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In this study, we consider an M/M/c retrial queue with Bernoulli vacation
under a single vacation policy. When an arrived customer finds a free
server, the customer receives the service immediately; otherwise the
customer would enter into an orbit. After the server completes the service,
the server may go on a vacation or become idle (waiting for the next
arriving, retrying customer). The retrial system is analysed as a
quasi-birth-and-death process. The sufficient and necessary condition of
system equilibrium is obtained. The formulae for computing the rate matrix
and stationary probabilities are derived. The explicit close forms for system
performance measures are developed. A cost model is constructed to
determine the optimal values of the number of servers, service rate, and
vacation rate for minimizing the total expected cost per unit time.
Numerical examples are given to demonstrate this optimization approach.
The effects of various parameters in the cost model on system performance

are investigated.

Keywords: Bernoulli vacation schedule; matrix-geometric
quasi-Newton method; retrial; single vacation policy

1. Introduction

method;

Retrial queueing system is characterized by the feature that the arriving customers
who, on encountering the busy server, join a retrial queue called orbit. An arbitrary
customer in the orbit generates a stream of repeated requests that is independent of
the rest of customers in the orbit. This situation arises in telephony, where an
arriving call is not allowed to await the termination of a busy signal. Such queueing
systems play important roles in the analysis of many telephone switching systems,
telecommunication networks and computer systems. Review of retrial queue
literature could be found in Yang and Templeton [44], Falin and Templeton [23]
and Artalejo [2]. A number of applications of retrial queues in science and

engineering can be found in Kulkarni and Liang [28].
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Apart from its practical interest, due to its more accurate representation of
several congestion phenomena, the multi-server retrial queue raises interesting
mathematical and computational remarks. The investigation of the multi-server
retrial queues is essentially more difficult than those with single server. Explicit
formulae for the stationary distribution of M/M/c¢ retrial queue are known only
when the number of servers ¢ is no more than two. Most multi-server retrial queues
can be modelled by a level-dependent quasi-birth-and-death (QBD) process. The
main feature of its infinitesimal generator is the spatial heterogeneity caused by
transitions due to repeated attempts. This lack of homogeneity supports the
analytical complexity of retrial models. Many interesting studies were devoted to an
approximate approach of the stationary probabilities for system states (Falin [22],
Bright and Taylor [9], Neuts and Rao [36], Stepanov [38], Artalejo and Pozo [7],
Breuer et al. [8], Chakravarthy and Dudin [10]). Recently, Gomez-Corral [24] gave a
detailed bibliographical guide to the analysis of retrial queues through matrix
analytic techniques.

It is worth noting that the truncation models seem to be the most convenient
method for obtaining reliable numerical solutions for the M/M/c retrial queue. For
example, Falin [22] assumed that the retrial rate becomes infinite when the number of
customers in orbit exceeds a level M. It means that, when the number of customers in
the system is greater than M, the system performs as an ordinary M/M/1 queue with
arrival rate A and service rate cu, so that A < cu is a sufficient and necessary
condition for system ergodicity. Neuts and Rao [36] and Artalejo and Pozo [7]
proposed several models in this direction and provided efficient approximate
solutions to the stationary distribution of the M/M/c retrial queue. As related works,
a number of studies investigated the computation of the other system characteristics,
such as the distributions of busy period, successful and blocked (unsuccessful)
retrials, for the multi-server retrial queue of type M/M/c. The readers can refer to
Artalejo et al. [4], Amador and Artalejo [1] and others. Artalejo et al. [5,6] presented
an algorithmic analysis of the maximum number of customers in orbit (and in the
system) during a busy period for the M/M/c retrial queue. The multi-server retrial
queueing problems are extensively studied as mentioned earlier. However, in the
literature, there are no detailed studies on multi-server retrial queue with a vacation
at each service completion instantly.

Alternatively, queueing models with server vacations are practical models for
performance analysis of manufacturing systems, local area networks and data
communication systems. Past works on vacation queueing models include those with
single-server and multiple-server systems. Surveys on the single-server vacation
models have been reported by Doshi [21] and Takagi [41]. The variations and
extensions of these vacation models were developed by several researchers such as
Lee et al. [31,32], Krishna Reddy et al. [27], Choudhury [13,14], Shomrony and
Yechiali [37], Ke and Chu [26] and many others. For the multiple-server vacation
models, there are only a limited number of studies due to the complexity of the
systems. The M/M/c queue with exponential vacations was first studied by Levy and
Yechiali [33]. Chao and Zhao [11] investigated a GI/M/c vacation system and
provided an algorithm to compute the performance measures. Tian et al. [42] gave a
detailed study of the M/M/c vacation systems in which all servers take
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multiple vacation policy when the system is empty. Zhang and Tian [45,46] and Xu
and Zhang [43] analysed the M/M/c vacation systems with a ‘partial server multiple
vacation policy’ in which some servers (only the idle ones) take single or multiple
vacations.

Studies on various queueing models in the past are characterized by common
feature; servers always serve the waiting customers in the queue until all customers
are served exhaustively or the number of the waiting customers is dropped to
predetermined level. In reality, however, it may occur that the service process
requires to be temporarily stopped for overhauling at the end of a service. This
overhauling can be utilized as a vacation in the presented model. For example,
consider a production process with a number of machines (or ¢ machines). A number
of investigations (Madan et al. [34], Choudhury and Madan [18,19], Tadj et al.
[39,40], and Choudhury et al. [20]) have recently appeared in queueing literature in
which the single server provides to each service with Bernoulli schedule vacation
(BSV). The so-called BSV means that when the service of a unit is completed, the
server may leave for a vacation of random length with probability p to serve the next
unit with probability 1 —p (Choudhury and Madan [18,19]). Analytic steady-state
solutions of a multi-sever retrial queue with Bernoulli schedules under a single
vacation policy (BSV) have not been found. Multi-server vacation models are more
flexible and applicable in practice than the queueing models with single server.
Existing research works, including those mentioned above, have not addressed the
analytical study and optimization issue in the multiple-server retrial queues in
which the server may take a vacation upon his each service completion. This
motivates us to discuss an M/M/c retrial queue with BSV by applying matrix analytic
approach.

Recently, Choudhury [15,16] investigated the M/G/1 and M™/G/1 queue with
two phases of heterogeneous service and Bernoulli vacation schedule which operate
under various retrial policies. Some extensive stationary analyses of the queueing
system were carried out including the system size distribution and orbit size
distribution. In the following year, Choudhury and Deka [17] dealt with the
steady-state behaviour of MIM/G/1 retrial queue with second optional service,
unreliable server and Bernoulli admission mechanism. The above-mentioned model
generalizes both MP™/G/1 retrial queue with server breakdown and Bernoulli
admission mechanism as well as M™/G/1 queue with second optional service and
unreliable server. Furthermore, Ke and Chang [25] derived the mathematical model
of MM/(G, G,)/1 retrial queue under Bernoulli vacation schedules with general
repeated attempts and starting failures. A practical mail system example was
presented. Later, Langaris and Dimitriou [29] investigated a single-server queueing
with n-phases of service and (n—1) types of retrial customers. Some numeri-
cal results under exponentially distributed service time were provided.
Artalejo [3] presented a bibliography on retrial queues made during the past
decade 2000-2009.

This study considers an M/M/c retrial queue where primary customers arrive as a
Poisson process with parameter A. An arriving primary customer finding one or more
servers available (free) gets service immediately. On the other hand, if the primary
customer finds all servers busy, he joins the orbit and tries to get the service later.
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There are ¢ channels (servers) that provide service for the arrivals and the service
times are assumed to be exponentially distributed with mean 1/u. Each server can
serve only one customer at a time. At each service completion instant of a server,
the server may take a vacation of random length with probability p or wait to serve
the next arrival with probability ¢(=1 — p). The vacation times follow an exponen-
tially distributed with a parameter n. Furthermore, each customer staying in the orbit
makes repeated attempts independently and the inter-retrial time is assumed to be
exponentially distributed with parameter o. Upon requesting service from the orbit,
customer who finds all ¢ servers busy always rejoins the orbit; this manner continues
until he is eventually served. It is assumed that the number of customers in the orbit
that is allowed to conduct retrials have an upper bound N (Neuts and Rao [36] and
Artalejo and Pozo [7]). This implies that the probability of a repeated attempt during
(t,t+dr), given that j customers in the orbit at time ¢, is o;df + o(dr), where
o; = min{j, NJo Moreover, the process of primary arrivals, service times, and
inter-retrial times are assumed to be mutually independent. Conveniently, we
represent this multi-server system with Bernoulli vacation as M/M/¢/BSV retrial
queue.

This article is organized as follows. In Section 2, the QBD model of the M/M/c¢/
BSV retrial queue is set up. The computable form of the rate matrix is derived and
the stable condition is obtained using the matrix-geometric property. In Section 3, an
efficient algorithm is developed to find the stationary probabilities by
matrix-geometric method. In Section 4, some system performance measures are
derived. In Section 5, a cost model is developed to determine the optimal number of
servers, service rate and vacation rate, simultaneously, in order to minimize the total
expected cost per unit time. The quasi-Newton method and direct search method are
implemented to deal with the optimization tasks. Some numerical examples
are provided to illustrate the optimization procedures. In Section 6, conclusions
are made with some remarks.

2. M/M/c¢/BSYV retrial queue

For M/M/¢/BSV retrial queue system, the state of the system can be described by
the pair (i,j,k), i=0,1,2,...,¢, j=0,1,2,... and k=0,1,2,...,¢c—i, where i
denotes the number of busy servers, j the number of customers in orbit (sources of
repeated demands) and k the number of vacation servers. According to system
assumptions, the number of customers in orbit allowed to conduct retrials is
restricted to an appropriate number N (N> c¢), so the retrial rate is o;=min{j, N}o,
Jj >0 and one server would go on vacation with probability p (p>0) or resumes
service with probability ¢g=1—p at a service completion instant. The cus-
tomers upon the server get services immediately as i+k<c. The new arriving
customer who finds all ¢ servers busy (i+k>c¢) always rejoins the retrial group
(orbit).
In steady state, the steady-state probability is defined as

Pffj = probability, that is, there are i busy servers, j customers in orbit and k
vacation servers, where 0 <i+k <cand j=0,1,2,....
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2.1. Matrix representation of M|M|[c|BSV retrial queue

The infinitesimal generator Q of the QBD describing the M/M/c¢/BSV retrial
queueing system is

A, B
Ci A B
C, Ay B
— .. .. .. . 1
Q CN AN—l B ()
Cy-1 Ay B

Cy Ay B

The entries B, A;(j > 0) and C;(j > 1) are block-diagonal matrices of order
(¢ + 1)(c + 2)/2 defined by

bO C
1 :

b ¢
b“*l cc—l

b¢ ¢

G

where sub-matrices b’ and cf- are (c+1—1i) x (c+1—1) square matrices with
elements

bc+1—ic+1—i=nxr clk,k+11=0;, 1<k<c—i
and 4 ’
0 e.w e.w
[Y? x° ]
1 1 1
Z Y/. X
2 2 2
Z Yj X
A= , j=0,1,2,...

c—1 c—1 c—1
V4 Y; X
' Y;
where X’ is a (c+1—i)x(c—i) matrix with X'[k+ 1,kl=kpu,1 <k <c—i, Z'
a (c —i) x (c+ 1 — i) matrix with Z[k,k] =in,1 <k < c¢—iand Y; a square matrix
of order (¢ + 1 — i) with elements

kik+1]=x, 1<k<c—i
k+Lkl=k(l1—pu, 1<k=<c—i
Y

i
Y[

] = [+ (G = D+ 0]
Y[k,

[

?
J’ k] =—A+(k+Du+in+o;], 2<k=<c—i

ch—}-l—zc—i—l—z] —[A+in+(c —iu]
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The detailed descriptions of the above matrices (for ¢=23) are given in the
Appendix.
Let TII=[Iy,II,I,,...] with II; = [Pg,i’ P?’i, cey P?,J., P(')’l., P{J, ey PLU,

Py Py PG PG i=0,1,2,... be the unique solution to IIQ =0 and

Li»
Ile = 1, where e is a column vector with all elements equal to 1. It is noted that
the vector II = [I1y, IT;, I, I3, . . .] with the following properties

My, = IMyRY, fork > 1. ()

The matrix R is the unique non-negative solution with spectral radius less than 1
of the equation

B+ RAy +R*Cy=0. (3)

From Neuts [35] and Latouche and Ramaswami [30], it is known that R is given
by lim,_, - R,, where the sequence {R,} is defined by
Ry=0, and R,y = -BA,' —RXCyAy', forn>0. 4)

The sequence {R,} is monotone so that R could be evaluated from (4) by
successive substitutions.

2.2. Stability condition

It is also known (Theorem 3.1.1 of Neuts [35]) that the steady-state probability
vector exists if and only if

xBe < xCye, ()
where x is the invariant probability of the matrix F = Cy + Ay + B. Here, x satisfies
xF=0 and xe=1. First we solve xF=0, where x=[x,x}....x% ...,
x5!, x§71, x§]. We can get the following (¢ + 1)(c + 2)/2 equations:
For k=0,
-2+ Na)xg + qux? + nx(l) =0, (6-1a)

(h+ No)x!_| — (A +ip + No)xi + (i + Dgux?,, +nx} =0, 1<i<c—1, (6-1b)

(A + No)x?_| — cux? = 0. (6-1c)
Forl<k<c¢—1,

puxi™" = (L No+ kn)xg + quxt + (k+ Dix =0, (6-2a)

(A + No)xt 4+ ippux=" — [A + No + (i — D + knlxt |
+iguxt + (k+ Dpx*l =0, 2<i<c—k, (6-2b)

(c+ 1=k puxtol  + O+ Noxt_, | —[(c = kp +knxt_, = 0. (6-2¢)
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For k = ¢,

PUX|” - enxg = 0. (6-3a)
Using a effective Maple software to solve Equations (6-1a)—(6-2¢c), the following
results are derived

c—k

k C')’}
X; = c—i—k —k 0’
k(X + No) uipe=

0<it+k=<ec (7

Then, using the normalization condition xe = 1, x{; can be determined as

4 c—k -
[Zzl'k'(k—i—NU)c —i— kup(, k:| (8)

Substituting B and Cy into Equation (5) and doing some routine manipulations,
then we have

No(l — Pr) > APpun, ©)

where

ey :
P = 3o = 3

3 ilc —)lpip

c L k -1
< ) [ZO;Z'I('()\.‘I-NO')( i /(Mp( k} 2 (10)

which is referred to the probability that all normal working (non-vacation) servers
are busy (i.e. i + k = ¢). That is, the system will be stable if the expected successful
retrial rate is greater then the expected arrival rate of ‘orbit’.

3. Steady-state solution

Under the stability condition, the stationary probability vector IT exists. We deal
with the steady-state equations using matrix technique. The steady-state equations
are given by

TyA + IT,C; =0, (11a)

I, B+ILA; +11,,C;; =0, 1<i<N-1I, (11b)
Iy_ B+ IyAy + ITyRCy = 0, (11¢)

MNyRT'"VB + I RTVAy + Iy R YCy =0, N+1<i, (11d)

il’[ie —1. (12)
i=0
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After doing some routine manipulations to Equations (11a)—(11¢) recursively,
we have

Iy = I,Ci(—Ag) ' =y,

13
M, =ILC[—(¢ 1 B+A_ )] =g, 2<i<N, ()

and
IyoyB + IIyAy + TINRCy = 0. (14)
Consequently, IT;(0 <i < N —1) in Equation (13) can be written in terms of
My as My=TyI_y¢, I =My y¢;.... My =TyMY, ¢ and the rest
steady-state_ vector [Iy,Myy i, Myyo,...] can be determined recursively as
I, = Iy R, for i> N. Therefore, once the steady-state probability Iy is
obtained, the steady-state solutions [I1y, [T}, I, ..., Ty_;, Iy, Iy, ...] are deter-
mined. The steady-state probability Ily can be solved by Equation (14) with the
following normalization equation

> Mie=[To+ T + - + Ty + Ty + Ty + Ty + - Je
=0

1 2 N
= [y 1 ¢ + Ty T ¢+ + Ty IT s+ My + TyR + MyR* + - Je
= = =

N
=HN|:Z A1]£[N¢i+(l—R)lj|e: 1. (15)
k=1"

where I denotes the identity matrix with suitable size. Solving Equations (14) and
(15) in accordance with Cramer’s rule, Ily can be obtained. Then, the prior state
probabilities [y, IT, I, . .., TTy_ 1] are computed from (13) and
M1, Myyo, Ty,s, .. ] are gained by the formula IT; = ITyR™, i> N+ 1. The
solution procedure of steady-state probabilities is summarized as follows:

Algorithm Recursive Solver

Step 1 Set ¢ = Ci(—Ag)~"

Step 2 For i from 2 to N, set ¢; = Ci[—(¢_1 B+ Ai_1)] "
Step 3 For k from 1 to N, set @) = ifIN o;.

Step 4 Solving TIy¢yB +yAy 4+ TIyRCy =0, T[>, @+ T —-R)'le=1
and obtain steady-state probability ITy.

Step 5 Construct steady-state probability I1; as follows:

(a) if 0 <i < N, assign II; = TIy®,, 4,
(b) if N <1, assign I, = ILI;R,

4. System performance measures

There are several system descriptors (system performance measures) of the
M/M/c¢/BSV retrial queue, such as the expected number of busy servers (denoted
by E[B]), the expected number of vacation servers (denoted by E[V]) and the
expected number of customers in orbit (denoted by FE[Orbit]), which can be
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evaluated from the steady-state probabilities. The explicit expressions for E[B], E[V],
and E[Orbit] are given by

o) N—-1
E[Bl=) Ty=> Ty +Tyv+ Ry + TIyR*v + -
j=0 j=0
N—1
=) Ty ®; v + Hyv + TyRY + TRy + - -
j=0
N
= Iy Z(Dj+(I—R)l}v (16)
=1
[ee) —1
E[V]=) Thu= > Thu+yu+ MyRu+ MyRu+ -
J=0 Jj=0
N—1
= HN(D,Hu—i—HN(I—R) u
j=0
N
:HN|:Z(Dj+(I—R)_1:|u (17)
j=1
00 N—1
E[Orbit] = Y jlje = Y jTly®;, e+ NTlye + (N + DIyRe + (N + 2)MyR% + - - -
Jj=1 j=1
N
= (j— DIy®je + Iy[NA - R)' + RI - R) e
Jj=2
N
= nN[Z (j— D®;+NI—R)™" +R(I — R)_2:|e (18)
=2
where
v=1|0,1,...,¢,0,1,....,c—1,..., 0,1,0| and
—_— ———— ~—
#H=c+1 #=c #=2
u=1,0,0,...,0, 1,I,....1,...,c—1l,c—1,c
—_— e —— —— —_—
H#=c+1 H#=c #=2

are column vectors with dimension (¢ + 1)(c + 2)/2.

4.1. System performance versus system parameters
For an M/M/c¢/BSV retrial queue, the numerical results of E£[Orbit] are obtained by
considering the following four cases with different values of c.

Case I N=30,A=5,n=10, p=0.5, o0 =35, varying u from 10 to 15.
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Figure 2. The expected number of customers in orbit E[Orbit] versus 7.

Case 2 N=30,r=5, u=10, p=0.5, 0 =10, varying n from 10 to 15.
Case 3 N=30, u=15 n=15, p=0.5, 0 =10, varying A from 5 to 10.
Case 4 N=30,r=5, p=15 n=15, p=0.5, varying o from 10 to 15.

¢ =1, while E[Orbit] is not sensitive to o for ¢ > 2.

Results of E[Orbit] are depicted in Figures 1-4 for Cases 1-4, respectively. One
sees from Figures 1 and 2 that E[Orbit] drastically decreases as wu or n increases for
¢ = 1, while E[Orbit] is not sensitive to u or n for ¢ > 2. It reveals from Figure 3 that
E[Orbit] increases violently as A increases for ¢ = 1, while E[Orbit] slightly increases
as A increases for ¢ > 2. Figure 4 reports that E[Orbit] decreases as o increases for
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309

There are several general descriptors of retrial queues, some of which are listed

below:

(1) The overall rate of retrials

N ¢ c—k o0 ¢ c—k N o0
B=D i Y Pt 3 NeX Y M= etlet Y NomyR-Ve
Jj=1 k=0 i=0 Jj=N+1 k=0 i=0 j=1 J=N+1
N N
= joIlje + NoTlIyRI —R)'e = o| Y "jII; + NIyRA—R) ™" |e.
J=1 j=1
N—1

=olly Z.fq)jH +NI-R)' e
J=1

(19)
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(2) The rate of retrials that are successful

N ¢ c—k—1 00 ¢ c—k—1
oy=Yjoy Y Pi+ > Noy > P (20)
j=1 k=0 =0 Jj=N+1 k=0 =0
(3) The fraction of retrials that are successful
o3
F = 21
1

(4) The marginal distribution of the number of busy servers

E:ay 0<itk<ec 22)

(5) Busy period: The busy period T of a retrial queue is defined as the period that
starts at the epoch when an arriving customer finds an empty system (all
servers are idle and no customer in the orbit) and ends at the departure epoch
at which the system is empty again.

The mean busy period

1 2 1 1

where the symbol ‘HNCI)I[I]’ denotes the first element of the column
vector IIy®;.

(6) Vain retrials: A vain retrial is an unsuccessful retrial when all servers are
busy.

The steady-state probability of vain retrial Py
— Z;X)l ZlJFk ¢ ';C — Z?:l Zi+k=c Pﬁ/
Z_ D k=0 2ic0 kPk 1 —Ioe

4.2. System performance versus truncated parameters

24

To understand how system performance measures listed above vary with N, we also
perform a numerical investigation to the measures based on changing the value of N
from 5 to 25, which is based on A =5, u=15 p=0.5 o=10, and n = 10.
The numerical illustration is graphically presented in Figures 5-8.

From Figures 5-8, it is clear that increasing the retrial rate beyond a certain point
does not result in a commensurate improvement in the system performance, which is
according with the result of Neuts and Rao [36].

5. Optimization analysis

In this section, we construct the total expected cost function per unit time based on
the system performance measures for the M/M/c/BSV retrial queue, in which the
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Figure 5. The expected number of customers in orbit E[Orbit] versus N.
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Figure 6. The fraction of successful retrials F versus N.
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number of servers (c) is a discrete decision variable, and the service rate () and the
vacation rate (n) are continuous decision variables. Let us define the following cost

elements:

Do L nd
I

fixed cost for purchasing one server.

= holding cost per unit time per customer present in orbit;
cost per unit time of providing a service rate u;
cost per unit time when one server is on vacation;

cost per unit time of providing a vacation rate n; and
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Figure 8. The steady-state probability of vain retrial Py versus N.

Based on the definition of the cost parameters, the total expected cost function
per unit time can be expressed as

Fle,n,m) = GE[Orbit] + Cou + CE[V] 4+ G+ Cpe (25)

where E[Orbit] and E[V] are defined previously.

The main objective is to find the optimal number of servers ¢*, and the optimal
values of service rate and vacation rate (u*, n*) simultancously which minimize the
cost function F(c, i, n). The analytical study of the optimization behaviour of the
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expected cost function would have been an arduous task to undertake since the
decision variables appear in an expression which is a highly non-linear and complex
and non-linear in terms of (¢, u, n). Next, two methods are provided to deal with this
problem heuristically.

In the next section, we first use the quasi-Newton method to find the
approximate optimal value of continuous variable (u, ), say (u*,n*), and then use
direct search method to search the optimal value of discrete variable ¢, say c¢*.

5.1. Quasi-Newton method for optimal (u,n)

For practice situation of purchase budget, the number of servers is bounded by a
positive integer ¢y > 1. We want to find the joint optimal value (u*,n*) for each given

¢ in the feasible set {1,2,..., cy}. The cost minimization problem can be illustrated
mathematically as

Fle, u*,n*) = i Fl,u,n)let, ¢=1,2,...,c 26

cw”on’) = min (Fle. ). e v 26)

For the problem of (26), we should show the convexity of F(c,u,n) in (i, n).
However, this study is difficult to implement. It is noted that the derivative of the
cost function F with respect to (u,n) indicates the direction at which the cost
function increases. It means that, the optimal value (u*, n*) can be found along this
opposite direction of the gradient (Chong and Zak [12]). That is, for a fixed ¢, quasi-
Newton method is employed to search (u, n) until the approximate minimum value
of F(c, i, n) is achieved, say F(c, u*, n*). An effective procedure that makes it possible
to calculate the optimal value (¢, u*, n*) is presented as follows:

Algorithm  Quasi-Newton Method
Step 1 Set the initial trial solution for 8, and compute F(c, u©, 5©).
Step 2 Compute the cost gradient %F((T)) =[0F/0u, 3F/an]" and the cost Hessian

matrix

PF/ap®  PF/oudn

0) — int 80
H(O)_[E)ZF/BnB,u P F)on i| at point 0'.

Step 3 While |0F/0u| > ¢ or |0F/dn| > ¢, set the new trial solution 9uth — g
[HO)]'VFO?) and return to Step 2.

To demonstrate the validness and the approximate optimization solution, we
perform some computation and analysis on the examples given in Table 1 by
considering the following cost parameters as

C, = $25/customer/unit time, C, = $45/unit time,
C, = $120/server/unit time, C, = $90/unit time, C, = $120/server

From Table 1, it can be seen that the minimum expected cost per unit time of

1474.377 is achieved at (u*, n*) = (11.54626, 6.305710) by using six iterations, which
is based on Case (i) with initial value (¢, u,n)=(1,15,5). Based on Case (ii) with
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Table 2. The optimal value (u«*, n*) and the corresponding minimum expected cost.

c Initial value Coverage value (u*, n*) Iteration Cost*

Case (i) (A, p,0)=(10,0.8,15)
1

[25, 15] [25.13488, 16.43305] 6 3118.635
2 [10, 10] [12.53093, 8.696281] 6 1968.692
3 [10, 5] [8.214208, 6.210196] 6 1725.728
4 [5,5] [5.999552, 5.046493] 7 1708.284
5 5. 5] [4.652035,4.414643] 7 1779.094
Case (i) (., p, o) =(15,0.5, 20)

1 [30,20] [33.17698, 17.35916] 6 3601.021
2 [15, 10] [16.60255,9.183037] 5 2210.467
3 [10, 5] [10.97471, 6.530226] 10 1882.075
4 6, 6] [8.099802, 5.265980] 8 1819.241
5 [5,5] [6.347280, 4.561196] 7 1861.652

initial value (¢, u,n)=(2,10,10), the minimum expected cost per unit time of
1968.692 is achieved at (u*, n*)=(12.53093,8.696281) using six iterations.

5.2. Direct search method for optimal c

After obtaining the joint approximate optimal value (u*,n*) of the continuous
variable (u,n), we use direct search method to obtain the optimal ¢ such that the
expected cost function F(c, u*,n*) attains a minimum, say F(c*, u*, n*). Therefore,
the cost minimization problem can be illustrated mathematically as

Fe*.w*.n") = min {Fe. ', n”)) @7

The procedure to find the optimal solution is described in the following.
A numerical example given in Table 2 is based on (i) (A, p,0)=(10,0.8,15) and (i)
(A, p,0)=(15,0.5,20).

Algorithm  Direct Search Method
Step 1 Set F* = M which M is a sufficiently large number.

Step 2 For each i from 1 to ¢y, set a initial trial solution (u,n) and use
Quasi-Newton method to find the optimal value (u*,n*) and the cost function

Fe, w*,n").

Step 3 If the quasi-Newton method diverges, try another initial trial solution and
back to Step 1.

Step 4 If F(c, u*,n*) < F*, set F* = F(c, u*,n*) and S* = (¢, u*, n*).

It is noted that the optimal value is (¢*, u*, n*) = (4, 5.999552, 5.046493) and the
corresponding minimum cost is F*=1708.284 for Case (i). For Case (ii),
(c*, nu*,n*)=(4,8.099802, 5.265980) and F*=1819.241 are optimal.



65TS8S'1 TIT9LS'T 8I6ISS'I €69TTL0 S0S6IL0 #80S€7S°0 [4l7
8TSSS6'C TIesTIE 1897LS°€ LOTYTO'€ 082661°¢ PIS68L'S braroly
¥8T'80LT €L89TLI 996'6€L1 SPO'LETT 908'ST1 €05 19¢1 (sle* 71 0)
[€6v970°S TSS666°S]  [095L0°S “86T290°9]  [T16¥S1°S “ve8ceT 9l  [LTvloL TvvLiiye 9l  [6S018L'T 6v€LTy 9]  [8L£0T8°€ “S+T00°01] (e ,11)
¥ ¥ 14 € ¢ 4 )
(S1°8°0°01) (01°8°0°01) (8001 (S1T00m) (or‘zoon (sToon (o°d*)
. 65TS8S°1 S679L0°1 €69TCL0 LT6EEETT 9956260 €L80LY0 (4la
= 8TSSS6'C 929799°¢ LOTHTO'E TLY9T9'T 090TT1°C TLESTST D1ola
S ¥8T'SOLT YEITIST SPOLETT €76°6TeEl €8V 9111 96TL'106 Gl *0)0
S [€649Y0°S 'TSS666°S]  [L9SSH9H LT8S6T' L] [LTHLIL THYLLYE 9]  [$99866°C S66L66°C]  [LTv689 T ITTvLL'El  [FILETTT S69596'F] (sles,7)
. v € € v ¢ 4 )
S
~ (S1°8°0°01) (S1°5°0°01) (S1°T0°01) (01°8°0°9) (01°5°0°9) (01°T0°S) (0d*)
18L080°C TIT9LS'T LT6EEET 0079001 S0S61L0 €L80LY0 Ula
LYOL6Y ¥ zIesere TLY9T9'T 0TL66T Y 08T661°¢ TLESTS'T bra10l7
709'98¢€¢ €L89TLT €TS STl 10T°LTLT 908°ST1 96TL'106 (=71 0)
[02+689°L '£59609°6]  [09%SL0°S '862T909]  [+99866'C $66L66°T]  [19SvL6°€ “0TToT1H'6]  [6SOT8L T 6¥ELTH 9]l  [FILETIT S69596'F] (sle*,7)
S 12 14 14 ¢ 4 )
(01°8°0°02) (01°8°0°01) (01°8°0°¢) (01°T°0°02) (or°zo‘on) (01°T0°) (0°d*)
‘d pue Yy JO san[eA SNOLIBA 10J 100 P31oadxd wnwiruiw ay) pue (‘.7 <,.0) onjea jewndo ayy, ¢ dqeL
et
o

702 [1dV 92 ST:00 e [ Ausieniun Bun celyd euoieN] Ag papeojumod



Downloaded by [National Chiao Tung University ] at 00:15 26 April 2014

Optimization 317

Finally, we perform a sensitivity investigation on the optimal values (c¢*, u*, n*).
For various values of A and p, the minimum expected cost F(c¢*, u*, n*), the system
performance measures Ly and E[V] at the optimum values (c*, u*, n*) are given in
Table 3.

From Table 3, it can be seen that (1) ¢* is insensitive to A or p; (2) ©* increases as
M increases; and (3) n* increases as A or p increases. Moreover, the minimum expected
cost increases F(c*, u*, n*)as A or p increases.

6. Conclusions

An M/M/c retrial queue with Bernoulli vacation (M/M/c/BSV retrial queue) was
investigated using the matrix-geometric method. The queueing system was formu-
lated as a QBD process. The sufficient and necessary condition for the stability of the
system was discussed. The stationary probability vectors were obtained. We also
obtained some system performance in matrix forms. A cost model was constructed to
calculate the optimal number of servers, the optimal service rate and vacation rate,
so that the cost function is minimized. Two methods were provided to deal with the
optimization problem heuristically. We performed a sensitivity analysis of the joint
optimal values (c¢*, u*, n*) with respect to specific values of A, p and o.
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Appendix

For instance, for ¢ =3, the sub-matrices of B are

0
b’ = , b'=10
0

(=R = )
o o o O
oS o o O

The sub-matrices of C,;, C, and C5 are
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0 o ;
, €= , ¢ =0
0 0
0
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20 |, ¢ =
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The diagonal sub-matrices of A;, where j =0, 1,2, 3 are described as follows.

For Ay:

For Ay:

For A,:

ro—A A
| A=pu =G+ A
a 21 =p) —(+2u) A
L 3(A=pn —(+3p)
—(A+n) A
=| (0-ppr —-O+p+n A )
L 20=pp = +2pn+n)
[—(x +2n) A
= a-pu —(x+u+2n)]’ Yo = —( 430,
T—(A+0) A
(I-pn —-G+pn+o) A
2(1 — p)u —(A+2n+0) A
L 3(A=p —(A+3w)
—( +n+o0) A
(=-pn —G+p+n+o) A
L 2(1 = pu —(A+2pn+n)
[—(A+2n+0) A
(1—=pw —(k+u+2n)} Yi=-G-+30
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M —(A 4 20) A

v _ (I=pn =+ p+20) A

z Xl —pp —(+2u+20) A ’

L 3(1—pu —(A+3w)
T—(A+n+0) A

Yi=| (I-pu ~G+p+n+o) A .
L 2(1 = p)u —(A+2u+n)
[ —(A + 27+ 20) A

Y2 = . Y3 =—(+3n).

(I =pu —(A 4+ +2n)
For As:

M —(x + 30) A

¥ A=pp  —(+p+30) A

3 21 —pp —(h+2u+30) A ’

L 3(1 = pu —(A+3w)
[~ +7n+30) A

Yi=| (-pu  —0+un+n+30) A :
L 2(1 = p)u —(A+2u+mn)
[—(A+2n+30 A

=[G Hi ] Y3 = —(1 +3n).
L (=pn (A +pn+2n)

For Ao, A;, A, and Aj;, the first super-diagonal sub-matrices and the first sub-diagonal
sub-matrices are given by

0 0 0

0 0
0 0 0
X0 = f’gzpﬂ o | X‘=[pu 0 } XZ:[W],
0 0 3pu 0 2pu
and
n 0 0 O ) 0
z'=|o 5 0 ol z2=|7" . 23 =[37 0],
0 2
0 0 »n O
respectively.





