Information Processing Letters 53 (1995) 55-59

Information
Processing
Letters

Element perturbation problems of optimum spanning trees

with two-parameter objectives

1

Yung-Cheng Chang 2, Lih-Hsing Hsu ®*
2 Institute of Computer Science and Information Engineering, National Chiao Tung University, Hsinchu, 30050, Taiwan, ROC
b Department of Computer and Information Science, National Chiao Tung University, Hsinchu, 30050, Taiwan, ROC

Communicated by K. Ikeda; received 24 November 1993

Abstract

Let G = (V E) be a graph. We associate with each edge ¢; € E an ordered pair of rational numbers (a;, b;). Let the weight
of a spanning tree T, w(T'), be defined as Ee‘_ it ]._.[e,- <r bi- A spanning tree T in G is called a w-optimum spanning tree
if w(T) > w(T") for all spanning trees 7’ in G. The function w is one instance in a class of two-parameter objectives. Hassin
and Tamir proposed a unified approach for solving the class of two-parameter objective optimum spanning tree problems. Let
s be an objective in the class and F;(G) denote the weight of the s-optimum spanning tree of G. The element perturbation
problem of the s-optimum spanning tree is to compute F;(G — ;) for all ¢, € E. With Hassin and Tamir’s approach, let
t:(p,q) be the complexity of computing the s-optimum spanning tree where p = |V| and ¢ = |E|. In this paper, we present
an approach to solve the element perturbation problem of the s-optimum spanning tree in #5(p, q).
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1. Introduction and notation

Most of the graph definitions used in this paper are
standard (see, e.g., [1]). Here, we limit ourselves to
defining the most commonly used terms and those that
may produce confusion. G = (V E) is called a graph
if V is a finite set and E is a subset of {(u,v) | (u,0)
is an unordered pair of V, where ¥ # v}. We say V is
the vertex set of G and E is the edge set of G. Let p =
|V| and g = |E|. Let E be a subset of E. We use G— E
to denote the graph G’ = (VE — E). In particular,
we use G — ey to denote the graph G — {e;}, where
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e, € E. Graph H = (V',E’) is called a subgraph of
Gif V. CVand E' C EN (V' x V'). A subgraph
H = (V',E") of G with V/ = V is called a spanning
subgraph of G. A spanning tree of G is a connected
spanning subgraph of G that contains exactly p — 1
edges. We also use T to denote the spanning tree with
edgesetT. D = (U, A) is called a directed graph if the
vertex set U is a finite set and the arc set A is a subset
of {{u,v] | [u,v] is an ordered pair of U, where u +#
v}. We use [u,v] to denote the arc incident from u
to v.

Let G = (VE) be a graph. We associate with
each edge e¢; € E an ordered pair of rational num-
bers (a;, b;). For a subset E’ of E, define A(E') =
Y ece @i and B(E') = 3, p bi. Let g be a real
valued function defined in R%. The problem of max-
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imizing g(A(T),B(T)) over all spanning trees
T of G has been discussed by Hassin and Tamir
[3]. Finding a spanning tree T which maximizes
(eera)? + (Coerb)? (Xoer @ + [er bi or

eier @i+ [ 1o.er bi» respectively) can be transformed
into the problem of maximizing A(T)?+ B(T)?
(A(T) + exp B'(T) with B'(T) = 3, rlogh; or
exp A'(T) + exp B'(T) with A/(T) = 3, ,loga;
and B(T) = 3, .rloghi, respectively). Hassin
and Tamir proposed a unified strategy which yields
strongly polynomial algorithms for a class of two-
parameter maximization problems that includes the
above three objective functions. Note that the prob-
lem of minimizing the cost/reliability ratio over
all spanning trees of a graph [2] is modeled as
He,-ET b/ EE,ET a; and also solved in [3].

Let s(T) = g(A(T),B(T)) be one of the above
two-parameter objectives. The weight of a spanning
tree T is the objective value of s(7). A spanning
tree T in G is called an s-optimum spanning tree if
s(T) > s(T') for all spanning trees T’ of G. Find-
ing the s-optimum spanning tree with respect to s is
called the s-MST problem. We use #;(p, g) to denote
the time complexity of solving the s-MST problem
with Hassin and Tamir’s approach. Let F;(G) denote
the weight of the s-optimum spanning tree of G if G
is connected; otherwise, F;(G) = —oo. The element
perturbation problem (EPP) of the s-optimum span-
ning tree, s-EPP for short, is to compute F,(G — ey)
for all ¢; € E. A naive method of solving the s-EPP
is to repeatedly apply Hassin and Tamir’s algorithm to
compute F; (G —e;) for every e;. This approach takes
O(qts(p, q)) time. However, F;(G — ex) = f(G) if
the edge e, is not in the s-optimum spanning tree.
Thus, we can reduce the time to O(pt;(p, q)). In this
paper, we present a ¢;(p, g) algorithm for solving the
s-EPP.

The study of the s-EPP is interesting for several
reasons. First, the concept of the EPP can be gen-
eralized to combinatorial optimization problems. Re-
cently, Hsu, Leu, and Sung discussed general EPP
strategies [5]. If we solve the EPP of a combinatorial
optimization problem, we can find the second opti-
mal solution(s) and the critical element(s). A naive
method of solving an EPP is to repeatedly solve the
original problem. To avoid repeated execution of an
algorithm, we extract and reuse information from what
we have solved. Several EPPs can then be solved with

the same time complexity as the original problem [4-
7,9]. Algorithms that reuse information in this way are
called recycling algorithms [5]. It has been observed
that recycling strategies are problem-dependent. It is
interesting to collect as many recycling strategies as
possible. Hassin and Tamir’s algorithm is a unified
approach for a class of interesting problems. Thus,
it is worthwhile to investigate the corresponding re-
cycling strategy. Also, since the two-parameter maxi-
mum spanning tree problem is a topic in matroid the-
ory [ 8], we expect that our approach may lead to some
insights into matroid theory.

2. Previous work

To make this paper self-contained, we first review
the basic strategy of Hassin and Tamir’s approach as
proposed in [3]. Assume that (a;,b;) #* (a;,b;) if
e; # e; to avoid degenerate cases. Let T* be the s-
optimum spanning tree with respect to the objective
function s. We call a spanning tree T a local optimal
spanning tree if there is no pair of elements ¢;,¢; € E
suchthate; €T, e; ¢ T,and T =T —{e;} + {e;} isa
spanning tree which yields a larger weight than T does.
Hassin and Tamir divided the R? plane into a number
of cells and showed that all points in a cell produce
at most one local optimal spanning tree. Obviously,
the s-optimum spanning tree 7* is one of these local
optimal spanning trees. T* will be contributed by the
unique cell in R? containing (A(T*), B(T*)).

Let (A, B) be a point in R?. Define a directed graph
D, p(G) with the vertex set being the edge set E of
G. In short, we use D4 g todenote D4 g(G). Let e, ¢;
be distinct elements in E. [¢;, ¢;] is an arc in Dy p if
and only if g(A —a;+a;,B—b;+b;) > g(A,B). An
equivalence in R? can be defined by (A, B) ~ (C, D)
if and only if D4 g = Dcp.

Let e;,e; € E, e, # e;. Define the function
8ij(A,B) =g(A—a;+a;,B—b;+b;) — g(A,B).
The equivalence regions in R? are induced by the
set of g(g — 1) g;;(A, B) functions. Define R;; =
{(A,B) | g(A—aj+a;,B—b; + b;) > g(A,B)}.
Let f : R2 — R* be a mapping of R? into R*. Fur-
ther, let Tj;, e;,e; € E, e; # e; be a collection of
subsets in R* such that (A,B) € R;; if and only
if f(A,B) € T;; for e;,e; € E, i # j. Suppose
there exists a polynomial A;;(xy,...,x) such that
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7}}‘ = {(x‘,. s Xk [ h,’j(xl,. L Xp) > 0}. Then
the number of equivalence regions is bounded by the
number of topological components induced on R¥ by
the set of polynomials %;;. If d, the maximum degree
of h;j, and k, the dimension of R¥, are constant and in-
dependent of g, then it can be proved that the number
of equivalence regions will be a polynomial in g.

For ease of exposition, we use the weight function
w(T) = EeiGT a; +He,-ET b; as the objective. In the w-
MST problem, g(A(T),B'(T)) = A(T) +expB'(T)
with A(T) =}, cra;, B'(T) = ), .y logb;. Given
a point (A,B) = (A(T),B'(T)), R; = {(A,B) |
(A—a +a;) +exp(B—logh; +logh;) > A+
expB} = {(A,B) | —a; +a; > (1 — bj/b;) exp B}.
Set f(A,B) = expBand T}; = {x | —a; +a; >
x(1 — b;/b))}. Hence, (A,B) € R;; if and only
if f(A,B) € T; for every pair of distinct edges
e;,e; € E. The number of equivalence regions is
O(g*) for the w-MST problem. These regions cor-
respond to the partition of the line induced by the
points d;; = bi(a; — a;)/(bi — bj), where e;,e; € E
and e; # e;. Each equivalence region defines a D4 3,
where (A, B) is a point in that region.

Let E(Dy g) be the arc set of Dy p. Let 77 and
T, be two distinct spanning trees of . We say that
T, is a D4 g-improvement of T if there exist e; € T
and e; ¢ T such that [e;,e;]1 € E(Dsp) and Tr =
T\ —{e:} +{e;}.i.e., Tr is obtained from T; by a single
edge swap. A spanning tree T of G is D4 g-optimal if
there exists no spanning tree T’ of G which is a D4 p-
improvement of 7. In [3], the following theorem is
presented.

Theorem 1. There is at most one D 4 g-optimal span-
ning tree of G for every (A, B) in R%.

We use T4 p to denote the D4 p-optimal spanning
tree if it exists. Let I'(Da,p)(e;) be the set {e; |
[e,-,ej] S E(DA,B)} for e; € E. Also let X(DA,B)
be the set {e; | the two endpoints of e; in G are
on different connected components of the graph H =
(VTsp(e))}. In short, we use I's z(e;) to denote
I'(Dyg)(e;) and X, g to denote X(Dy4 g). The fol-
lowing theorem is also from [3].

Theorem 2. If the Dy g-optimal spanning tree Tx g
exists, then the edge set of Ta p is exactly X, g.

This theorem states that a necessary condition for
the existence of the D 4 g-optimal spanning tree is that
X4,p forms a spanning tree. If X4  forms a spanning
tree, it is a candidate solution. It is suggested in [3]
that we do not have to verify that the candidate so-
lution is Dy4 g-optimal. To reduce the computational
complexity, it will suffice simply to find the candidate
solution. The s-optimum spanning tree is a candidate
solution which has maximum weight with respect to
s. The following algorithm proposed in [3], Algo-
rithm 1, finds X, p and then tests whether it forms a
candidate solution in a D4 p.

Algorithm 1.

Step 1. Compute I'4 g(ey,) forall e, € E.

Step 2. Set X4 5 = ¢.

Step 3. For each e, € E do the following:
If the two endpoints of e, are disconnected in H =
(VTap(ex)), set Xap =XapU{ex}.

Step 4. If X4 g does not form a spanning tree, stop and
conclude that the Dy p has no D, g-optimal solu-
tion. Otherwise, X4 g forms the candidate solution.

Obviously, step | in Algorithm 1 takes O(qz) time.
Step 3 needs q tests to see if the endpoints of e, are
not connected in H = (V I'4p(ey)). Each test takes
O(q) time. Hence, step 3 takes O(g?) time. Step 4
is completed in O(p) time. Hence, the complexity of
Algorithm 1 is O(g?). For the weight function w(T),
we can find the w-optimum spanning tree by finding all
candidate solutions among all O(g?) different D4 ps.
Then we select the candidate solution with maximum
weight to be the w-optimum spanning tree. The whole
process takes O(g*) time.

3. The EPP strategy

Although our EPP strategy is independent of the
equivalence region construction, we use the w-EPP
as an example to demonstrate our method. We want
to extract some useful information when computing
F,,(G) and then reuse this information to compute
F,,(G—e)s. Assume we are given a graph G = (VE)
and each edge e¢; € E is associated with an ordered
pair of rational numbers (a;, b;). Let T* be the w-
optimum spanning tree of G and 7% be the w-optimum
spanning tree of G — e;.
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a | b

v 62 \' e
1 2 1 40 7
eg €o 41 8
eq €3 e3| 42| 9
€4 | 203 4

es e
5| 202 3
Vg4 e, v3 es| 201 2

Fig. 1. A graph G = (V E) and the (aq;, b;) for every edge.

Fig. 1 is an example of a graph G with four vertices.
The (a;, b;)s are listed in the table. In this example,
T* = {eq, 5,66}, T = T2 =T =T* and T* =
T =T% = {e1, ez, e3}.

To apply Hassin and Tamir’s algorithm, we need
to construct Dy gs for all equivalence regions in
R?. There are O(q?) different Dy ps for G. When
constructing a Dy p, we create an arc [e;, e;] if
g(A—ai+a;, B —-logb;+logb;) > g(A, B), where
g(A(T),B'(T)) = A(T) + exp B'(T). Let Di",B be
D4 p(G — ep). From the construction of a Dy p, we
know that if [e;,e;] is an arc in DY, [e;, €;] must
be an arc in D4 3. We have the following lemma.

Lemma 3. D ; is the subgraph of D a p induced by
the vertex set E — {e;}. Moreover, F(DifB)(ei) is
exactly T p(e;) — {ex}, where e; + e;.

With Lemma 3, we can easily obtain Dy, from
Dy p for every (A, B) in R? and ¢, € E. Fig. 2(a) is
D300,10g40, Where G is the graph in Fig. 1. Fig. 2(b) is
D556 10g40- Since the O(q?) Dy ps cover all (A, B)sin
R, the D ps induced by E—{e;} from the D4 p(G)s
will also cover all (A, B)s.

Let X} 5 be X(D4 (G — er)). We want to obtain
X;f p from X, p. Note that the two endpoints of an
e¢; in X4 p are on different connected components of
the graph H = (V4 p(e;)). Let ¢; be an edge in
X% but not in X4 5. The two endpoints of ¢; are
connected in H = (V I'4 g(e;)) but are not connected
in H = (VT4 p(e;) — {ex}). In other words, ¢; is a
cut edge of the connected component in H connecting
the two endpoints of e;. We use R ; to denote the
set {e; | ex is a cut edge of the connected component
in H connecting the endpoints of ¢;}. We have the
following theorem.

€2 ep

96 e6

€s
(a) {b)

Fig. 2. (a) The D308 40 for G in Fig. 1. (b) The D;émog40 for
G — es.

Theorem 4. Xj'; = Xap — {ex} URY p.

Proof. Obviously, ex ¢ X}, since ex ¢ Dyp.
From the above discussion, if ¢; is an edge of
Xis — Xas, €i € R 5. Suppose e; is in X4 5 and
e; # e;. Then the endpoints of e¢; are not connected
in H = (VI'sp(e;)). The endpoints of e; are not
connected in H' = (Y I4p(e;) — {er}), which is
a subgraph of H. Hence, ¢; is in X} ;. Therefore,
Xik,B =XA,B - {ek} U RZk,B' O

In Fig. 2, X300,l0g40 1S {€4, €5, €6}, which forms the
T*. e3 is not in X3gp 10540 because I'3p010g40(€3) =
{eas, es,e6} forms a connected component connect-
ing the two endpoints of es in G. From Theorem 4,
X30010g40 = {€a.€5,€6} — {es} U {es}, where e is
the only element in R 1, 40- Hence, D5gg 149 CON-
tributes the candidate solution X33, 5,49 = {3, €4, €6}
to compete for the w-optimum spanning tree of G —es.

Let ¢, € FE and e, = (uy,vy), where u,, v, € V.
The following algorithm, Algorithm 2, finds RZ"‘ g for
every e, in E with respect to Dy p.

Algorithm 2.

Step 1. For each e, € E, set R:{B = ¢.

Step 2. For each e, € E do the following:
Construct I'4 g(e,). If the two endpoints of e, are
connected in H = (V I'4 5(e,)), find every cut edge
ey in the connected component that connects u, to
vx and set R 5 = Ry p U {ex}.

Step 1 in Algorithm 2 takes O(q) time. The con-
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struction of a I'4 g(e,) requires O{g) time. The cut
edges can be found with depth-first search techniques
starting from u, or v, in O(q) time [ 10]. Hence, step
2 can be performed in O(g?) for all e, € E. The loop
in step 2 assigns the e, to all the R 5's, where ¢ is a
cut edge of the connected component in H that con-
nects u, to v,. Hence, step 2 constructs R p for all
ex € E.

Note that the w-EPP algorithm reuses the X4 p ob-
tained from Algorithm 1. Even if the X p fails to form
a candidate solution for Dy4 g, the X f," » may become a
candidate solution for D! ;. After the execution of Al-
gorithms 1 and 2 for D p, the X7 zs can also be found
in O(q?) time by setting X%y = X5 5 — {ex} U RS
for all ¢, € E. We conclude that the w-EPP can be
solved in O(g*) time.

Hassin and Tamir’s unified approach for finding
local solutions applies to a class of maximization
problems that construct equivalence regions in various
ways. Our Algorithm 2 for a D4 g is independent of
the method of constructing the equivalence regions.
Hence, our strategy can be applied to this entire class
of problems. If we define the weight function s(T)
as (3,cra)’ + (C,er W% Tlaer @+ [er b0
or [1erbi /> ecr @ and use Hassin and Tamir’s
approach, the time compexity is the same for solving
the s-MST problem and the s-EPP.
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