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Abstract In this paper, we propose a palindromic quadratization approach, trans-
forming a palindromic matrix polynomial of even degree to a palindromic quadratic
pencil. Based on the (S + S~!)-transform and Patel’s algorithm, the structure-
preserving algorithm can then be applied to solve the corresponding palindromic
quadratic eigenvalue problem. Numerical experiments show that the relative resid-
uals for eigenpairs of palindromic polynomial eigenvalue problems computed by
palindromic quadratized eigenvalue problems are better than those via palindromic
linearized eigenvalue problems or polyeig in MATLAB.
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1 Introduction

In this paper, we consider (, £)-palindromic matrix polynomials of even degree 2d

d—1 d
PO =D 2R Ay 42840+ D 2 A, (1)
k=0 k=1
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714 T.-M. Huang et al.

where d > 2,¢ = %1 and » = H (Hermitian) or T (transpose), Ay € C"*" (k =
0,1,...,d) and Aj = eAp. The corresponding polynomial eigenvalue problem
Pr)x = 0, with A € C and x € C"\{0} being the eigenvalue and the associated
eigenvector respectively, is called a (%, £)-palindromic polynomial eigenvalue prob-
lem ((%, £)-PPEP). It is also called a x-PPEP if ¢ = 1 or a x-anti-PPEP if ¢ = —1.

The underlying matrix polynomial P () in (1) has the property that reversing the
order of coefficients, followed by taking the (conjugate) transpose, leads to the original
matrix polynomial (anti-)invariant, which satisfies

P = eXXP/0)* )

and explains the world “(anti-)palindromic” [20]. Consequently, taking the (conju-
gate) transpose of (1), we easily see that the eigenvalues of P(A) satisfy a “reciprocal”
property, that is, they appear in the pairs of the form (X, 1/1%).

The (%, €)-PPEPs arise in solving higher order systems of ordinary or partial dif-
ferential equations. A T-palindromic quadratic eigenvalue problem (T-PQEP) is first
raised in the vibration analysis for fast trains in Germany [11,12] and then in the study
of surface acoustic wave filters [28]. An H-palindromic quadratic eigenvalue problem
(H-PQEP) arises in the computation of the Crawford number, for detecting definite
Hermitian pairs or hyperbolic or elliptic quadratic eigenvalue problems [9]. A x-PPEP
of even degree is obtained when solving the linear quadratic discrete-time optimal
control problem for higher order systems [2,27].

A standard approach for computing the eigenpairs of P(A) in (1) is to linearize
it to a 2dn x 2dn linear matrix pencil by the companion linearization and compute
its generalized Schur form [26]. However, the reciprocal property of eigenvalues of
P(X) is not preserved, generally, thus producing large numerical errors [6,13,15].
Recently, some pioneering works [20,21] propose some good linearizations that lin-
earize P(A) to palindromic linear pencils of the form AZ* + Z which preserves the
reciprocity of eigenvalues. This does lead to a vast improvement over previous unstruc-
tured approaches, reflecting the palindromic structure in the original polynomial and
enabling structure-preserving numerical methods to be designed. Later, a Q R-like
algorithm [24] and a hybrid method [19] which combines Jacobi-type method with
the Laub’s trick, a postprocessing step of the generalized Schur form, are proposed
for solving T-palindromic linear eigenvalue problems efficiently. The Q R-like algo-
rithm typically requires O (n*) flops and the hybrid method requires O (n’log(n))
flops. Recently, a URV-decomposition based structured method of cubic complexity
is developed in [25] to solve T-palindromic linear eigenvalue problems, producing
eigenvalues which are reciprocally paired to working precision. A new structure-
preserving doubling algorithm with cubic complexity for solving *-palindromic linear
eigenvalue problems is developed in [4]. On the other hand, for solving a (%, €)-PQEP,
a structure-preserving doubling algorithm is developed in [5,6] via the computation
of a solvent of a nonlinear matrix equation associated with the (%, £)-PQEP. Lately,
a numerically stable structure-preserving algorithm (SPA), based on the (S + S™1)-
transform [18] and Patel’s algorithm [22], is proposed in [13] to solve the T-PQEP
directly. The numerical results obtained by the SPA algorithm show much promise
and the computational cost of SPA is about a half of that of the URV-based method.
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Palindromic quadratization and structure-preserving algorithm 715

The purpose of this paper is to develop a palindromic quadratization which trans-
forms a (%, &)-palindromic matrix polynomial of even degree with (x, &) # (T, —1)
into a (x, €)-palindromic quadratic pencil. If x = T and ¢ = 1, then we can apply
the SPA algorithm in [13] to solve the associated quadratized T-PQEP directly. If
* = H and ¢ = %1, we first transform the associated quadratized (H, ¢)-PQEP to
an H-skew-Hamiltonian pencil by the (S 4+ S~!)-transform and enlarge the H-skew-
Hamiltonian pencil to a real skew-Hamiltonian pencil, to which the SPA algorithm
is applicable. Note that for the case (x, &) = (T, —1), the T-anti-PPEP can then be
solved by applying the URV-based method [23,25] to the linearized T-palindromic
linear pencil.

Throughout this paper, C"*™ is the set of all n x m complex matrices, C" = C"*!
and C = C; I,, and 0,5, (or simply 7 and O if their dimensions are clear from the
context) denote the n x n identity matrix and n X m zero matrix, respectively. The
Jjth column of an identity matrix is denoted by e;. The direct sum of two matrices is
denoted by “@®”.

This paper is organized as follows. In Sect. 2, we propose a palindromic quad-
ratization for a (%, ¢)-palindromic matrix polynomial of even degree. In Sect. 3, we
develop a structure-preserving algorithm for solving the H-PQEPs. We develop bal-
ancing techniques for PPEPs and PQEPs in Sect. 4. Comparisons of numerical results
computed by the palindromic quadratization, the palindromic linearization and the
standard companion linearization are presented in Sect. 5. Conclusions are given in
Sect. 6.

2 P-Quadratization of (x, €)-PPEP

In [13], a structure-preserving algorithm is well-developed for solving the T-PQEP. A
similar structure-preserving algorithm for solving the H-PQEP will be introduced in
Sect. 3. As the H-anti-PQEP can be easily transformed to the H-PQEP, all (%, £)-PQEPs
with (x, &) # (T, —1) can be solved by structure-preserving algorithms. Furthermore
when (%, ) # (T, —1), we shall propose a new palindromic quadratization (P-quad-
ratization) which can be utilized to transform a (x, £)-PPEP into a (x, £)-PQEP so that
the structure-preserving algorithm in [13] is applicable.

Next we present definitions of quadratization and P-quadratization of a general
matrix polynomial and a palindromic matrix polynomial, respectively.

Definition 1 (Quadratization/P-Quadratization)

(i) Let P(A) be an arbitrary v x v matrix polynomial of degree p > 2 with
pv = 2q. A g x g quadratic matrix polynomial (quadratic pencil) Q(}) is a
quadratization of P(A) if there are matrix rational functions £(A) and F (1) of
size ¢ x q with nonzero and constant determinants satisfying the two-sided
factorization

3

EMQONF () = [m) 0 } .

0 I
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(i1) Let P(A) be an arbitrary v X v (*, €)-palindromic matrix polynomial of degree
p > 2 with pv = 2¢q (i.e., P(A) = eAPP(1/A)* as in (2)). A quadratization
Q(A) of P(A) having the (, &)-palindromic structure is called a P-quadrati-
zation of P(A).

Theorem 1 Let Q(A) be a g x g quadratization of a v X v matrix polynomial P (L)
of degree p with pv = 2q. Then

(1) ro € Cis a finite eigenvalue of Q(A) (i.e., det(Q(1g)) = 0) if and only if Ly is
a finite eigenvalue of P()) (i.e., det(P(rp)) = 0).
(ii) oo is an eigenvalue of Q(A) (i.e., det([AZQ(%)]‘AZO) = 0) if and only if 0o is
an eigenvalue of P(A) (i.e., det( [)»1’73 (%)] |A:O) =0).
Proof (i) The factorization (3) implies that det(Q(X)) = ¢ det(P (1)) for some
nonzero constant ¢, so that Q(1) and P(X) are singular or nonsingular for
precisely the same values of Ag.

(i1) Since
det| 220 l = 22det| Q l = c2Mdet | P l
A A A
— cdet [m» (1)} ,
A
both Q(2) and P(A) have or have no infinite eigenvalues. O

Since both det(£ (1)) and det(F (A)) are nonzero and constant, it is easily seen that
the two-sided factorization (3) implies the existence of a more wide class of one-sided
factorization

QUIF () = QW F () [10} =0 [{) ] PG)=GOPG), (@)

where F'()) and G (A) are matrix rational functions of size ¢ x v. From the factoriza-
tion (4) a close connection between eigenpairs of P (1) and eigenpairs of Q(A) has
been shown in [8].

Theorem 2 [8] Assume that (4) holds at Lo € C with F( g) and G (Lo) being of full
column rank. Then F (Ao)z1 is an eigenvector of Q(A) if and only if 71 is an eigenvector
of P(X), both corresponding to eigenvalue A.

In Definition 1(i), we give a new definition of quadratization for a general matrix
polynomial. In Theorems 1 and 2, we show the connection between eigenpairs of a
general matrix polynomial and its quadratization. We next present a P-quadratization
for a palindromic matrix polynomial of even degree explicitly.
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Palindromic quadratization and structure-preserving algorithm 717

Theorem 3 Let P()) be an n x n (x, &)-palindromic matrix polynomial of degree
2d as in (1) with (x, &) # (T, —1). Then P(A) can be P-quadratized into a (x, €)-
palindromic quadratic pencil of the form

Q) = A2AY 4+ A Ao + e A 5)
with Ay = e Ao, where
(1) (For2d = 4m) Ay and Ay are given by
Al df[ Ao — ﬁ] - \/EAEAZ 0

Al = , Ao = (6)

e /ediAy 0 0 —\/Edldf]

if m = 1; otherwise,
B Ay 0 0 dr;]'
eediAgy O e e e .0
Aop—y dil
A = 0 —edyd . , (7a)
Az d’;71 1 0
0 —edul 0 |
[ Ag — Vel — JeAS, A 0 Ay 5 0 - A30]
0 —Jeddt1
&Aom—2 0
Ao = 0 0 ;
gAy 00

i 0 e 0

(7b)
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(ii) (For2d = 4m + 2) Ay and Ay are given by

Aq
Aol

0

Agp—

T A

8A2m

Ay =

in which dy, ..

Proof (i)
1,...,m:

0
0

—8d1] '
i1

Agm 0 AiﬁmfZ 0 -

0

eAan—2

—edol .

dr 1

0 d;I
0
0 0
—edpl 0

A307T

., dy are arbitrary nonzero constants.

2j—2

. (3a)

(8b)

(For 2d = 4m) We define the n x n matrix rational functions for j =

. -1
FajaG = (W7'a)  (ever? i+ 3 M Aani | Ow)
k=0
andforj=1,...,m—1:
. __12m-=2j
Faj11() = 22" 1. (9b)
Let
T T ... rqT
ﬂm:[MﬂﬂMme &m@)}. (10)
0] Tom—1)n

Routine but tedious calculation in terms of F(A) in (10), Q(X) in (5) and A, A; in
(6) or (7) leads to

(11)

Qmﬂm[ &m}’

L]
O@—1yn,n Ow@—tyn.n
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where

01(00) = A2AY + A (Ao — Vel — JeAS, Axy) + eAy

m—1
+)‘\/EA§m ()‘zme\/gl + Azm) + z )L2m72k ()”ZAEm—Zk-H + )‘Agm—Zk)

k=1
2m—2
+epl—2m (8\/512’”1 + Z AkAzm_k) =A172"P).
k=0
Next, we define for j = 1, ..., m:

Eroji() =272, forj=1,...,m—1,
2j-2

. -1
E1,2j ()\’) — <A2m72]+1dj) Z AzmikAEm_k + \/Eln ,
k=0

and let

| In| E12) E13(0) - E1om(D)
B = [ 0 Iom—1)n ] '

From (12) and the definition of E{ () in (13), we have

[1: On@—vn | EX)QO)FI(M) = [A2"P () On,a—1yn | -

Then from (10) and (13), it follows for m = 1 that
0 x
[0 L] E()QG)Fi(h) [ I }= —aedidi
n
or form > 2:

0
[0 Za-1n ] EXG)QMFi(2) [1<d—1>n}

[ —Aedidi I, 22di 1, 0 . . 0
ed 1, 0 —2%edsl, :
_ 0 —da 1y
: ' Wdp_1l, O
: edy I, 0  —)ed;l,
L 0 .. - 0 _dmln 0

12)

13)
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Using the factorizations

I 0 [—Aﬁdjd;l,, Azdjln} Iy ﬁln [—xﬁdjd;ln 0 ]
* J =
r‘ﬁln I ed? 1, 0 o 1 0 el

and

Iy el —2edty I | [ In AVEdy I
*A In —dj1ly 0 0 I

L 0
—A/edjq d;_;,_lln

it holds that

Eyp_1(A) - Ex(WME1 (M) QW) F1(M) Fa(A) -+ - Fa—1(A)
— diag {Al_sz(A), AEdidl Ly, ANEL, ... e, —A\/Edmd,gl,,},

where
0
Eyj(A) = Ij—1)0 ® fI I @ Iom—2j—1)n-
ad;in In
I, 0
Erjr1(A) = hjn ® | djinn I 1 D lom—2j-2)n
Ve dn n
and

I, 21
Fj(A) = Ij—1n ® [ (;1 Ved; n:| @ Iom—2j—n>

n

I, AJed*
Fjpr1i(A) = hjn @ [ 0 Ve f“ } ® lom—2j-2)n>

for j = 1,...,m — 1. Finally, letting

Ean(3) = diag 22" 1, —(/edid) ™ Iy, O/) ™ i, —Gu/od2d3) ™ I,

OO iy = edndi) " i,
EN) == Eypy(M)--- E{(A) and F(A) := F1(A) - Fyu—1(X), one can easily verify
that EA) Q) F (L) = diag(P(A), I2m—1)n). Furthermore, it holds that det(£(A)) =
(—(«3)’”/(\/51_[.'1.":l djd;) and det(F (1)) = 1.
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(i) (For2d =4m + 2) Let

017 .
szzl(zjl)n@[l gi|@1(2m2j)nv forj=1,...,m.
n

Similar to part (i), we define n x n matrix rational functions E1(A) and F7(X) by

Ei()0) =11, |:I(;z| El’Z()L) Elﬁ(;‘z) E1,2m+1()h) ] ’
mn
T
_ [ L] P i)' - P11
L) =
0| Dy

with

2j-1
Evpj(0) =227y Evpja) =d;' DAL, o,
k=0

2j-1 (14

. A 1
Faja() =320, Fyya ) = (@) 3 M s
k=0

for j =1, ..., m. Via careful calculation we get
L [»72P®)
gmnuﬂo}—[ 0
and
[, O]E:()QMWFI() =[2"2"P) 0].
Letting

I, 0 A%,
FiM)=12j-3:.®| 0 I, I, |®Iloem—2jt+in
0 O I,
for j =2,...,m,and
Ept1(X)
_ diae Lpomy L, =4 2L =1 -1, =1
= g ns dl n’A28d1* ns & n’kzedﬁ n’.”’dm n»kzsd;;z nis
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one can also verify that £(A) Q(A)F (A) = diag(P(X), Iomy), where E(A) = E;1 (L)
---Ey(Ax) and F(A) = Fi;(X)--- F,(1). Furthermore, it holds that det(£(1)) =
8_’”/(]_[’}’:1(djd;f)) and det(F (1)) = 1. O

Note that the P-quadratization of a (%, &)-palindromic matrix polynomial of odd
degree with even matrix dimension can be defined as in Definition 1. However, to the

best of our knowledge, a P-quadratization of this type has not been found.
We now show the relationship between eigenpairs of Q(A) in (5) and P(X) in (1).

Theorem 4 Let Q(X) in (5) be a P-quadratization of P(A) in (1) with (x,&) #*
(T, —=1). Denote z = [T - 27" withz; € C* (j =1,...,d). Then
(1) Forig # 0, (Lo, z1) is an eigenpair of P()\) if and only if (Ao, z) is an eigenpair
of Q) with z; = Fj1(ho)z1 (j = 2,...,d), where {Fj,l()u)}‘j:z are given
in (9) (for d = 2m) or (14) (for d = 2m + 1).
(ii) (0, z1) is an eigenpair of P()\) if and only if (0, z) is an eigenpair of Q(}),

where, for j =1,...,m — 1:
zom = —(d5) " A1z1, 22541 =0,
ford =2 m’ / 15
(for m) iZ2j =—(?) YAom—2jt121 (152)
Zam+1 = —(d5) " "A1z1, zom =0,
, ford =2 1 mn o 15b
(or, for m+1) |Z2j =0, 22j41 =—=(d}) YAom—2j121. (15b)

(iii) (o0, 22) is an eigenpair of P (L) if and only if (00, z) is an eigenpair of Q()),
withzi =z3=---=24 =0.

Proof (i) From Theorem 3, there are dn x dn matrix rational functions £(1) and
JF (1) with nonzero and constant determinants such that £(A) Q(A) F (A) = diag(P (1),
I(a—1yn)- Since A = Ois the only pole of £(A) and F (1), the matrices F (Ao) and G (o)
defined in (4) are of full rank. The assertion in (i) follows immediately from Theorem 2
and the relation

21 21

2 7 Fa,1(h0)z1 22

F(ko)z1 = F(ho) 0 = F1(do) ol|= : =1 .
Fa.1(A0)z1 2d

(i) By the definition of Q() in (5), we have Q(0)z = eq = ¢[q] - da]T,
where for d = 2m:

[611 = A1z1 +djyzom, @2 = e/ediAanzi, @3 = Aom—121 +di22, (162)

qa = —edrz3, ..., Qom—1 = A3z1 +dy_Zom—2, Q2m = —€dmZom—1;
and ford =2m + 1:

q1 = A1zt +dyzomtt1, @2 = Aomy121, g3 = —ed122, q4 = Ayp—121 +djz3,
qs = —edaz4, ..., Qam = A3z1 + ) _1Z2m—1, GQam+1 = —&dmZom.
(16b)
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From (16), we see that (0, z1) is an eigenpair of P(1); i.e., Agz;1 = 0 if and only if
(0, z) is an eigenpair of Q(1); i.e., Q(0)z = eq = 0, where {Zj}‘]’?=1 satisfy (15).

(iii) By the definition of Q(A) in (5) again, we have [AZQ (%)]A:OZ =gq =
[q] - da]T, where for d = 2m:

m—1
[ql = Alz1 +ed{ A5, 20 + D00 AL g2kt @2 = dizs,

g3 = —ed3z4, -, Qam—2 = dm—1Z2m—1, Q2m—1 = —€dp2om, qom = dm21;
(17a)
and ford = 2m + 1:
g1 = Ajzr+ Doy ALy gtk 2 = —edizs, g3 =diza o
s Qom = —€dmZomt1, Qomt1 = dy21.

From (17), it follows that (00, z2) is an eigenpair of P(1); i.e., A%z2 = 0 if and only
if (00, z) is an eigenpair of Q(1), or [A*Q (})],_yz=¢ =0.withz; =23 =--- =
zq = 0. O

Remark 1 (i) Theorem 3 cannot be applied to the case (x, &) = (T, —1). In fact, up
to now, there is no structure-preserving algorithm to solve the T-anti-PQEP directly.
So it is pointless to transform a T-anti-PPEP to a T-anti-PQEP. Thus, for a (7', —1)-
palindromic matrix polynomial, we can apply the palindromic linearization [20] to
transform it into a T-palindromic linear pencil AZ” + Z, and then solve it by the
QO R-like algorithm [24], the hybrid method [19], the URV-based method [25] or the
doubling algorithm [4].

(ii) On the other hand, if we rewrite AZ” + Z to a T-palindromic quadratic pencil
O() = 22ZT +7.0 + Z by letting A2 = A, then the SPA algorithm [13] can also
be used to solve its eigenpairs. It is shown in [13] that applying the SPA to solve
Q\(/):) y = 0 is mathematically equivalent to applying the URV-based method to solve
VAR A

Applying the P-quadratization in Theorem 3, an H-anti-PPEP can be quadratized
into an H-anti-PQEP whose eigenpairs can then be computed from an H-PQEP by the
following relationship.

Proposition 1 Given an H-anti-PQEP: (A\> A +).Ag— Aj)x = 0, with All = —A,.

Then (1w, x) is an eigenpair of the H-anti-PQEP if and only if (w, x) is an eigenpair
of the H-PQEP: [0*(—ADT + 0 (1 Ag) + (—AD]x = 0.

Proof The result can be easily obtained by setting A = 1w and using the fact
(1A =1A,. o

We now consider the x-even and x-odd polynomial eigenvalue problems of even de-
gree.LetC(X) = Z/%io Ak Cy, where C; € C" (k =0, 1, ...,2d)and Cay #0. The
polynomial eigenvalue problem C(A)x = 0 is called a x-even polynomial eigenvalue
problem, if C3, = C (k =0,1,...,d)and C3, | = —Cy—1 (k =1,...,d); and
it is called a x-odd polynomial eigenvalue problem, if C;k =—Cy (k=0,1,...,d)
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724 T.-M. Huang et al.

H-even [20] H-palindromic Theorem 3 H-palindromic
—_— —_—
PEP PEP Q

EP
T—even [20] T-palindromic Theorem 3 T-palindromic
e —_—
PEP PEP QEP
H-odd [20] H-anti—palindromic Theorem 3 H-anti-palindromic| Proposition 1 H-palindromic
EE—— . —_—
PEP PEP QEP QEP
[20] i nali ; 120, 21] : . Remark 1 i i
T-odd > T-anti—palindromic > > T-palindromic 4 > T-palindromic
PEP PEP GEP QEP

Fig. 1 Relations between various structured polynomial eigenvalue problems (PEPs)

and Cgkfl = Cy—1 (k = 1,...,d). By the Cayley transformation, it was shown
in [20] that a x-even/odd polynomial eigenvalue problem can be transformed to a
(*, =1)-PPEP, respectively.

We illustrate the relationship among various structured polynomial eigenvalue prob-
lems in Fig. 1. We see that T-even, T-odd, T-anti-palindromic and T-palindromic poly-
nomial eigenvalue problems of even degree can be P-quadratized to T-PQEPs. Thus,
the SPA algorithm in [13] can be applied to solve the associated T-PQEPs. On the other
hand, we see that H-even, H-odd, H-anti-palindromic and H-palindromic polynomial
eigenvalue problems of even degree can be P-quadratized to H-PQEPs. Therefore, we
are motivated to develop a structure-preserving algorithm in the next section to solve
the H-PQEP.

3 H-palindromic quadratic eigenvalue problems

Consider the H-PQEP
Q()x = (AZA{{+AA0+A1)x —0, (18)

where Ag, A} € C"*"" with Ag = Ao. The eigenvalues of Q(}) clearly appear in the
“reciprocal” pairs of the form (A, 1/1).

Classical linearizations of (18) in a companion form, generally, do not preserve the
symplectic structure. Fortunately, the special linearization

_ Aj 0 0 I x|
coene (4 0L e

of (18) (see [5] or [13]) satisfies

MIM! = LTLH T = oy = [_01 ” , 20)

so that the matrix pair (M, £) has eigenvalues A and 1/A, preserving reciprocity. The
pencil M — AL or the matrix pair (M, £) are called H-symplectic.
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Palindromic quadratization and structure-preserving algorithm 725

For any real symplectic matrix pair (M, £) satisfying (20), a structure-preserving
(S +S)-transform for the computation of all eigenvalues was proposed by [18]. The
(S + S~ Y-transform (M, Ly) of an H-symplectic matrix pair (M, £) is defined by

My=MILE + oM =KT, Ly=LTILT =NJT. 1)

It is easily seen that /C and A are both H-skew-Hamiltonian, i.e., XJ = JK and
NJ = JNH  Hence, if i is an eigenvalue of (IC, N), so is fi.

The relationship between eigenpairs of an H-symplectic matrix pair and its (S +
S ’1)-transform has been given in [18].

Theorem 5 [18] Let (M, L) be H-symplectic and (M, Ly) be its (S + S71)-
transform as in (21). Suppose z; is an eigenvector of (M, L) corresponding to u =
vt I (LT — IMHP) 2 £ 0or (LT —v MH)zg # 0, then (v, T (L7 — L MM) z)
or (1/v, J(LH —vMH)zy) is an eigenpair of (M, L), respectively.

Then the relationship between eigenpairs of (M, L) and Q(}) is given as follows.

Theorem 6 Let (M, L) be H-symplectic of the form in (19) and (M, Ly) be its
(S + S~ Y-transform. Suppose that z is an eigenvector of (My, L) corresponding
to the eigenvalue  # %2, and denote z; = [ZST], zSTZ]T with zg1, zs2 € C". Let v be
a root of the quadratic equation A + % = w. Then

(i) at least one of vectors z51 + %zﬂ and zs1 + vzgo IS nonzero;
(i) ifzs1 + %sz # 0, then z51 + %zxz is an eigenvector of Q(A) corresponding to
Vs
(i) if zs1 + %Zsz = 0, then zy is an eigenvector of Q(A) corresponding to %
Proof (i) Suppose that zsl—i—%zsz =0and zy1+vzs = 0. Itimplies that (v — %) 750 =0.
If zgo = 0, then z5; = 0 and z; = 0 which contradicts the fact that z; is an eigenvector.
Hence, v = %1 and then u = %2 which contradicts the assumption that  # 2.

Therefore, 7,1 + %zsz # 0orzg) + vz # 0.
(ii) Since MJMH = LT LH, by (21) it holds that

1
0=WMs—nuLls)zg =M —-v0)T (LH — ;MH) Zs- (22)
From (22), we obtain

1
(M — L) [Z“ *; UZ‘Q} -0, (23)

v

where

1 g 1
Xy = ;Al Zs1 — ;Aozsz — A1z 24
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Substituting (M, £) of (19) into (23), we have
1 1
Xy = —Aj (Zsl + _ZsZ) (25)
v v
and

1 1
Ap (le + ;ZSZ) +xy + UA{{ (Zsl + ;ZsZ) =0. (26)

Substituting x, of (25) into (26) and multiplying (26) by v, we get Q(v) (zy1+1252) =0.
(iii) Since z4; + %zsz = 0, it follows that z;] = —%zsz # 0 and x,, = 0 in (25).
Substituting these results into (24), it holds that

1\? 4 1
0=x,=— - Alzsz—;Aozsz—Alzs-z'

Therefore, zy; is an eigenvector of Q(A) corresponding to the eigenvalue % O

In [13], a structure-preserving algorithm (SPA) based on Patel’s algorithm [22]
has been developed for solving T-PQEPs. In order to solve an H-PQEP, we apply the
(S + S~ 1)-transform to the H-symplectic pair (M, £) of the form (19) and get the
generalized eigenvalue problem Kz; = uNzs, where K and A are defined in (21).
Substituting (M, £) in (19) into (21), the H-skew-Hamiltonian & and A can be rep-
resented as

_ Ao AH— 4 -4 o0
O T P A ) B

However, Patel’s algorithm can only be applied to (XC, ) of (27) in the real case, but
cannot be directly applied to (XC, N) in the complex conjugate case. In the following,
we convert (K, N) of (27) into an enlarged real T-skew-Hamiltonian pair so that
Patel’s algorithm can be applied. We extend (X, ) in (27) to a real 4n x 4n matrix
pair (K2, A2) by

_[Kr —Ki _ | Nk =N dnxan
/C2—|:IC1 ’CR:|’ N2—|:NI NR}ER , (28)

where K = Kg +1K; and N' = Ny +1N;. From (28), it is easily seen that if 1 is an
eigenvalue of (K, N), then u and ji are eigenvalues of (K3, N3).

Theorem 7 The multiplicities of eigenvalues of (K2, N2) are all even.

I(:z IO" i| @I, Itis
easy to check that /%2 and /{72 are real skew-Hamiltonian; i.e., (E2j4n)T = —/Ezﬂn
and N2 Jan)T = —NoJan. Therefore, from the result of [18], it follows that the
multiplicities of eigenvalues of (K5, N3) are all even. O

Proof Define Kr = MK, and N> = TIALTL, where T = I, ® |:
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Palindromic quadratization and structure-preserving algorithm 727

From (21), we see that p is an eigenvalue of (K, N) if and only if [ is also an
eigenvalue. We now give the relationship between eigenpairs of (K, A) and (K3, N2).

—X

Theorem 8 (i) If (a + 1B, x + 1y) is an eigenpair of (K, N), then [f}] +1 |: Y ]
are eigenvectors of (Ko, N2) corresponding to the eigenvalues o & 1.
(i1) If[zl j| +1 [? ] is an eigenvector of (Ko, N>) corresponding to the eigenvalue
2 2

a + 1B, then (x; — y2) + 1(x2 + y1) is an eigenvector of (K, N) corresponding to
o+ 1.

Proof (i) Since K(x+1y) = (a+18)N (x +1y), comparing the real and the imaginary
parts of both sides leads to

(e [ e (]]2)

(ii) Since [il ] +1 I:i ! i| is an eigenvector of (K, A3) corresponding to the eigen-
2 2
value o + 1, it holds that

Krx —Kry = aNgx — Niy) — BWNix + Ngry),
Kix +Kry = BWgrx — Npy) +aNjx + Ngy),

by setting x = x; — yp and y = x2 + y1. Thus, (@ + 18, x + 1y) is an eigenpair of
(K, N). a)

From Theorem 8, the eigenpairs of (/C, N) can be computed from the eigenpairs of
(/Cz Nz) Since /Cz and \V- 2 are both real skew-Hamiltonian, based on Patel’s approach
[13,22], the pair (K2, N) can be reduced to block upper triangular forms

K1 Kip
0 K|

Ni1 Ni2

/Ez = QT/%2Z = |: :| s ./\72 = QT./\72Z = |: 0 N1T11| s (29)

where 0, Z € R*>*% are orthogonal satisfying Q = Z&Zj%, and K1, Nj; €
R?"*2" are upper Hessenberg and upper triangular, respectively.

From Theorem 7 and (29), we see that the pair (K1, N11) has the same spec-
trum as (’C2, J\fz) We then apply the QZ algorithm to (K1, Nq11) to compute all

~ 2n
its eigenpairs {(u;, ZJ-)}?”:]. Consequently, {(,uj, Iz [ di|)] are the 2n ei-
j=1
T T
genpairs of (K2, N2). Let u; = a; + 1 and I1Z [Z]T,OT] = [xlTj,szj] +
T
[le],sz]] with «j, 8; € R and x1j, x2;, y1j,y2; € R2". From Theorem 8,

{(ocJ +18;, JT (x1j —y2; +i(xzj + y1j)))} , areeigenpairs of (M, Ly). Finally,
we compute all eigenvalues and the assoc1ated elgenvectors of Q(A) by Theorem 6.
We present the structure-preserving algorithm for solving H-PQEP in Algorithm 1.
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Algorithm 1 Structure-Preserving Algorithm (SPA) for H-PQEP

Input: AnH-palindromic quadratic pencil Q(1) = AZAII'I+AA0+A1 with Ag, A; € C"*" and A(I)'I = Ap;
Output: All eigenvalues and eigenvectors of Q(1).

1: Form the matrix pair (K, N3) = (ITK2I1, TIN,IT) as in (28);

2: Reduce (K7, NV>) to block upper triangular forms as in (29);

n

3: Compute eigenpairs {(14;, 2j)}%=1 of (K11, N11) defined in (29) by the QZ algorithm;
4: Compute HZ[Zj] = [xlj]-i-t [yl'ii|,,i =12,...,2n;

0 x2j 2
5: Compute the eigenpair (1, z;), for j = 1,2, ..., 2n, of (M, Ls) by

T
7j = JT(xlj —y2j Hilx2j +y1j)) = [ijlyljrz} ;

. . 1 ho 2 ) —0 = 1. =g o
6: Compute v; and o by solving v= —p jv+1 = 0; Compute x ;| =z +U—jz12 andxjp =zj1+vjz)2
forj=1,2,...,2n;
7: If xj1 # 0, then it is an eigenvector of Q(4) corresponding to v;; If xj5 # 0, then it is an eigenvector
of Q(A) corresponding to %;
J

4 Balancing of P (1) and Q (1)

Scaling [1,3,7,16] is a commonly used technique for standard eigenvalue problems
for the improvement of the sensitivity of eigenvalues. In this section, we first propose
a diagonal scaling for P(X) in (1). Then, we determine the free parameters di, ..., dj,
in (7) and (8) to improve the backward errors of eigenpairs for P(A) as in [10, 14,17].

In order to balance the entries of coefficient matrices in P(X), we define a complex
diagonal matrix

D = diag (21, 202TF2 . ponttbn)

with aj, B; € R so that the magnitudes of entries of coefficient matrices in the new
(%, &)-palindromic matrix polynomial

d—1 d
DD 2k ay  +2%A0+e) /\d_kAk) D*
k=0 k=1
are close to one as much as possible. That is, we determine 1, ..., o, and Ba, ..., B,

so that

24P A (j, 024 P & 1, (30)
for j,£ = 1,2,...,nand k = 0,1,...,d, where Ax(J, ¢) is the (j, £)-th entry
of Ax. By taking logarithm of (30), the parameters, «1, ..., o, and B, ..., B, can be
determined by solving the least square problems

aj +ap = —Re(logy (A (J, 0))),  Bj — B = —Im(logy (Ak(j. ).
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where Pe(c) and IJm(c) represent the real and imaginary parts of ¢, respectively. Then,

the parameters o1, ..., o, and Ba, ..., B, are determined by the associated normal
equations
B'Blai,....on]" =BTb, CTC[B,....B )" =CTe.
We now determine dy, .. ., d;, in (7) or (8), to balance the magnitudes of entries of

Ap and A, in Q(1). For convenience, we define

M) ey
d,»:[di , 1f2d =dm, fori=1,...,m.

d®, if2d = 4m +2;

From the row balancing of A in (7a) or (8a), we first set

) = max {1, max{|Agm—pis—tl1:k=0,1,...,2 —3+s}).

Then we take Bi(s) to be the geometric average of nl.(s) and the average of the absolute
magnitudes of entries of Ay, ;41 in Aj; i.e.,

n n
59 = |09 [ [Asmoaini (. O1/n?

j=1t=1

fori =1,...,mands = 1, 2. Although the value of dl.(s) can be set to 51.(” to balance
the entries of A;, we also need to consider the balance of the entries of both A and
Ay in (7) or (8). As a result, we take the values of dl(s), e d,gf ) to be the geometric
average of the maximal values of S(S), ey 6,(,‘; ) and the maximal average for the abso-
lute magnitudes of entries of Ay (k =0,...,d);ie,fori =1,...,mands = 1,2,
we set

n n

di” = | p® max 13> |Ax(j, O)l/n?

0<k<d é
j=1t=1

with

p® = max{8®;i=1,...,m}.

5 Numerical results

In [13], an SPA is proposed for solving T-PQEPs. Numerical experiments show that
SPA performs well on the T-PQEP arising from a finite element model of high-speed
trains and rails. In this section, we shall focus on the numerical comparison of the
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performance and accuracy for solving H-PPEP of even degree by using structure-
preserving algorithms and companion linearization.

For solving an n x n H-PPEP of even degree 2d, we apply the P-quadratization in
Sect. 2 to transform it into a dn x dn H-PQEP. We then apply the SPA (Algorithm 1)
in Sect. 3 to solve the H-PQEP. The combination of the P-quadratization and SPA is
called the PQ_SPA algorithm. On the other hand, we can also use the “good” linear-
ization [20,21] to transform the H-PPEP into a palindromic linear pencil AZ* + Z,
and then utilize SPA to solve the H-PQEP: (A2Z# + 10 + Z)x = 0 with » = 2.
The combination of the “good” linearization and SPA is called the PL._SPA algorithm.
As mentioned in Remark 1 (ii), we see that applying the SPA to A2ZT 400+ Zis
mathematically equivalent to applying the URV-based method [25] to AZT + Z.

5.1 Computational cost

For making PQ_SPA more efficient, we reorder the submatrices of (Kz, f\72) in step 1
of Algorithm 1 by the permutations

I 0 0 0 0 0 0 I, O 0 0
0 Iy, 0 O 0 0
0 0 Ig-—tm O 0
0 0 0 0 0 I,
Imi=|0 O 0 0 Iyu—2y |,I=
0 0 0 0 Ig—2n O
0 0 0 I, 0
0 I 0 0 0 0 0 0 I, 0 0
" I, 0 0 0 0 0
We substitute A in Theorem 3 into /\72 and get
e [T, 0 Iv nr o
*Tlo m |7 o nf
Dy 0 Vi W, D 0 0 0
. 0 D W Vi 0 D 0 0
10 0 v -V e 2 A N
00 W VW vi vt -yl vrI

where Dy is a (2d — 2)n x (2d — 2)n diagonal matrix and V3, V4 € R"*", Set

= _[m olz=[0F o
’Cz'_[o HZ]KZ[O n’ |
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Table 1 Computational flops of PQ_SPA and PL_SPA

Eigenvalues Eigenvectors Total
PQ_SPA (40843 + 32d + 80/3)n> (40843 + 32d)n> (816d3 + 64d + 80/3)n3
PL_SPA 3605%d3n3 19204°n° 55251 d3n’

Now, we compare the computational costs for PQ_SPA and PL_SPA:
—  (QR factorization and updating with real arithmetic operations) Compute Q and
. T
Z1 such that QlTNzZl = diag (Nl(}), (Nl(})) ), where Nl(}) is upper triangu-

lar, and update Q{I@Zl. It requires (80/3n> + 32dn>) and 341%(13n3 flops for
PQ_SPA and PL_SPA, respectively.

— (Given’s rotations and updating with real arithmetic operations) Reducing the new
pair (K2, N3) produced by above step to block upper triangular forms of (29), it
requires 232d°n> — (296d> — 24d)n* and 1856d3n> — 800d*n? flops for PQ_SPA
and PL_SPA, respectively.

—  (Computing eigenvalues of (K11, N11)) Computing eigenvalues of the real upper
Hessenberg and triangular pair (K11, N11) by QZ algorithm, it requires 176d4°n>
and 14084°n> flops for PQ_SPA and PL_SPA, respectively, to obtain the upper
quasi-triangular and triangular pair.

— Theeigenvectors of (K2, A>) can be computed by an additional (40843 +32d)n?—
(332d? — 16d)n* and 1920d°n> — 1088d%n* flops for PQ_SPA and PL_SPA,
respectively.

We summarize the computational flops of PQ_SPA and PL_SPA in Table 1.

5.2 Numerical experiments

For an approximate eigenpair (X, x) of the palindromic matrix polynomial P(}), we
define the associated relative residual by
IP(M)xll2

RRes = RRes(A, x) := y .
[Zkzl (I, 4 1 ]9=5) [ Axll2 + IkIdIIAollz] llx1l2

We will show numerical results of RRes and the reciprocal property of eigenpair
(&, x) for the H-PPEPs, computed by PQ_SPA, PL_SPA and polyeigin MATLAB
(applied directly to (1)).

As mentioned before, theoretically, the eigenvalues of H-PPEP appear in reciprocal
pairs (1, 1/1). So, if we sort the eigenvalues in ascending order by modulus, the prod-
uct of the i-th eigenvalue and the conjugate of the (2dn + 1 — i)-th eigenvalue should
be one. Therefore, we define the reciprocities of the computed eigenvalues by

ri = |hiraanp1—i — 1| (G =1,...,dn).

@ Springer



732 T.-M. Huang et al.

-12

—_—
Q
~
-
S)

-12
% polyeig (b) 10 x *

A PL_SPA * %
x *
S e
13 x x
! R s oot
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RRes of eigenpairs
5

10 10°
Ihil Ikil

Fig. 2 Relative residuals of eigenpairs and the associated reciprocity for Example 1

All numerical experiments are carried out using MATLAB 2008b with machine
precision eps & 2.22 x 10716,

Let C,, denote the set of n x n complex matrices which real and imaginary
parts are randomly generated by the normal distribution with zero mean and standard
deviation b.

Example 1 Consider the H-PPEP with d = 5 and Ay € C,.100 (k =0, ...,5).
Example 2 Consider the H-PPEP with d = 4 and A1, A3, A4 € Cy,100, and Ag and
A being defined as

Ap_1 = By - diag {(pgk), e %(lk)} - By e C" (k=1,3)

where Biy, Bak € Cy.1, and

v P

(pi(k) — 4i+k—€ (k)‘ — 4i—k (l — 1, L ,E), (31)
o) = 42k ifn is odd;

with £ = n/2 (if n is even) or £ = (n — 1)/2 (otherwise).

Example 3 Consider the H-PPEP with d = 4 and Ao, A1, A3, A4 € Cp 100, and A2
being defined as

As = By; - diag {<p}3), o ¢,§3>] . Byy € C™X1,

where By3, B3 € Cy.1, and ¢ is defined in (31) with k = 3.

We present the relative residuals (RRes) and the reciprocities of eigenpairs com-
puted by the polyeig, PL_SPA and PQ_SPA for Examples 1-3, using the balancing
technique in Sect. 4 with n = 30. Numerical results are shown in Figs. 2, 3 and 4.
We indicate the results computed by polyeig, PL_SPA and PQ_SPA by “x”, “A”
and “0”, respectively. For the PL._SPA and PQ_SPA, all reciprocities of eigenvalues
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a *  polyei
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Fig.3 Relative residuals of eigenpairs and the associated reciprocity for Example 2 with larger ||Aq ||, and
14212
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Fig. 4 Relative residuals of eigenpairs and the associated reciprocity for Example 3 with larger ||A2 |2

are preserved to machine accuracy, which are ignored in Figs. 2b—4b. From Figs. 24,
we see that most of relative residuals of eigenpairs computed by the PQ_SPA are better
than that computed by the PL_SPA, only a few exceptions. Overall, we conclude that
applying P-quadratization and SPA (Algorithm 1) to solve PPEPs not only preserves
the reciprocal property but also provides higher accuracy than that by PL_SPA and
polyeigin MATLAB.

6 Conclusions

In this paper, we mainly propose a palindromic quadratization to transform the (x, €)-
palindromic matrix polynomial of even degree with (%, €) # (T, —1) to a (x, ¢)-palin-
dromic quadratic pencil, instead of the orthodox palindromic linearization approach.
The structure-preserving algorithm for solving palindromic quadratic eigenvalue prob-
lem based on (§+S~!)-transform and Patel’s algorithm can then be applied. Numerical
experiments show that relative residuals of approximate eigenpairs for the palindromic
polynomial eigenvalue problem computed by the PQ_SPA are better than those by the
PL_SPA and polyeigin MATLAB. Moreover, the computational cost for PQ_SPA
is much cheaper than that for PL_SPA.
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