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In this work, theoretical formulas for the H-polarization electromagnetic propagation in a cylindrical
multilayer structure (CMS) are given. The relationships between two modes, H- and E-polarization are
pointed out. With the derived formulae, we present the numerical results for three model structures
such as the single cylindrical interface, the single cylindrical slab, and the cylindrical photonic crystal
(CPC). In the single cylindrical interface, it is found that there exists a Brewster starting radius at which
a minimum reflectance is attained in H-polarization. In the single cylindrical slab, the result illustrates
that the reflectance response in the wavelength domain contains the oscillating and nonoscillating
regions. As for the CPC, we find the PBG structure at zero azimuthal mode number is very similar to that
of planar photonic crystal. The PBG, however, can be strongly influenced by increasing the azimuthal

© 2012 Elsevier B.V. All rights reserved.

1. Introduction

The propagation of electromagnetic waves in dielectric strati-
fied structures has been studied for a long time [1,2]. Such an
issue has been of much interest to the optical and electromagnetic
communities again in 1987 since the concept of the photonic
crystals (PCs) was introduced by two pioneering works of
Yablonovitch and John [3,4]. Since then a flood of research topics
in PCs were triggered in the past two and half decades. At present,
research in PCs, which also are called the photonic band gap (PBG)
materials, continue to be hot in the communities of photonics,
electromagnetics, and material physics.

A simple periodic dielectric multilayer structure known as a
one-dimensional (1D) PC is easier to fabricate compared to the
two- and three-dimensional PCs. In addition, 1D PCs can be used
to explore many fundamental and interesting optical properties,
such as the existence of PBGs as well as the feature of omnidirec-
tional mirror [5,6]. In 1D PCs the wave propagation properties can
be analytically investigated by the familiar transfer matrix
method (TMM) in Cartesian coordinates [1,2,7]. The TMM
described in Ref. [7] is generally referred to as the Abeles theory.

In addition to the usual planar 1D PC, wave propagation in a
cylindrical multilayer structure (CMS) has also received much
attention in recent years [8-17]. A PC with a periodic CMS is called
a cylindrical photonic crystal (CPC) or cylindrical Bragg reflector
(CBR). The reflection or transmission response of a CPC can be
analytically investigated based on another version of TMM. In fact,
such cylindrical wave TMM has been developed by Kaliteevski et al.
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[18]. They developed an elegant TMM in cylindrical coordinates
which, in fact, is an analogous version of Abeles theory in Cartesian
coordinates. With this cylindrical TMM, the reflection response for
the CPC can be studied and then a comparison with planar 1D PC
can be made [19]. Moreover, based on the use of such TMM, studies
of photonic band structures in metallic and superconducting CPCs
have also been available [20,21].

In a CMS, it is known that there will be two possible propaga-
tion modes called the E-polarization and the H-polarization as
well [18]. Previous studies [18-21] were all focused in the
E-polarization only, which is partially because the formulae of
the H-polarization for the reflection and transmission in a CMS
still remain unavailable. The purpose of this paper is thus to give a
detailed theoretical description on the wave propagation in a CMS
under the condition of H-polarization. We shall derive the
formulae of reflection and transmission for a CMS. With these
formulae, we next give some numerical studies on three model
structures, including the single cylindrical interface, the single
cylindrical slab, and the CPC. The first structure is similar to
Fresnel’s formulae in a planar interface between two different
media. The study of second structure is reminiscent of the Airy
slab problem in optics. The third one, the CPC, is of particular
interest in this work because of the current interest. For the
purpose of comparative study, all the numerical results of these
three structures are given for both E- and H-polarization.

2. Transfer matrix method in cylindrical system

In this section, we first derive the transfer matrix method
(TMM) for the electromagnetic propagation in the CMS as shown
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Fig. 1. A portion of CMS, in which the m-layer system/1/2/.../m/ is bounded by
the media of refractive indices, no and n. The subscript “0” is known as the
starting medium, whereas the final medium is indexed by the subscript “f’. The
dimension in z direction is assumed to be much larger than the dimensions in x
and y directions.

in Fig. 1.We assume that the temporal part of all the fields is
exp(jwt). In what follows, the SI-unit will be used in this work. For
a given layer with permeability = p, 14, and permittivity & = &,
Maxwell’s curl equations are written as,

V x E=—jouH, (D

V x H=jwe¢E 2)
In cylindrical coordinate, (p, ¢, z), Eq. (1) can be expanded as

10E, OE, .

E%— 2z - —jouHp, ()
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o —jouHy, (3b)

1 a(pE(/,) 5Ep .

oo —Howe o

and expansion of Eq. (2) gives

10H, oHy .
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l [6(,0H¢) _ aHp
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Let us first consider the propagation of cylindrical wave
diverging from or converging to the axis of symmetry p=0
(z axis). In this case, the derivatives of the fields with respect to
z can be omitted and hence Eq. (3) can be reduced to

10E;

} =jweE, (40)

,0 5¢> —jouH,, (5a)
% _jouH,, (5b)
op
1[0(pEy) _E, = —jwuH (5¢)
p 6p 6(/) - J ,u z
Likewise, Eq. (4) can be reduced to

10H, .

5 2 =jweEy, (6a)
6—1-12 = —j(l)SE(/), (Gb)
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Solutions for Egs. (5) and (6) can be classified as two modes.
One is called the E-polarization which has three non-zero com-
ponents, E;, Hy, and H,. The other is H-polarization having non-
zero components H,, Eg, and E,. The solutions for E-polarization
have been available [18]. Thus, in this work, we shall limit to the
H-polarization. In this case, with Eqs. (6a) and (6b), Eq. (5c)
becomes the governing equation for H,, namely

1 O0H, 11 0 (oH,
ap( f’a—p>+55a—¢( ¢>+‘” HpHe = @

which can be further expressed as

0 ( oH;\ ,l0¢dH; o (oH;
pap<p p) P sapap+6¢<6¢>+w pep*Hz =0 ®

For E-polarization, the above differential equation is read
as [18]

} =jweE, (60)

pi<p6b}> 2 10p0E, | 0 <6Ez
op \" op uopap " op\ap

It is seen that the governing differential equations for
E-polarization can be obtained from H-polarization by using
H—E and ¢— y, and vice versa.

To solve Eq. (8), we let H, = V(p)®@(¢). Then the angular part
takes the form,

) +w?uep?E, =0 )

2
d—(p+m & =0, (10)
d¢?

which has a solution

&~ emP, (11)

where m can be zero, or a positive or negative integer. The radial
part of Eq. (8) is,

d dv 5, 1dedV 25 20

p@<pdp> —-p Z@%J’-w uepV—-m<Vv=0 (12)
If the permittivity is homogeneous,

reduces to
d dv 2 5

pdp< dp) (k p2—m )v 0, (13)

which is a standard Bessel’s equation with a solution expressible
as,

V(p) = Aln(kp)+BYm(kp), (14)

where J,,, is a Bessel function, Y, is a Neumann function and A, B
are constants. Here,

oe/op=0, Eq. (12)

w
k=—n 15
- (15)
is the wave number in medium where c is the speed of light in
free space and n is the refractive index of medium. Based on

Egs. (11) and (14), the magnetic field can be written as

Hz(p.¢) = V(0)e™ =[Aln(kp)+BY m(kp)le™? (16)
For the non-zero electric fields, Eq. (6a) leads to
_ Tl’l V(p) m</>
alrran e (17a)
and Eq. (6b) becomes
1 im¢p _ im¢
E,= —_st o e’ =U(p)e™?, (17b)



426 C.-A. Hu et al. / Optics Communications 291 (2013) 424-434

where U(p) and V(p) are related by
dv

ap = —jweU(p) (18)
With Eq. (14), the function U can be found to be

U(p) =jp(Al1n(kp) +BY,(kp)),, (19)

where

p=1/E (20)

is known as the intrinsic impedance of medium (p=377 Q for free
space). We see that Vin Eq. (14) and U in Eq. (19) can be used to
respectively determine the non-zero electric field components E,
and E,4 according to Egs. (17a) and (17b).

In the transfer matrix formalism, it is convenient to set the
column vector (V(p),U(p))T at a radial position p from the above
solutions and relate it to the corresponding vector at some other
point, say p, (assuming po < p), by the matrix multiplication [18]:

V) \ _ i Vo) _ (M Miz)\ (Vi(po) @1
Up) ) — U(po) ] ~ \ Ma1 Mz )\ U(pg) )’

This matrix equation relates the two non-zero electric fields at
two distinct radial positions po and p. The elements of transfer
matrix M can be found with the help of Egs. (14) and (19) when
the vector (V(p,),U(pg)) has been set at a special value of (1,0) or
(0,1) [18]. These two choices are similar to those in the Abeles
theory in dealing with the planar multilayer structure [7]. With
(V(po),U(pg))=(1,0), Eq. (21) leads to
My =V(p), My =U(p) (22)

The explicit expressions for M;; and M,; can be further

obtained as follows. Egs. (14) and (19) under this special values
can be written by

Alm(kpg) +BYm(kpo) =1, (23a)
Al (kpo) +BYr, (kpy) =0 (23b)
It is easy to have
— Y;'n (pr) , - _ ];'n (kpo) . (24)
2/(mkpq) 2/(mkpy)
Therefore, M{; and M,q, can be expressed as
TC ! !
M = V() = Zkpo Vi (k0o o (k) Tin (ko) Ym(kp)].  (25)
.TT / ’ ’ 4
Mz = U(p) =] 2 kpop [Ym (kl’o)]m (kp) _]m (pr)an (kp” . (26)
Similarly, with (V(p,).U(pg)) =(0,1), we have
M2 =V(p), My =U(p) (27)

Again, from Eqgs. (14) and (19), we can solve for A and B,
namely

_ i Ym (kpo) — :J ]m (kpo) (28)
p2/(mkpy)’ p 2/(mkpg)

The other two matrix elements are thus given by

Maz =U(p) = 5 ko [lm (k9o) Y (k) =Y (kpo ) (kp) . (29)

Mi2 =V(p) = =55 90U (600) Yim (kD) Yo (kpolim (kp)]. (309

In the case of E-polarization, the matrix elements are of the
same form as, (25), (26), (29), and (30), but with a replacement

ofp=/¢/u [18].

Finally, it is worth knowing the determinant of the transfer
matrix M. With Egs. (25), (26), (29), and (30), it is direct to get the
determinant, namely

detM = MM —M1;My1 = % 31

In obtaining the above result, the following identity has been
used,

I (kp0) Y (k06) T (ko) Y (ki) = 62)

2

kp

It is noted that the determinant is simply equal to the ratio of
the initial and final radii. Based on Eq. (21), we arrive at the
conclusion that the transfer matrix for a region containing two or
more different layers is simply the product of the transfer
matrices that correspond to all layers. Furthermore, Eq. (31)
reveals that the determinant of the total transfer matrix for a
CMS is given by the ratio of its internal and external radii.

3. Propagation waves as basic functions

As shown in previous section, we have known that the field
solution for the cylindrical wave can be made of the radial and
angular parts. The radial part is described by the Bessel function
Jm as well as the Neumann function Y,,. However, for the problem
of wave propagation, it is convenient to express the field solution
as the sum of two contrary propagating waves, i.e., a super-
position of ingoing (converging) and outgoing (diverging) waves.
These two waves are generally represented by two Hankel
functions. For H-polarization, the magnetic and electric fields of
outgoing cylindrical wave take the form

H,* = AHP(kp)exp(im¢), (33)

E, " =jpAH\Y (kp)exp(im¢), 34)

where HY is the Hankel function of the second kind. On the other
hand, the ingoing wave is the Hankel function of the first kind,
namely

H,~ = BH(kp)exp(im¢) (35)

E;~ =jpBH(Y (kp)exp(ima), (36

For a field with azimuthal variation specified by m, the total
field of both H, and E, can be written as

H,=H," +H, 37
and

Ey=Es* +E, =jpC@H, " +jpCVH, ", (38)
where

€ = Hoy " ep) /Hy? (kp) G

In order to refer to the layer where the field exists, we
introduce the layer label as a second subscript on the coefficient
C\1?, and as a subscript of the wavevector k, namely

Coai” = Hin? (kip) /Hy? (Kip), (40)

For a layer, say L

Next, we would like to relate the magnetic fields at the two
boundaries for a single layer. The relationship can be described by
a matrix P which plays the similar role as the propagation matrix
in a standard TMM in usual planar geometry [2]. This matrix can
be constructed as follows. From Eq. (33), the outgoing magnetic
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field is rewritten by

Hy'(kp) )

H®(k
H,* (/)) = i (ep) H(l)(kp ) z
m 0

= AH® (kp,)exp(im¢p) =
Hg)(kpo) w (49o)

(Po),
41)
And the ingoing magnetic field is expressed as

_ HD(kp) )
H,” (p) = mBHg) (kpo)exp(im¢) =

Hy (kp)

WH27 (po) (42)

Eqs. (41) and (42) can be combined as a matrix equation,
namely

H:" )\ [ H:" (po)
( He () ) - P( H. (o) ) @

where the propagation matrix is diagonal and given by

H (kp) 0
H‘,ﬁ)(kpo)
P= 0 HY (kp) (44)
HY (kpo)

This matrix converts the magnetic field at inner boundary
p=po to a point of p=p inside the layer. It should be mentioned
that this matrix P is exactly the same as that for the E-polarization.

In the usual planar TMM, there is another important matrix
called the dynamical matrix D that relates the boundary condi-
tions between two media [2]. Similarly, there also exists a
corresponding matrix in the CMS. To derive this, let us consider
the interface between two layers. Based on the continuity of the
tangential components of the electric and magnetic fields (Hz,Ey),
we can express the interface conditions in terms of (HZJr ,H[). To
this end, we introduce matrix D that can convert the basis
(Hz*,H;™) to (Hz,Eg), namely

H, H,*
()-()

where D is written by

11
D={ ., . 46
(JpCi,? JpCi,l’) @)

Eq. (46) can be easily seen from Egs. (37) and (38). For the
E-polarization, the D-matrix in Eq. (46) still holds with a replace-
ment of j— —j. In addition, for the nonmagnetic medium, w,=1,
the determinant of D is found to be

1 [ 4 1
detD=—— [f0 L~ 47
&r | &0 TKp HD (kp)HY (kp) @

where K=w/c is the wave number of free space and, in arriving at
Eq. (47), we have used the following Wronskian

W [HP @ HP @] = HV@HY @) -HY @HP @ =~ (48)
Also, the inverse of D can be calculated to be
i (1)
— & T 2 1 7Jpcm 1
D' =g, L2 KpH®P (kp)HD (K 49
&r o4 pH (kp)Hy, (kp) ijﬁ) 1 (49)

Next, from Eq. (45) together with the condition of continuity of
the tangential field components at the interface of two layers
labeled 1 and 2, we have

Hz] * H22+
D _ | =D _ 50
1 <Hzl ) 2 ( H., (50)

Eq. (50) can be rewritten by

Hp™ 1 Hy* Hnt din dip\ (Hat
=D>,"'D =D =
(sz ) 2 <Hzl "\ Ha~ dy1 dy ]\ Hu~
(51)

The matrix Dy; =D, 'D; is regarded as transmission matrix
that links the amplitudes of the waves on the two sides of the
interface. With Egs. (46) and (49), the matrix elements of D,; can
be obtained, with the results

. E T
di = —jer, /ﬂ—ZEKpHﬁ,? (kap)HY (k2p) [pzcg)—plc(n%)], (52a)
. E T
da1 = —jer, /M—ZZKpHﬁ) (k2p)HSy (k2p) [ 1€ ~P2CY .. (52b)
dip = —jer [ 2T K pH (kyp) HD (K ch_p,c 52b
12 =—Jér H04 P m(2p) m(<2p)[p2 m —P1 m]' ( )
. E T
doz = —joir [ -7 KPHE (kep) i (kap) [p1 € —paCiy | (52d)

4. Reflection and transmission in a single cylindrical interface

We are in the position to determine the wave reflection and
transmission in a cylindrical interface. These formulae of wave
reflection and transmission between two media are analogous to
the usual Fresnel’s equations in the planar geometry. Let us
consider a diverging wave incident from medium 1 on the inter-
face between layers 1 and 2. Based on Eq. (51), it is direct to have
the reflection coefficient ry and the transmission coefficient that
should satisfy the following relation,

tq 1
< 0 ) =Dy ry (53)

It can be seen from Eq. (53) that ry and t4 are respectively
expressed as

— dy _ PzC%—Plc(ri; 54

1= "l ~ o p @ (GR))
22 b1 m1 —Db2 m2

and

dﬂ _ detD21
d22 N d22

Here, the determinant of D,; can be calculated from Egs. (51)
and (47), namely

detD21 = detD271 dEtD1

by [T K pHD (k) HO (k)|
=\ 1o [ 7 KoH (kap)Hiy (kzp)]

4 1
nKp HY (ki p)HY (ki p)

tg=dy +dpprg=dy—diz

(55

—jpaChy 1

jp2 C% -1

(56)

To simplify Eq. (56), we first consider the fact that
1=D,D, ' =&, /Z—‘)ngHi? (kop)HS (k2p)
0

—jp,Co) +ip2Ci 0
x D i @) |
0 —jp2C, +iP2Crpy

which indicates that

E TT . .
e\ e g KPHR (ko)) (k2p) [=ip2 i 42| =1 (57)
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By making use of Eq. (57), Eq. (56) becomes

HY (kop)H (k2p)
Hiz (k1 p)Hiy (ki p)

Therefore, the transmission coefficient in Eq. (55) can be cast

detD21 = (58)

das

iNe—1
—j4e; "/ Uo /€0 (59)

tg=
K pH (k1 p)HLY (ki ) [ €2 1 C

Egs. (54) and (59) are the reflection coefficient and transmis-
sion coefficient for the diverging wave. Similarly, if we are
interested in the converging wave, expressions for reflection
coefficient and transmission coefficient can be obtained, with
the results

1 1

_ P3Gy —P1Cp
c— 1 2)

p1C§ni*po(m§

Y P B ey e
J4Z’r :uO/SO (61)

fe =
K pH (kap) HEY (k2p) [P2Cins 1 o |

(60)

The reflection coefficient and transmission coefficient described in
Egs. (54), (59), and (60), (61) are the Fresnel-like equations in the
cylindrical interface between the media 1 and 2. In addition, these
four equations are of the same forms as in the E-polarization with
different definitions in parameter p.

5. Reflection and transmission in a cylindrical slab

Let us now focus on the wave reflection and transmission in a
single cylindrical slab. This issue is reminiscent of the case of Airy
formula for a single slab in the usual planar geometry. Fig. 2
depicts a single layer of index n; and of thickness p;-po. Here, for
the purpose of illustration, we have intentionally plotted the
straight line to represent the cylindrical interface. Reflection
coefficient r and transmission coefficient t can be derived as
follows. Let us denote the transmission and reflection coefficients
at the second interface p =p; as t;4 and ryy4. In addition, the
coefficients of the first interface p=po as toqg, toc, rog» and roc, the
subscripts d and ¢ mean the outgoing and incoming waves,
respectively. The explicitly expression for r and t are given by

_ Tog+(toctoa—Tocl'1d)71a O

= 1-rocr140 ' ©2)

todt1d Hg)(klpl)

= , 63
1=rocr1d® HP (ki py) ©3)

where
0 1 2
1 cH (kp)
— { =
71
—_—
ol DI (ko)
-

P =P P=p

Fig. 2. A circular single layer of index n; and of thickness p;-po bounded by media
0 and 2. Here, the curved interfaces are intentionally plotted as straight lines for
convenience of illustration.

_ H (kipy) HR (ki ps)
H(n%) (k1py) H(n!z)(klm)
and k; is the wave vector in layer 1.

The derivation of Eqgs. (62)-(64) can be described as follows.
Referring to Fig. 2, at the first boundary p = p,, we have

(64

CH (ko) = 1-toa+Toc- DHY (k1pg). (65)

1-1=1-Tog+toc-DHY (k1 o), (66)
Similarly, at the second boundary p = p,, we have

t-1=t14-CH (k1p;), (67)

DH{ (k1py) =r14°CH}Y (k1 py) (68)
Eliminating D from Egs. (65) and (68) leads to

Hg)(klpl)

C|H® (k1py)—T14 TocHY (k1 po) | = tog (69)
m( 0) Hg)(klpl) c m( 0)
Again, eliminating D from Eqs. (66) and (68) gives
H® (k1p )
r—rog = Crig—m——"L to HY (k1 p (70)
HY (fapy) i (170

From Egs. (69) and (70), it is direct to have the reflection
coefficient given in Eq. (62). Similarly, with Egs. (67) and (69), we
can arrive at the result of transmission coefficient given in Eq. (63).
In addition, Eqs. (62)-(64) are of the same from as those in the
E-polarization.

6. Reflection and transmission in cylindrical multilayer
structure

We now turn attention to the main issue of this work, that is,
the wave propagation in the CMS as depicted in Fig. 1. We would
like to derive the analytical expressions for reflection and trans-
mission coefficients. Using these formulae, we shall examine the
wave properties in a periodic cylindrical multilayer structure,
which is also known as a circular photonic crystal (CPC) or a
circular Bragg reflector (CBR).

Referring to Fig. 1, an outgoing wave is incident on the
interface, p = p,, between 0 and 1, and then propagates into the
final medium f, which is assumed to extend from p = p; to p = co.
The amplitudes of the magnetic field and electric fields at p, and
py can be written in terms of the amplitude reflection and
transmission coefficients ry and t; together with the transfer
matrix M defined in Eq. (21), with the results

1 morf 71
jpocﬁéﬂpoC%ra - ]'Pfc%)rfd 70

The inverse matrix in the right hand side of Eq. (71) is
denoted by

M- — Mii M\~ 1 ([ My My My M,
- My My, ~ detM —M>, M, N M/Zl M/ZZ
(72)

Egs. (71) and (12) gives expressions for reflection coefficient ry
and transmission coefficient t; can be determined, namely

_ (M’21 *]'Poc(nzl())M% 1 ) +J'pr§§} (Mlzz *leocg,())M’u)

d= . (1) p g7 ’ . (2) (s (1) p g7 ’ ’ (73)
(]PocmoMn —le) +prcmf (]PocmoMlz—Mu)
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ty= —4e" V1o /%0
K poHY (kOPo)Hgn) (kopo) [(jpocgl())M/‘“ _M/Zl) +jpr<nzlf) (jpoc(r::())Mllz—Mlzz)}

74

Egs. (73) and (74) can be used to analyze the photonic
band gap structure in a periodic CMS. Finally, it is worth
mentioning that Eqgs. (73) and (74) can be reduced to those for
the E-polarization with a replacement of j— —j.

7. Numerical results and discussion

In the analysis that follows, we would like to study the
reflectance responses for three model structures. The first is a
simple geometry of single cylindrical interface. This problem is
similar to a single planar interface, from which the reflectance can
be calculated by the familiar Fresnel reflection formula. The
second geometry is a single cylindrical slab. This issue is remi-
niscent to the problem of Airy slab in the planar geometry. The
third structure we are interested in is the circular photonic crystal
(CPC). The photonic band gap structure will be investigated.

a. Reflection properties in a single cylindrical interface

To present the numerical results, we first investigate the
reflection properties in a single cylindrical interface that
separates two regions of refractive indices ng (internal med-
ium) and n; (external medium). Unlike in the usual planar
interface, the starting radius po in Fig. 1 may play an important
role in the study of wave properties in a cylindrical system. In
the problem of a single cylindrical interface, the starting radius
is simply the radius of interface. Fig. 3 depicts the reflectance,
R=|r 2, versus the starting radius po at different azimuthal
mode numbers m=0, 1, 2, and 4, respectively. Here, no=1 and
n;=3 are used, and the results of E- and H-polarization
are respectively given in the upper and lower panels. For
E-polarization, the reflectance at m=0 is small. The reflectance
first increases with po near the region of pg <0.24, and then
remains nearly a constant. However, the reflectance is decreas-
ing function of pg for m > 0. A quick drop in reflectance can be
seen at m=1. At m > 1, the reflectance first is unity and then
decreases with the increase in po. At sufficiently large value of
po, the reflectance at m>0 converges to that of m=0.
The reflectance in the H-polarization is quite different from
E-polarization. For m=0, it is a decreasing function of po.
However, at m > 0, the reflectance exhibits a dip, as marked by
the arrow. This dip with a minimum in reflectance can be
regarded as an effective Brewster effect. The dip radius is thus
defined as an effective Brewster radius, which is shifted to a
larger value as m increases. In addition, at large radius, po » 4,
both polarizations have the same behavior in reflectance, that
is, they remain nearly a constant and approach the limit of
m=0. Conclusively, the reflectance for both polarization
modes can be significantly changed as a function of the
starting radius when pg < 4.

Fig. 4 shows the E-polarization reflectance at distinct refractive
index of the medium 1. The left panel is for m=0, whereas the
right one is for m=4. It can be from the figures that the overall
reflectance will be increased as n; increases. Such an increase
in reflectance can be ascribed to the impedance mismatch as in
the case of planar boundary between two media. The same
behavior is also seen in H-polarization, as illustrated in Fig. 5.
The Brewster radius at m=4 has been slightly shifted to the
right when n; is decreased. It means that the Brewster effect
can be controlled by n; at a fixed azimuthal mode number.
In Fig. 6, we fix the index ratio n;/no with different combina-
tions of (ng,ny). We see that the overall reflectance has been
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Fig. 3. The calculated reflectance as a function of the radius of the interface po.
Here, po is normalized to the wavelength of the incident wave. The left panel is for
the E-polarization wave and the H-polarization is shown in the right panel. The
refractive indices of inner and outer media are taken to be ng =1 and n;= 3,
respectively.

shifted to the left as the index difference, n; —ng, increases. The
Brewster dip in the H-polarization is narrowed down and
moves toward the shorter radius of po.
b. Reflection properties in a single cylindrical slab

Referring to Fig. 1, we now consider a single cylindrical slab
occupying the space of pg < p < p1. The slab, which is assumed
to be immersed in free space (ng=1), has a refractive index of
n; and a quarter-wavelength thickness of d=p;—po =20/4n4,
where Aq is called the design wavelength. By taking n; =3,
po=100nm and Ap=500nm, the wavelength-dependent
reflectance is depicted in Fig. 7, where different azimuthal
mode numbers, m=0, 2, and 4 are taken, and the left and right
panels are for E- and H-polarization, respectively. It can be
seen that the reflectance in the wavelength domain is divided
into two regions. The first region located at 1/po < 2 shows an
oscillating behavior. The other nonoscillating region occurs at
Alpo>2. It means that the starting radius po has a strong
influence in the reflectance even the thickness of slab is fixed.
For both polarizations, at higher m-number, say m=4, the
wave is completely reflected because of the unity reflectance.
If we keep the thickness unchanged and increase the starting
radius to a large value of ppy=1000 nm, the reflectance is
shown in Fig. 8. In this case, the oscillating region has been
squeezed to a small region of A/pg < 0.4, i.e., A <400 nm. In the
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nonoscillating region, the reflectance is influenced substan-
tially at m=0, and 2 compared to Fig. 7.
We now investigate the thickness-dependent reflectance. The
thickness d can be changed by varying the design wavelength
Ao when the starting radius pg is fixed. The reflectance as a
function of d is plotted in Fig. 9, where the staring radius is

fixed at pp=100nm and the operating wavelength is at
A=500 nm. Here, the left and right panels are for E- and
H-polarization, respectively. It can be seen from the figure
that the reflectance will oscillate as a function of slab thickness
at m=0, and 2. The reflectance is enhanced at a larger m-value.
At m=4, the magnitude in reflectance has been highly raised
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up to unity. The results shown in Fig. 9 are quite different from
those of the planar slab, where the reflectance is a decreasing
function of slab thickness [2].

. Reflection properties in a cylindrical photonic crystal

For the third case study, we present the reflectance response
for a periodic cylindrical multilayer structure, the cylindrical
photonic crystal (CPC). The structure is air/(H/L)V/air, where
H and L are the high- and low-index layers, respectively, and N
is number of periods. The refractive indices and the thick-
nesses of H and L are denoted by ny, n;, and dy, d;, respectively.
In the following results, we shall take H as TiO, with ny=2.40
and L as MgF, with n;=1.38 [22]. In addition, both H and L are
taken to be quarter-wavelength layers, i.e., nydy=n;d; =/0/4.
The wavelength-dependent reflectance for E-polarization (left)
and H-polarization (right) at m=0 is plotted in Fig. 10. Here,
/o= 550 nm and po=400 nm are taken. It is seen that, in the

visible region, there is a high-reflectance region (HRR) or
photonic band gap (PBG) at a number of periods of N=8. For
N=2 and 4, the PBG cannot be clearly opened up. At m=0,
there is no obvious difference between the E- and H-polariza-
tion. In addition, the reflectance spectra shown here for the
CPC are very similar as those in a planar 1D PC [22]. In other
words, at m=0, the study of PBG structure in a CPC can be
effectively replaced by the simple planar 1D PC. At m=0, The
PBG structure does not related to the geometric curvature in
the interfaces.

However, the PBG structure in a CPC can be affected by the
nonzero azimuthal mode number. In Figs. 11 and 12, we
respectively plot the reflectance spectra of E- and H-polariza-
tion at m > 0 and N=38. The PBG structure at m=0 in Fig. 10 is
now apparently influenced by m>0. In E-polarization
(Fig. 11), the overall PBG is red-shifted. In addition, the



Reflectance

1.0
0.8
0.6
0.4
0.2
0.0

1.0
0.8
0.6
0.4
0.2
0.0

1.0
0.8
0.6
0.4
0.2
0.0

C.-A. Hu et al. / Optics Communications 291 (2013) 424-434

II|I:IIIIII(I]]I]III]I]]I]III

HIIFHlIH!lIHIlHIIIHIIh

ql“l“l"l”lql"ll”ll“

IIIIIIII]IIIIIIIIIII\II]II‘

1.0
0.8
0.6
04
0.2
0.0

g Nt
5__

lo():
/’in=550m'n

-
I

E-Polarization
1 I 1 1 1 1 I 1 11 1 i 1 L 1

0.8 1.0 1.2
Al A

g
(=}
b=
i
—
[=)}

Fig. 11. The calculated E-polarization reflectance as a function of the wavelength
(normalized to the starting radius Ap) at N=8 for four different azimuthal mode
numbers of periods, m=2, 4, 6 and 8, respectively. Here, /o= 550 nm and p,=400 nm.

1.0
0.8
0.6
0.4
02
0.0

Illllllllllllllllllll|III[]]
IllllllllllllllllIllllllllll

1.0
0.8
0.6
0.4
0.2
0.0

IIIIIIIIIIIIII]IIIIII]III[[II

II|lIlI|IIlIII]IIlIlI]|IIIl|I

1.0
0.8
0.6
0.4
02
0.0

Reflectance

I|III]]IIlIIlIIIlIIIIIIIIIII
IlllllllllIl]lllllllllllllll

1.0
0.8
0.6
0.4
02
0.0

H-Polarization

| I 1 L1l | Ll 1 | Ll 1
1.0 1:2
AlA,

Al R AL LA L
llIIIIIIIIIIIIIIIIIIIIIIIIll

e
[=)}
—
=S
—
[=)}

Fig. 12. The calculated H-polarization reflectance as a function of the wavelength
(normalized to the starting radius A¢) at N=8 for four different azimuthal mode
numbers of periods, m=2, 4, 6 and 8, respectively. Here, o= 550 nm and
Po=400 nm.

433

bandwidth of PBG is nearly unchanged as m increases. A
pronounced influence in the side lobes (pass bands) can be
seen at a large value of m. For example, at m=8, the right band
edge becomes more sharp and the pass band behind the band
edge is highly raised up. In Fig. 12, we can see a salient
influence in the PBG structure in H-polarization as m increases.
The bandwidth of PBG at m=4 is smaller than that at m=2. At
m =6, a small dip with reflectance of 0.8 is generated and
consequently the size of PBG is reduced. At m=38, the right
pass band, like in E-polarization, has been lifted up to become
a stop band, leading to an enhancement of PBG, except the
sharp deep near 1/1o=1.1.

Before going into the conclusion, it is worth mentioning the
potential applications for the CPC. It can be used to design an
annular Bragg reflector (ABR) useful in laser systems [23]. By
surrounding a radial defect layer, annular Bragg lasers (or
resonators) have been realized and demonstrated [24]. Recently,
CPC-based circular-grating microcavity has been available [25].
Moreover, the CPC is an attractive and useful structure in the
recent emerging field of transformation optics [26,27].

8. Conclusion

The wave propagation in the cylindrical multilayer structure
has been theoretically treated based on the cylindrical wave
under H-polarization. The transfer matrix method in a cylindrical
coordinates has been described. Formulae such as the reflection
and transmission coefficients have been given and they strongly
related to the azimuthal mode number because of the cylindrical
waves. With the derived formulae, we have investigated the
reflection responses for three basic cylindrical structures.

In a single cylindrical interface, the reflection responses in both
polarizations are strongly dependent on the starting radius as well
as the azimuthal mode number. In H-polarization, there exists a
Brewster radius at which the reflectance attains a minimum. This
Brewster radius will increase as the azimuthal mode number
increases. On the other hand, it will decrease by increasing the
difference in the refractive indices of the two media.

In the single cylindrical slab, the wavelength-dependent
reflectance can be divided into the oscillating and nonoscillating
regions. The ranges of these two regions are strongly dependent
on the starting radius. In the thickness domain, it is found the
reflectance has an oscillating behavior. This oscillation is then
smeared out at a high value of azimuthal mode number.

In the cylindrical photonic crystal, the PBG structure at m=0 is
very similar to that of the planar 1D PC. The PBG structure can be
significantly changed only at m > 0. In E-polarization, the PBG
structure is red-shifted when m is increased. In H-polarization,
the PBG can be greatly enhanced at a higher m-value.
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