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This study investigates the tip-off effect responses of an accelerated vehicle by considering the dynamic
interaction between the vehicle and its guideway system. The launch system is considered as an inclined simply
supported uniform elastic beam, whereas the vehicle is regarded as a rigid beam moving along the elastic beam
under the action of a predetermined thrust force. A technique for tip-off effect analysis that takes into account
the dynamic interactions is developed. Equations governing the interaction between the rigid beam and its
guideway are derived by taking into account the influences of the inertia force, Coriolis force, and centrifugal
force, on the basis of the Euler—Bernoulli beam theory. A comparison of the tip-off analysis results of the elastic
and rigid guideway models indicates that the dynamic response obtained for the elastic guideway model was 20%
greater than that obtained for the rigid guideway model. The simulation results of the influences of several
parameters by tip-off effect analysis can provide information that is valuable when designing vehicle launch

systems.
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1. Introduction

Many studies have focused on the transverse vibration
of beams under the influence of moving loads or
moving masses (Michaltsos et al. 1996, Fryba 1999,
Michaltsos 2002, Lin and Weng 2004, Wu 2005,
Dehestani et al. 2009). Vehicle-bridge interaction
dynamics have been extensively studied for application
to high-speed railways (Xia et al. 2003, Xia and Zhang
2005, Yang and Wu 2005). In particular, Yang et al.
(1997) investigated the vibration of simple beams
during the passage of high-speed trains. In the field
of control engineering, generally, a vehicle (e.g.,
missiles) and its guideway are together considered to
constitute a rigid body for the tip-off analysis to be
carried out (Yao and Zhang 1998). Two aspects of this
assumption require to be investigated in detail. First,
the mass of a launched vehicle is considerably larger
than that of its guideway. The model of a rigid
guideway considers neither the inertia force of a heavy
mass moving across a light guideway nor the dynamic
interaction between the vehicle and its guideway.
Second, the initial movement of the vehicle at the
end of the take-off phase will affect the flight control of
the vehicle. Therefore, in order to obtain a more
precise analytical result and minimize the dynamic
response of the vehicle during take-off from the

viewpoint of safety, the dynamic interaction between
the vehicle and its guideway must be studied in detail.

We modeled the vehicle as a rigid beam, and the
launcher guideway as an inclined elastic simply sup-
ported beam. The vehicle is connected to the guideway
with two contact points by means of an interface,
which is regarded as a rigid connection so that the
dynamic responses of these two points are forced to be
equal during the process of the vehicle take-off. To
resolve this dynamic problem with moving coupling
systems, this article employs a modal superposition
approach to convert the governing equations into a
set of generalized systems associated with the moving
equations of the vehicle. In this study, the present
results provide available information for a launched
vehicle running over an inclined guideway in its launch
operating phase.

2. Guideway mathematical formulation

A typical straight guideway vehicle launcher system is
shown schematically in Figure 1. We separate the
vehicle and guideway as two free bodies in Figure 2.
This study can be extended to any kind of application
of prescribed thrust force. We assumed the typical
thrust-time curve, as shown in Figure 3 in this study,
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Figure 1. A typical straight guideway vehicle launcher
model.

Figure 2. A vehicle and its guideway free-body diagram.

P(t)

max

, t,

Figure 3. A typical thrust—time curve.

where 7, is the thrust build-up time, Pn.x the value of
P(t) after 1, tr the time of vehicle front shoe losing
contact, and 7z the time of vehicle rear shoe losing
contact. We refer to 7g as the tip-off time. During tg
and g the vehicle tip-off effect will happen.

2.1. The position history of a moving vehicle

The motion of the vehicle can be divided into
two phases. They are the two shoes contact and the

tip-off phases. According to the typical thrust—time
curve as well as the design parameters of the vehicle
and its guideway, we can obtain the position of rear
shoe ¢(t) shown as Figure 2, 7z and ¢z to determine
which phase the vehicle motion belongs to. The values
of ¢(t) and ¢(f) can be obtained from Newton’s
mechanics, 77 and 7z can be given in the following
formulations:
m

tr=th)+——————
! (Pmax —mg sin GE)

x [\/ O T O S c’(z»],
(1)

m
tr=t T
. o (Pmax —mg sin GE)

X |:\/é:(tb)2 +£[§F - C(Zb) + d][(Pmax - mgSin‘gE)] - C(tb)i| 5
m
(@)

where ¢g is the distance from rear shoe of vehicle to left
end of guideway at t =0, and ¢ the distance from
front shoe of vehicle to right end of guideway at 1 = 0.

2.2. Two shoes contact phase

The vibration of the guideway is modeled by an Euler—
Bernoulli simply supported beam with viscous damp-
ing and subjected to initial conditions as well as specific
boundary conditions. We assumed the symbols F and
R are the moving loads of the contact points. Based on
the deflection theory of small deformations for beam,
the governing equation of vertical vibration can be
written as the following partial differential equation:

*u(x, 1) 8%u(x, 1) ou(x, t)
El A
ot TP T Ty,
= R3(x, ) + F5(x, s+ d), (3)

where u(x,f) is the transverse displacement of the
guideway at coordinate x at time #; EI the constant
flexural rigidity of the guideway; pA the mass per unit
length of the guideway; ¢ the damping coefficient per
unit length; &(-) the Dirac delta function; and
RS(x,¢) + FS(x, ¢+ d) an external force acting on the
guideway because of the motion of the vehicle in the
two shoes contact phase.

Based on the aforementioned assumptions and the
relationship of geometry in Figure 4, we can obtain
y= d—{}yF + @yk and 0= =2 Accordingly, the
equations of motion for the vehicle can be written as

my = —R — F +mg cos 0, 4)
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Figure 4. A typical displacement of guideway during the
vehicle moving along the guideway.

Jo=d R~ (d—d)F. (5)

The equations of the contact load between the
vehicle and its guideway are derived by taking into
account the effects of the inertia force, Coriolis force,
and centrifugal force of the moving vehicle. These
equations can be expressed as follows:

R=mlgry — J3(g + 20RC + YR + D1 G+ 2058 + V5],
(6)

F=mlgri +J1(Fr +20%¢ + Vi) — o (Fp+ 256 + ViE),
@)

where the overhead dot (1) and prime () denote the
differentiation with respect to time ¢ and coordinate x,
respectively; ¢ the velocity of the moving vehicle in the
local x-direction; yg and yr the displacements of the
two contact points in the y-direction of the guideway
when the vehicle is moving along a deformed guide-
way: (Froiip). (20E2.2044), and (¥e4é2) the acceler-
ation of the inertia force, Coriolis force, and
centrifugal force at the shoes of rear and front contact
points, respectively; and the constants ry,r,J1,J2,J3,
and g are defined as follows:

—dl L —d o cos 0
rn = R I = 5 = .
1 d 2 d g£§=8 E
J J ) J 5
T T md? e

where m represents the mass of the vehicle, J the
principal transverse moment of inertia of the vehicle, d
the length between shoes of the vehicle, d; the length
from rear shoe to center of gravity of the vehicle, 6y the
inclined angle of guideway, and g the gravitational
acceleration.

In order to obtain the approximate solution of the
coupled system equations, the transverse displacement
of the guideway u(x,7) can be expressed as the
supposition of the normal mode as in the following

Chou et al.

equation:
W)=Y )Yt 0<1<1p ©)
i=1

where ¢;(x) denotes the ith mode of the guideway that
satisfies the boundary conditions. Y,(z) is the general-
ized coordinate corresponding to the i mode.
Particularly, we used the modes of natural vibrations
of a simply supported homogeneous beam:

¢i(x) = sm( ?) (10)

Substituting Equations (6), (7), (9), and (10) into
Equation (3), multiplying both sides of the equation by
¢u(x) and integrating with respect to x over the length
L of the beam, we obtained an expression of the form:

Y (t) + pm Z q)mt/ Y ([) + 2&w; Y (Z) + pom Z cDcz/ Y (Z)
Jj=1 J=1

N
+a)?Y,-(l)+,0MZCDkij;'(Z) =0 (11)
=

where i=1...N, py=2m/pAL, pr=2mg/pAL,
w; =circular frequency of the ith vibration of the
guideway, and Q;, ®,; Pqj, Piy can be given as

follows:
e K d
0, = ,OF{VQ sm<mL§> + sm[m@:)} }, (12)

Dpij = {J3 sin <]L§> Ji sin[@“
X sin(ij%;) {Jl sm(] ;)

— Josin |:jJT(§]j— d)] } sin |:in(§L+ d)]. (13)

b= 2]—17:@ {J3 COS(W%) —Ji COS{WT_F@“
x sm<T> -7 {Jl COS(T)

— Jrcos |Z]'7T(§ + d)i| } sin[m(g + d)i|.
L L

PN ) .
by = (]%h) {—J3 sin(%) +J; sin [WT—i_d):H
2 .
X sm( jf) <ﬂ%§) {Jl sin(ﬂ%;)

— Jrsin [jﬂ(gg d)i| } sin |:i7r(§L+ d):|. (15)

Nandj=1,...,N.

(14)

wherei=1,...,
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Since the system is initially at rest, the guideway’s
initial velocity and acceleration are zero, so the initial
conditions are Y;(0) = 0, ¥;(0) = 0, { = 0, & = 0, and
&, =0, and its initial generalized coordinates Y;(0)
due to the static loads of vehicle mass can be
expressed as:

Yi(0) = % {r2 sin<i”%> T sin[w} } (16)

2.3. Tip-off phase

When the front shoe loses contact with the guideway,
F reduces to zero at the tip-off phase. The vehicle and
guideway are considered to be two free bodies, as
shown in Figure 5.

The transverse vibrations in the guideway can be
expressed as follows:

*u(x, 1) Fu(x, 1) du(x, 1)
A : = R* 1
EI e + 0 2 +c o R*8(x,¢), (17)

« Ji+r - . .o N
R = (M= G 2 4] (9)

For the tip-off phase, we set
u(e, ) =) ¢V tr<i<iz. (19
i=1

Hence, using a procedure similar to that described
above, we obtain

N N
V(0 +phy Y O V() + 280 V(1) + 03y Y @5 Y7 (D)
=1

j J=1

N
+TYI(O)+ 0 Y Of YD) =0, (20)

J=1

Figure 5. Free-body diagrams of vehicle in tip-off phase.

where i=1...N,0}, =2m(J, + rir2)/(pALJ>), py=

2mg(Jy + rir2)/(pALJ>), and Qf, @}, Py Pi; can
be given as follows:
. (it
=0 — 21
0; = rysin( 7). @
N . (jme\ . [ing

®,,,; = sin (L) sin (L)’ (22)

. yme  (jmt\ . (ing
Q= 7 cos<L sin 7 ) (23)

N . .
d>,’jlj = —(ﬁ%) sin (%) sin (%), (24)

wherei=1...Nandj=1...N.

These equations are subject to the continuity
conditions Y*(0) = Y(tr) and Y*(0) = Yi(tp), i.e., the
displacements and velocities of the guideway are
continuous.

3. Calculation of dynamic response of guideway

It should be emphasized that Equations (11) and (20)
represent a set of coupled second-order differential
equations. Equations (9) and (18) can be rewritten in
the form of a matrix, as follows:

MY +CY+KY=0Q (25)

Here, Yis a generalized coordinate; Ya generalized
velocity; ¥ a generalized acceleration; Q a gener-
alized force; M a generalized mass matrix; C a
generalized damping matrix; and K a generalized
stiffness matrix. The differential-algebraic system
technique was used to obtain numerical solutions of
these equations. Equation (25) was transformed into
a system of first-order differential equations in the
state space form by taking time as an additional
variable.

4. Formulation of dynamic response of vehicle tip-off

If the dynamic responses of the guideway, u(x,?),
u(x+d, 1), wu(x,t), and u(x+d,t), for any time ¢
corresponding to the two phases are determined, the
dynamic responses of the guideway at any position x
can be obtained. Using these results, we can
formulate the dynamic responses of vehicle tip-off as
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follows:
e For t = 0, the system is initially at rest:

For u(x,0), the position displacement of the guide-
way, x, is given by

N linx 2mg . (imER
u(x,0) = ; sin <L> pALe? {;2 sin <L>
r, sin [@] } (26)

For y(0), the displacement of the vehicle’s center of
gravity is given by

Y(0) = riu(¢r + d,0) 4 rau(tr, 0)

5 sin (ngR> +r1 sin [W} } .

27)

2mg
= 14X
— pA La)lz

For 6(0), the pitch angle of the vehicle is given as

- 1
0(0) = ;Z[”@R +d,0) — u(¢r, 0)]
K 2mg { . [m(;R + d)] . (in@)}
= 5 Sin — S| ——
L pALoS L L

X {rz sin (?) =+ ry sin [M} } (28)

e ForO<t<tp:

For u(¢, 1), the position displacement of the guide-
way, ¢, at time ¢ is given by

N N .

. [Im¢
u(g, t) = () Yi(t) = sin[{ — ) Yi(?). 29
6:0=2 @Y=, (L) . @9
For y(1), the displacement of the vehicle’s center of

gravity at time 7 is given by

() = ru(@ +d, 1) + ru(t, 1)

-3 [ ()

(30)

For j(1), the velocity of the vehicle’s center of
gravity at time 7 is given by

J(t) = ri(¢ + d, 1) + raie, 1)

N . .
= {rl sin[w} tr sin(%) } Y. (31)
i=1

For 6(¢), the pitch angle of the vehicle at time 7 is
given by

00) = Lludz +d. 1)~ u(z. 0]

dZ{ [’”(Hd)} sin<”§)}y(z) (32)

For 9(1), the pitch rate of the vehicle at time ¢ is
given by

L
0(1) = Zl[u@ +d, 1) —u(g, )]

1N (. [in(¢c + d)
:a;{sm[imL }

(33)

— sin <%> } Yi(0).

e Fortpr<t<ty:

During the vehicle tip-off phase, the front shoe
loses contact with the guideway, while the rear shoe of
the vehicle continues to move along the guideway. The
vehicle is subjected to the thrust force, inertia force,
Coriolis force, and centrifugal force. The vehicle
rotates with respect to its rear shoe. The free-body
diagram of the vehicle shows that its center of gravity is
acted upon by the gravitational acceleration, and
simultaneously, its rear shoe is acted upon by the
acceleration (jig + 2)5¢ +Vp¢%)* in the y-direction.
The equations of equilibrium for the vehicle body are

ZF _m[ (PR + 208 + VR$%) ] = may,

> M, = 10" = dymay.

(34)

Hence, the rotational acceleration of the vehicle
with respect to its rear shoe is defined as follows:

S

i=1

N4 .
TR ( ;)Y?() (%) sin(%)mz)“.
(39)

From the continuity of the displacements and
velocities of the guideway in the two phases, we can
obtain the continuity conditions Y7(0) = Yi(¢r) and
Y:(0) = Yi(1n).

For 6%(t), the pitch angle of the vehicle at time ¢ is
given by

G(1) = (ts) + (¢ — t)ir) + %é‘*(z)a — . (36)
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Figure 6. Time histories of vertical displacements under simulated moving concentrated mass.

For 5*(0, the pitch rate of the vehicle at time ¢ is
given by

G () = 6tr) + 07 (0t — tp). (37)

For y*(1), the displacement of the vehicle’s center of
gravity at time ¢ is given by

N .
F() = sin (%) YO+ 0. G8)

i=1

For y*(7), the velocity of the vehicle’s center of
gravity at time ¢ is given by

L

i=1

N . .
P = sin (ﬁ> YO+ i (). (39)

5. Numerical validation and examples

With the results obtained in the previous sections, we
selected several values for the number of modes N in
order to analyze the tip-off effect. The difference in tip-
off analysis results between N = 10 and N = 20 is less
than 0.01 %. We selected N = 10 in the whole numer-
ical simulation; three examples are tested and com-
pared with other researchers’ studies.

5.1. Validation case 1

Figure 6 shows a comparison of the time histories of
the vertical displacement of the contact point of the
moving mass obtained by Wu (2005) and those
obtained in this study. The figure shows that the
difference between the results is negligible.

Table 1. Parameters of the vehicle launch system.

EI 1.2 x 107N - m? d 3.7m
pA 1.5 x 10 kg/m d 2.5m

£ 0.03 tx 0.1m

L 8.0 m Cr 4.2 m
OF 0.5rad 1y 0.1s

m 1.6 x 103 kg Prax 7.0 x 10*°N
J 4.7 x 103 m* At 0.0001s

Although the technique proposed in this study is
meant for the dynamic analysis of an inclined guide-
way with contact points with a moving vehicle, it can
be used for a horizontal beam if the angle of inclination
of the guideway is considered to be close to zero. At the
same time, the distance between two contact points is
considered to be close to zero (1 x 1073 m) to simulate
the single moving mass problem.

5.2. Validation case 2

In this case, we assumed the flexural rigidity of the
guideway to be 1.2 x 10N -m? to simulate a rigid
guideway; this value is equal to that of a pseudo-rigid
(PR) guideway. The tip-off analysis results obtained by
Yao and Zhang (1998) and those obtained in this study
were compared using the parameters listed in Table 1.
With time, the results obtained using the two
approaches deviated slightly.

The numerical results of the analysis are shown in
Figures 7 and 8. In fact, the vehicle continues to
maintain its uniform rotational acceleration with
respect to its rear shoe when the front shoe loses
contact with the rigid guideway. As we know, the slope
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Figure 7. Comparison of pitch angles 6§ — ¢ of vehicle on PR
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Figure 8. Comparison of pitch rates 0 — 1 of vehicle on PR
and rigid guideways.

of the pitch rate with respect to time should be almost
constant when the motion is a uniform rotational
acceleration. A nearly straight line is obtained in our
study (Figure 8), as compared to the slightly curved
line obtained by Yao and Zhang (1998). Therefore, the
analytical technique presented in this study is probably
more accurate than that proposed by Yao and Zhang.

5.3. Test example: behavior of rigid vehicle on
elastic guideway

The parameters of the vehicle launch system used to
study the dynamic interaction behavior of a rigid
vehicle on an elastic guideway are listed in Table 1. In
this test example, we obtained the time interval of the
tip-off phase; this started at 7/ = 0.5136s and ended at
tg = 0.68765s. Figures 9 and 10 show the time graph of
vertical displacement and velocity of vehicle’s center of

0.00
-0.01 (0.5136, -0.0014)
-0.02 4
-0.03 -
-0.04 -
-0.05
-0.06
-0.07 4

-0.08

Vertical displacement
of center of gravity of vehicle (m)

Tip-off start time = 0.5136 s
0099 Tip-off end time = 0.6876's
(0.6876, -0.0998)
-0.10 T T T T T T
0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70
Time (s)

Figure 9. Vertical displacement of vehicle’s center of gravity.

0.2

(0.5136, 0.0199)
0.0

-0.2

0.4

-0.6

-0.8

Tip-off start time = 0.5136 s
-129  Tip-offend time = 0.6876s

Vertical velocity
of center of gravity of vehicle (m/s)

(0.6876, -1.2030)

-1.4 T T T T T T
0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70

Time (s)

Figure 10. Vertical velocity of vehicle’s center of gravity.

gravity, respectively. It shows that the position of the
center of gravity of the vehicle tends to move upward
before the tip-off phase. The vehicle vibrated exces-
sively violent at approximately 0.6s during the tip-off
phase. Figures 11 and 12 show the comparison of tip-
off results of vehicle on elastic and rigid guideways.

According to the parameters listed in Table 1, we
estimated the values of parameters such as the
damping ratio &, angle of inclination 6, length of
guideway L, and distance between shoes of the vehicle
d, and used L and d for the tip-off analysis. Figures 13
and 14 show the typical numerical results of the pitch
rate analysis of the vehicle. From the contour lines, we
can easily select a set of optimum parameters when
designing launch systems.

6. Conclusions

The tip-off effect analysis of a vehicle has been carried
out using the modal superposition method by
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Figure 11. Comparison of pitch angles of vehicle on elastic
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Figure 12. Comparison of pitch rates of vehicle on elastic
and rigid guideways.
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Figure 14. Effect of tip-off analysis on é_mafofd
diagram.

considering the dynamic interaction between a rigid
accelerated vehicle and its inclined elastic guideway.
The equations obtained in this study are derived by
taking into account equations for the influences of the
inertia force, Coriolis force, and centrifugal force
induced by the vehicle as well as the dynamic interac-
tion between the vehicle and its guideway. From the
results obtained in this study, numerical results for the
vehicle in the tip-off phase can be easily computed. The
following are the conclusions of this study.

(1) The excellent agreement between the previous
results and those obtained in this study indi-
cates that the proposed method has been
successfully derived.

(2) Generally, the mass of a launched vehicle is
considerably larger than that of its guideway.
In this case, the problem of moving loads can
be solved by an analysis of the dynamic
response of a light beam under the action of a
heavy moving load. This analysis differs from
that of the vehicle-bridge interaction dynamics
in civil engineering. If the rigid guideway model
is adopted to calculate the tip-off effect of a
vehicle in the take-off phase, it may lead to
incorrect results because this model does not
consider the dynamic interaction between the
vehicle and its guideway.

(3) A comparison of the tip-off analysis results for
the elastic and rigid guideway models in a test
example shows that the dynamic response
obtained for the elastic guideway model was
20 % greater than that obtained for the rigid
guideway model. This highlights the impor-
tance of adopting the elastic guideway model
when designing actual launch systems.
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(4) The movement of a vehicle along a guideway
has complex effects on the launcher, and these
effects may increase when the vehicle fires
before its take-off. Thrust asymmetry and
manufacturing defects tend to make the vehicle
rotate, pitch, or yaw. The guideway restrains
these motions. Therefore, a more rigorous
analysis of the dynamic interactions is required.

Nomenclature

P(1)
Ok
EI

L
§
pA
m
J
d

di
A1)
R(?)

¢(1)
£(1)
(1)
R
CF

Iy
5

thrust force acting on vehicle
angle of inclination of guideway
flexural rigidity of guideway
length of guideway

damping ratio of guideway

mass per unit length of guideway
mass of vehicle

mass moment of inertia of vehicle
distance between shoes of vehicle
distance between rear shoe and
center of gravity of vehicle

front shoe contact forces between
vehicle and guideway

rear shoe contact forces between
vehicle and guideway

position coordinate of vehicle on
guideway

velocity of vehicle on guideway
acceleration of vehicle on guideway
distance from rear shoe of vehicle
to left end of guideway at r=0
distance from front shoe of vehicle
to right end of guideway at r=0
time of thrust build-up

time at which front shoe of vehicle
loses contact

tr  time at which vehicle takes-off
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