:

Step 1. Let M be a sufficient large number and set candidate = M (Initialize). .

Step 2. For each variable k;, 1 < i < s, make a do loop with lower bound 1 and upper bound ¢ — s — Ziz_:l] ke.
Step 3. Calculate the cost function F (K) along this do loop and replace candidate by F (K) if F(K) < candidate.
Step 4. Candidate is the optimal solution, output.

An example is provided to illustrate the direct search algorithm described above.
Example. An example (such as the airline company mentioned in Section 1) is provided to illustrate the direct search
procedure. For example:

e There are c = 6 employees who are responsible for baggage loading/unloading.
e The baggages arrive follows a Poisson process with rate A = 1.5/min.



1128 C.-H. Wu, J.-C. Ke / Mathematical and Computer Modelling 57 (2013) 1122-1130

Table 1

System performance measures of the multi-server queueing system under a
multiple-threshold vacation policy (¢ = 10,s = 3,12 = 25,4 = 0.3 and
© =[0.05, 0.2, 0.5]).

H [1,2,3] [2.46] [36,9] [1,35] [2,58] [1,59]
K (2.3.2] (221 [131] [222] [221] [2,2]1]
F 776665  769.793  753.675 776574 769564  776.450
L 108406  11.3788  12.1737  10.8496  11.4833  10.8798
L, 250731  3.04551 3.84032 251631 3.14997  2.54650

E[V] 0.01935 0.15551 0.42291 0.02135 0.16966  0.02609
E[I] 164732 151116 1.24376  1.64532 149701  1.64058
E[B] 8.33333  8.33333 833333  8.33333 833333  8.33333
o0.U 0.83333  0.83333  0.83333  0.83333 0.83333  0.83333

K [5,3,1] [3,3,3] [1,3,5] [4,3,2] [2,2,2] [2,3,4]
H [1,2,9] [4,5,6] [6,7,8] [2,3,9] [6,7,8] [5,6,7]
F 778.588 759305  720.953  776.954  720.166  736.143
Ly 11.2481 17.8398  16.2541  12.8384 175490  17.2506
Ly 291480 9.50645 7.92072  4.50505 9.21566  8.91728

E[V] 0.04326 0.98991 1.23986  0.23811  1.32582  1.18181
E[I] 162341 0.67676  0.42681 142856  0.34085  0.48486
E[B] 8.33333  8.33333 833333  8.33333 833333  8.33333
o.U 0.83333  0.83333  0.83333  0.83333 0.83333  0.83333

e The baggage loading/unloading time are according to an exponential distribution with rate 4 = 0.3/min.

e When the number of baggage is less than fixed threshold valuesH = [1, 2, 3], K = [k4, k2, k3] employees would go away
from the primary task to deal with other secondary job (taking vacation).

e The vacation rates are ® = [0.05, 0.2, 0.5] (1/min).

e Holding cost C;, = $10/unit, C, = $60/person, C; = $90/person, C, = $120.

Step 1. Let M = 5000 and set candidate = M.
Step 2. Make three do loops: k; from 1 to 3, k; from 1 to 3-kq, and ks from 1 to 3-k;-k;.
Step 3. Calculate F(1, 1, 1) = 482.592 < 5000, set candidate = 482.592.

Calculate F(1, 1, 2) = 482.506 < 482.592, set candidate = 482.506.

Calculate F(3, 1, 1) = 497.537 > 482.375.
Step 4. F(1, 2, 1) = 482.375 is the optimal solution.

Analogously, the optimal value of H could be solved by adopting a similar optimization procedure. More system measures
and optimal values of K (H) given H (K) are shown in Table 1. The manager could use the information provided in Table 1 to
decide the discipline and the staff mobility in order to minimize the total cost. In practice, the service rate may be adjusted to
reduce the total cost as other system parameters are determined. After the determination of the discrete system parameters,
the Quasi-Newton method is employed to search the optimal service rate w* until the minimum cost is achieved. To find the
optimal value 1*, we should show the convexity of F. However, it is very difficult to implement. Note that the derivative of
the cost function F with respect to w indicates the direction which cost function increases. Therefore, the (local) minimum
of F could be found along this opposite direction of the gradient (see Chong and Zak [26]). An effective procedure to calculate
u* is presented as follows:

Step 1. Set an initial trial solution 1© and give a tolerance ¢ > 0.

Step 2. Compute F(u"), F'(u®) = 8F /8| .0, and F" (u?) = 02F /3| 0.

Step 3. If [F'(u?)| > e, find the new trial solution ™V = @ — F'(u®)/F"(1®) and back to step 2. Otherwise, the
approximate optimal solution is found.

In the following, two examples are provided to illustrate this optimization procedure are presented in Table 2. From
Table 1 and Table 2, (i) the average number of busy servers is equal to the traffic intensity A /u, which is a reasonable result;
(ii) minimum cost may be achieved by a combination of various values of K and H, that is, the optimal decision may be
very sensitive to the original system setting and parameters; and (iii) the Quasi-Newton method is effective to deal with the
continuous variable optimization problem (the approximation solution is found by repeating five times of the procedure
listed above), i.e., it is easily converged to the optimum values. It is very useful and helpful in deal with cost reduction
problem. Finally, a sensitivity investigation to the optimal values of K and w for various values of A and H is performed.
The corresponding system performance measures and cost are shown in Table 3. From Table 3, we observe that (i) as A
becomes larger, the system loading becomes heavy, the optimal mean service rate u* also increases in order to keep the
service quality and the total cost acceptable; (ii) as expected, the expected number of customer in the system L; and the
cost function F also increase if A increases; and (iii) the optimal vacation policy K* seems insensitive to the change of H. It
means that K* could be adopted to be a (near) optimal solution in various values of H (i.e., it is robust for the optimal values
of number of vacation servers in various thresholds).
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Table 2
The illustration of the optimization procedure of the Newton-Quasi method when ¢ =
10,5 =3,A =2.5,¢ = 10~ and ® = [0.05, 0.2, 0.5].

Iterations 0 1 2 3 4 5
Case (i): K=1[2,2,1,H=1[2,4,6],u® =0.5

F 635.047  590.297  587.832  587.737  587.736 587.736
n® 0.5 0.61844  0.65604  0.66536  0.66586 0.66586
F /3 —710452 —117.628 —19.7837 —0.96597 —0.00270 3 x 1077
9%F /o u? 592260 312830 212400 191840  1907.40 1908.30
L 5.80376 447601  4.15654  4.08406  4.08022 4.08021
E[V] 258879  3.38533  3.48536  3.50326  3.50417 3.50417
E[l 241121 257221 270389 273935 274129 274129
E[B] 5.00000  4.04245 3.81076  3.75739  3.75455 3.75454
0.U. 050000  0.40425  0.38108  0.37574  0.37545 0.37545
Case (ii): K =[3,3,3,H=1[4,5,6], n©® = 1.0

F 474127  459.192 451623 451462  451.462 451.462
u® 1.0 0.68881  0.77674  0.79205  0.79241 0.79241
F /3 195707 —157.878 —20.7297 —0.47171 —0.00034 8.8x 10~
9%F /o u? 628.900 179560  1353.80 129270  1290.70 1291.70
Ls 493867  7.64658  6.78833  6.64795  6.64464 6.64463
E[V] 5.44733 538707 556754 558278 558309 5.58309
Ell 2.05267 098348 121386 126085 126199 1.26199
E[B] 250000  3.62944 321860  3.15638  3.15492 3.15492
0.U. 025000  0.36294  0.32186  0.31564  0.31549 0.31549
Table 3

The optimal service rate and the system performance measures for various value
of A and Hwhenc = 10,s = 3, » = 0.5, ® = [0.05, 0.2, 0.5].

2 1.0 2.0 3.0 1.0 2.0 3.0
H [1,4,7] [1,4,7] [1,4,7] [2,5,8] [2,5, 8] [2,5, 8]
K 71,1 (421 3,11 [711 [511] [3,1,1]
w* 087879 079420 044896 057347 068213  0.72502
F 396566 513513  789.693  389.022 468591  575.750
L 1.37236 2.92643 751312 2.69259 3.79130 478850

E[V] 6.54850 477761 0.27544 6.49628 5.17976  3.53719
E[I] 231358 270415  3.04246 175995  1.88825  2.32501
E[B] 1.13793 251825  6.68210  1.74377 293199  4.13780
0.U. 011379 0.25182 0.66821 0.17438  0.29320 0.41378

H [3,6,9] [3,69] [3.69 [57.9 579 [5709]
K* 71,11 511 [231 [71,1 [611 [3.21]
wt 045851 0.60457 068623 033455 0.63715  0.65375
F 402340 468538 545198  433.021 446713  524.935
L 400764 472612 622994 687781 741322 7.26313

S

E[V] 6.29034 5.10869 3.92765 5.79862 5.82133  4.16624
E[l] 152863  1.58319 170062  1.21225 1.03968  1.24484
E[B] 2.18098  3.30812 437173 298913  3.13898  4.58892
0.U. 021810 0.33081 0.43717 0.29891 031389  0.45889

6. Conclusions

In this paper, we have investigated a multi-server queueing system under multiple-threshold synchronous vacation
policy, where partial servers may take a synchronous single vacation when the number of customers in the system is less
than a pre-determined threshold. This system was formulated as a QBD process, and the necessary and sufficient condition
for the stability of system was discussed. The steady-state probability and the closed-form expression of the rate matrix were
obtained using matrix-analytical method with the aid of computer software. We proved the convergence property of the rate
matrix and showed the explicit form of the rate matrix under a special case of single threshold. Based on the derived system
performance measures, a cost model was developed to search for the optimal vacation policy and the optimal service rate,
which minimize total expected cost function per unit time. Two approaches were implemented to deal with optimization
problems of the discrete variables and continuous variables, respectively. Two examples were provided to illustrate the
optimization procedure for each approach. We finally performed a sensitivity analysis between the optimal values of (u,
K) and specific values of (A, H). The analysis presented in this paper would be helpful for decision makers to promote the
competitiveness and profits of enterprize.
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