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1 Introduction

Whilst its application requires merely the knowledge of analytic structure of the scattering
amplitude of interest, the on-shell recursion relation (BCFW) [1, 2] has achieved tremen-
dous success in calculations of scattering amplitudes, a task would very often seem prac-
tically impossible using conventional methods even when there are only a few of external



particles involving gluons or gravitons.! In contrast to perturbative off-shell formulation,
the on-shell recursion relation uses fewer-point physical amplitude as building blocks,

41230y = 3" Ag(i2..., P % Ap(=P", ), (1.1)

poles

thereby avoiding large amount of unnecessary cancelation in intermediate step of compu-
tations. An important point of eq. (1.1) is the sum over all possible physical poles and
allowed helicity configurations. Generalization of on-shell relation to string amplitudes was
pioneered in [4, 5] and [6] and further elaborated in [7-9]. Recent applications at 4-point
and to eikonal Regge limit can be found in [10] and [11] respectively. The validity of on-shell
recursion relation in string theory context was argued both from the better convergent UV
behavior generically observed in string amplitudes and from analyzing explicit expressions
of string amplitudes.

However, when applying on-shell recursion relation to string amplitudes, we are facing
the problem of summing over infinite number of physical states in (1.1). Although it could
be done in principle, there is no efficient algorithm doing so. For scattering amplitudes
of tachyons, based on known analytic expressions, it has been conjectured in [7] that
amplitudes can be effectively reduced to factorization of two lower-point tachyon-like sub-
amplitudes.

In this paper, we provide an algorithm to do the sum over infinity number of phys-
ical states in (1.1). Applying our algorithm to tachyon amplitudes, we see that the sum
over physical states at each mass level predicted by open string theory does produce the
conjectured scalar-behaved residue observed in [6]. In contrast with the experiences with
amplitude calculations in field theory, the key of our algorithm is to enlarge the sum over
intermediate physical states to over intermediate complete Fock space states. The zero con-
tributions of extra states are guaranteed by no-ghost theorem (i.e., the Ward-like identity
in string theory).?

The structure of this paper is organized as the following: in section 2, we present a
very brief review of BCFW on-shell recursion relation of generic field theory amplitudes.
In section 3 we start with the familiar 4-point Veneziano amplitude as an example and
demonstrate how the tachyonic recursion relation can be understood from carrying out
sum directly. Section 4 consists of analysis on 5-point string amplitudes, in which case the
pole structure becomes much more complicated. A discussion on pole structure of generic
n-point amplitude is presented in section 5. In section 6 we consider higher-spin scatterings
and demonstrate that generically the mathematical connection between BCFW and tachy-
onic recursion descriptions can be found in the generating function for Stirling number of
the first kind outlined in appendix A, while the relation between on-shell condition and
decoupling of unphysical states is discussed in appendix B.

LA review of the principles of BCFW on-shell recursion relation as well as its some applications can be
found in [3].
2We have summarized the no-ghost theorem in appendix B for reference.



2 A brief review of BCFW on-shell recursion relation

In this section we provide a short review of on-shell recursion relation [1, 2]. Derivation of
BCFEFW on-shell recursion relation starts from taking analytic continuation of amplitudes.
An amplitude can be regarded as function of complex momenta defined by standard Feyn-
man rules. When the momenta of a pair of particle lines manually chosen are shifted in a
complex g-direction,

ki(z) =ki+2zq,  ka(2) = kn — 2q, (2.1)

with ¢> = ¢-k, = q -k, = 0, the shifted amplitude A(z) defines a complex function. While
the explicit analytic structure of amplitude is determined by individual theory and does
not concern us here, A(z) thus defined will contain simple poles produced by propagators,
which is the consequence of local interaction and the null condition of g. From Cauchy’s
Theorem, integrating over a contour large enough to enclose all finite poles yields

j{dz Az) = A(0) + Z Res,—.,, (2.2)

z

poles v

where an unshifted amplitude A(0) contributes as residue at z = 0 and residues from
other finite poles assume the form as cut-amplitudes, Res,, = —A(za)%A Rr(Za). In var-
ious theories shifted amplitudes posses convergent large-z asymptotic behavior and the
integral (2.2) vanish, we are then entitled to write down the BCFW recursion relation?

4,=3 S ALl PC) e AR(=P(z0), - ), (2.3)

poles physical states

where the first sum is over all finite simple poles z, of z, and the second sum is over all
physical states at the given simple pole z,.

3 Example I: BCFW of 4-tachyon amplitude in bosonic open string
theory

As was demonstrated in the previous section, a key feature making BCFW on-shell re-
cursion relation possible is that in perturbative field theory, at tree-level amplitude can
often be determined entirely from its poles and related residues. The locations of poles are
determined by propagators while the residues, by factorization properties. Same analytic
structure holds for string theory, with one complication: there is an infinite number of poles
and related residues. As an consequence, there are several expressions for amplitudes, for
example, the Veneziano formula assumes the form of a worldsheet integral, making the pole
structure obscured. In [6] through binomial expansions of these integral formulas, the pole
structure can be made manifest. In this section, we will use four-point tachyon amplitude
as an example to demonstrate our idea and method.

*We have assumed the boundary contribution to be zero. If it is no zero, we need to modify recursion
relation, see [12].



3.1 Pole structure extraction

Consider the four tachyon scattering amplitude in bosonic open string theory, given by
Koba-Nielson formula as

1
A(1234) _/ dzg (1 — zg)kehz bk (3.1)
0

where we have used the conformal symmetry to fix 21 = 0, z3 = 1 and z4 = 400. For
arbitrary complex power w we have following binomial expansion

(x—9)" =3 (“’) "ty (3.2)

where coefficient (w) is defined as
a

a al

(w) ww—1)(w—2)...(w—a+1) (3.3)

Applying (3.2) to (1 — 22)*3"*2 and collecting relative terms we have

> . 1 a
A(1234) _ Z (l{?S k2> (_)a/d22 Z22(k1+k2)2+ 2 (34)
a

a=0

where we have used the mass-shell condition for tachyon that k? = k3 = —M? = +2.% The
worldsheet integration can be explicitly carried out, producing an s-channel propagator.’
Inserting it back, we obtain

A(1234) = ) <k34k2> (=)* (k1 + k2)22+ 2(a —1) (3:5)

a=0
3.2 Interpreting pole expansion formula from BCFW perspective

Having derived an explicit analytic expression (3.5) for tree-level four tachyon scattering
amplitude, it is then interesting to see if the result can be understood in the language of
BCFW on-shell recursion relation. We choose the shifted pair to be (1,4) to be consistent
with the manifest s-channel expansion. Assuming there is no boundary contribution for
on-shell recursion relation, equation (3.5) should be given by on-shell recursion relation

(2.3):

=5 Y ALl Pla)) mys AR(—P(20), - ) (3.6)

poles physical

4We have used the convention o = 1/2, so the mass of bosonic open string state is M? = -2+
23 0

5In this expansion, only s-channel is manifest. However, by string duality, t-channel is also contained.



In denominator we see infinitely many single poles occurs at

(k1 + ko)? +2(a — 1)
Zq = , a=0,1,... 3.7
3¢ (k1 + k) (3.7

where P = ki + ko and the mass square M? = 2(a — 1) for every integer a is precisely the
mass spectrum prescribed by bosonic open string theory. In addition, matching residues of
(3.5) with (3.6) indicates that, at each level a, there should be a number of physical states,
collectively yielding

5 ks -k
S AL(1L2, P(z0)) Ar(—Pl(za),3,4) = (-1)° ( ’ 2) . (3.8)
states h a

Thus to understand (3.5) from BCFW recursion relation (2.3), we need to be able to
interpret the scalar-behaved residue (3.8) as sum over physical states at each fixed level a.

3.3 Summing over physical states

Before undertaking a state-by-state calculation of residues over bosonic string spectrum,
let us make a slight detour and consider how the analytic structure featuring intermediate
states fits into the picture of BCFW on-shell recursion relation in quantum field theory.
Although in Feynman rules scalar, fermion and gauge boson each are assigned with a
propagator in distinct representations, we note that the propagator appearing in BCFW
recursion relation (3.6) is always scalar-like. The reason is following. For example, if the
intermediate particles are massless fermions, BCFW recursion relation reads

A~ Z AL(UL, Ph)AR(—P_h, O‘R). (3.9)

We can rewrite the on-shell sub-amplitude Ay (o, P") = D a=12 A (oL, P uh(P),, ie.,
we have decomposed the on-shell amplitude into two parts: wave function for external
on-shell particle P and the rest. Similar decomposition can be done for Ag(—P~" oR).
Thus the sum over physical states becomes

A~ Ap(op, P <Zu ) Ap(=P ™" op) ~ Ap(o1, P") (v - P) Ag(=P ", oR)

(3.10)
where in the middle, v - P is exactly the factor needed to translate scalar propagator into
the familiar fermion propagator.

A similar mechanism supports the translation from scalar propagator into gauge boson
propagator when summed over physical states, but with some subtleties. The sum over
two transverse physical states for gauge boson is (eje; +e, €) while the familiar Feynman
gauge uses g, In fact, in 4-dimensions we need four polarization vectors, and

gw,—euey—l—ee —|—ee —|—ee (3.11)

where eﬁ and e;‘f are longitude and time-like polarization vector [13]. The reason that these

two sums (Namely a summation over two physical states and another over all four states)



give same answer depends crucially on Ward Identity of gauge theory, i.e., if all (n — 1)
particles are physical polarized while the n-th particle is longitude (i.e., proportional to
k), the amplitude is zero. Thus we have

> Ap(op, P")Ap(-P " o) ~ Al(or, P)guwA(~P,or)

all states
Ngﬁ(aL,P) (eue + €, ef +e el +e € )A”( P,oR)
NA’E(O’L,P)( —|-6 € )AR( P,O'R)
= > Ag(or, PM)Ar(-P ", 0op) (3.12)

physical states

Having understood the effect of summing over physical states from quantum field
theory, let us return to the problem of interpreting scalar-behaved residue (3.5) as sum
over physical states. In old covariant quantization framework, the Fock space in bosonic
open string theory is constructed by linear combinations of states obtained from acting
creation modes successively on ground state

alt a2 |0; k) . (3.13)

—n1“—ng —nn

Generically, a Fock state can carry N, 1-multiple of o' | mode operators® and IV u,2-multiple
of &, mode and so on. In the following discussions we use the set of numbers {N,,} as
label of normalized Fock state

und K) = (T TR o | 10, 8. (3.14)

Physical states however, in addition must satisfy Virasoro constraints (Lg — 1) |¢) = 0,
Ly~0|¢) = 0 and constitute only a subset in Fock space. An immediate consequence is
that physical states are automatically on the mass-shell, —k* = M? = 2(N — 1), where N
is the level

N=>"> nNun. (3.15)

Note however, for a generic Fock state its center-of-mass momentum &* and modes {N,, ,}
are considered as independent degrees of freedom and does not a priori satisfy mass-shell
condition, and yet in a BCFW on-shell recursion relation, Fock states that happen to be
the on mass-shell are picked out because as we have seen from (3.7) that only these states
contribute to residues.

Now we come to our central point. The prescription given by BCFW on-shell recursion
relation is to sum over physical states satisfying on-shell condition plus remaining Virasoro
constraints L,,~o |¢) = 0. However, a rather technical difficulty carrying out above pre-
scription in string theory is that it requires the knowledge of physical polarization tensor
at arbitrarily high mass level N, which is very hard to write down explicitly. To bypass the

6Tt should be emphasized that o*; and o, should be considered as different, operators when u # v.



problem, inspired by the observation given in [13] for gauge theory (3.11), we can enlarge
the sum over physical states to all states in Fock space satisfying on-shell condition. The
fact that these two sums are same is guaranteed by the famous “No-Ghost Theorem”.”
With this understanding, we can write

A4, =3 S Aul, Pea)) sy Ar(—P(za), . )

poles physical

= Z Z Ar(.. .,P(za))ngWAR(_P(Za)? )

poles Fock
= 3 Y AL P AR(—Pa)y ) €(P) (316)
poles Fock

where at the last step we have stripped away the polarization tensor of intermediate state
P from on-shell amplitude. Since the sum is taken over whole Fock space, we are free to
choose any convenient basis, for example, the one given in (3.14), to perform the sum.
Thus if we take pair (1,n) to conduct BCFW-deformation and sum over the polarization
tensor of intermediate state, BCFW on-shell relation of a string amplitude reads

n—2 +oo R N 21T{N )

A, = k1) |Va(ka) ... Vi(k)|{Nun}, P . pn
;NZ_O{J%}W DIValks) ... Vitks) { N} ><zzlki>2+2<N—1>
[Nunds PV (kis1) - Vot (k1) 6 () ) (3.17)

In this formula, the first sum is over the splitting of particles into left and right handed
sides while the second sum is over poles fixed by the mass level N. The third sum is over
all allowed choice of the set {N,,} as long as they satisfy (3.15). The tensor structure
Ty N} is determined by the set {Nun}. To demonstrate the rule for the tensor structure,
we list the tensor structure for first three levels:

e Level N = 0: For the first level, all N,,,, = 0 so we have 7 = 1.

e Level N = 1: The choice is N1 =1 for p=0,1,...,D — 1, thus we have T = g,,,
i.e., we have

9
(1] ... Vi oy |0: P) = /T

Prran 1) (O Flot Vier. [én) (3.18)

where when we conjugate ‘aﬁl\o; P) we get (0; P]ail‘

"We have collected some facts of “No-Ghost Theorem” in appendix B.



e Level N = 2: There are several choices and the structure is given by

5 (1w ) o o )

H,v=0

P> o (el Vi aao; P>M

2 —
0<p1 <po<D—10<v; <ve<D—1 P?2+2(N-1)
<0 P|O‘+1a+1 i+1 - \¢n>

— (a"))? 2(gw)? o ay)?
+ Z <¢1...Vi \/% |O,P> P2+2’(‘N_1) <0,P| \% w+1...|¢n> (3.19)

H,v=0

where at the second line, to avoid repetition, we must have the ordering 0 < p; <
po <D —1.

e Level N = 3: There are several choices which are given respectively by

D—1 v
- o’ 29w [0 By
=) <¢1! f|o P> TN =T <O,P|\/§ m+1...¢n>

,v=0

D-1
— 29 v1Gusv
= Z <<;51!... g “210p>2mlu22
w1,p2,01,v2=0 f P —|-2(N—1)
<0;PI HJE Vit .¢n>
1= Z Z <¢1‘ 104 106 1‘0 P>

0< 1 <po<p3<D—10<v1 <vo<vz3<D-1

29/‘ v1 Gpave Jusv:
P21+12(3V2—31; (0; Pl aly Vigr - - [én)
D—1 9 ,
(o2y) 2(gun)%g
ne 2 {e R ) S
/"17#27’/131/2:0

V1 \2
<0; Pl(ag1)™ (ajlﬁ) Vig1 ... |¢n>

D=1 a'u 3 3 oY 3
= > <¢1\...W (\;3%) !0%P>]gzi(g€jy\;_1)<0;P!(\;¥ Vi+1...!¢n>

p,v=0

So we have

N=3: Th+Tr+T5+T,+ T5 (320)

These examples demonstrate the general pattern of tensor structures. However, be-
cause when we have several oscillators with same n, there are freedoms with the choice of
1, we need to distinguish if these p are same or different from each other. This makes the
tensor structure a little bit of complicated. This complication can be simplified further.



For example, at the level N = 2, we have

E : oM
Z 1(1 1gM1VlgM2V2a+1O[+1

0< 11 <u2<D71 0<v1<va<D-—1

D—1
= H2 ve U1
o Z Z o 1a—1g,u11/1g,u21/204+106+1
u#m Oulyéuz 0

bl ot a2 ot
1 1 1 1
= § E = i1 Gpuave +\/§+ (3'21)
H1Fp2=0 v1#12=0

With this rewriting, the second and third line of (3.19) can be combined to

E 1 QZ) 11 le P qu Q/L 0( 1a ].
1,1 Vy—0< 1| \/> | >1 +2(N—|) ’ | \/TZ i+1- ‘ n ( )
1,42,V1,V2 3 22

Similar argument can show that the sum 7%, Ty, T5 of (3.20) gives

NG P24 2(N —1)

« « «
<0;P\+1\/%1'+1 Vig1 .- ’¢n>

It is easy to see that when multiple operators of the same mode n are present in the Fock

D-1 H1 o p2 U3
ot oo )
Ts+Ty+15 = E <<;51|V; ¥‘O p> Gpiv1 Guava Jusvs
0

i Vi =

state, each may or may not be carrying the same Lorentz index 0 , or 1 , or ... , or
D — 1, the general pattern is given by the expansion (ag + a1 + ...+ ap_1)V"/N,! where
a; = o', giial,. The coefficient of term (a®, )™ (al, )™ ... (o 1)"P-1 in the Fock state

is given by the coefficient of term a(’a}*...a7 " with N, = Zi 61 n; in the expansion,
which reads

1 - —no— n 1 N!
NEoTe ’ Nl [Tizo (n)!
thus we can drop the p; < g < ... arrangement and rewrite the sum in (3.17) as

’{Nu,n}§ﬁ> T{Nu,n} <{N#’n};ﬁ‘

{Nun}
S {ﬁ (ot atn ...aizn“)} 0.7
s annen Lnti vV Np!ntVn

| | (gMNn,1VNn,1g#Nn,2VNn,2 c 'gP«Nn,NnVNn,Nn)

R oo a Nn, al/an aNnNn)
<O;P’ H tn Yn +n (3.24)

i v/ Np!nNn

Having the simplified version (3.24), we can give following explicit calculations.



3.3.1 Explicit calculation

Recalling the vertex of tachyon

Vo(k, z) =: eF X = 2, (3.25)
where
Zo = ekbathpnz _ gike kptl _ kp-1ika (3.26)
and
Wo = eXonmt ko= X0y S kan (3.27)

it is easy to calculate the left three-point amplitude

D—1 oo
k# Nym
(0; —k1|Vo(ka, 2) {Nun}; P) = (k1 + ko + P) H 11 JW (3.28)
u=0 m=1 wym:
where N is the level defined in (3.15) and the right three-point amplitude
D=1 oo (L) Nom
({Nun}s PIVo(ks, 2)|0s ka) = 6(P — ks — ka) H [[ =20—— (3.29)

- 71/ 'm w,m

Using (3.28) and (3.29) it is easy to calculate first few mass levels. In fact, the same
calculation has been done in our simplification leading to the simplified tensor structure
(3.24). Thus we have when N = 0, it is 1, while when N =1 it is (—kz - k3). Finally when
N =2itis ww They do satisfy (3.8) for N =0,1,2.

For general level N, from (3.24), (3.28) and (3.29) we find

=Y H N'nNn” (3.30)

S nNp=N
Let us define
N=) nN, J=) N, (3.31)
n=1 n=1

with obviously that J < a, then using the definition (A.2) of Stirling number of the first
kind, I can be rewritten as

where we have used the formula (A.1).® This is exactly the result (3.8) we try to prove.

(ks - ks)” :<—>N(’“2]'V’“3> (3.32)

8Since S(N,0) = 0 when N > 0, we can extend the sum over J from region [1, N] to region [0, N].

,10,



4 Example II: BCFW of 5-tachyon amplitude in bosonic open string
theory

Having shown that a 4-point Veneziano amplitude can be indeed described by BCFW on-
shell recursion relation, let us consider the 5-tachyon scattering amplitude, which contains
slightly richer analytic structure because unlike 4-point amplitude with only pole s12, there
are two types of poles from s, $123 for deformation (1,5). Multiple pole structure is seen
for general amplitudes, we need to study this simplest nontrivial example.

4.1 Pole expansion

The Koba-Nielson formula for 5-point tachyon amplitude is given by
1 23
A(12345) = / dzs / dzy (1 — z3)Faks (1 — zo)kakz (g — z)kake ko haks (4.1)
0 0

where we have fixed z; = 0,24 = 1,25 = oo. Unlike in quantum field theory, where ana-
lytic behavior of an amplitude is transparent from Feynman rules, kinematic dependence
in Koba-Nielson’s formulation were implicitly introduced through exponents of worldsheet
integration variables, making it less easier to locate poles. However as we have seen in
the previous section, worldsheet integrals can be explicitly carried out after binomial ex-

k3-

pansions. Expanding (z3 — 22) k2 with respect to 2o, which is the variable that assumes

smaller value (than z3), and expand similarly (1 — 22)**"*2 and (1 — 23)*'% we have

(1—zg)fth =%~ <k4ék2> (=),

a=0
(23 — z2)fh2 = 3 (kgé)k2> (=)P2g= 02,
b=0
[e.e]
et =3 (M) s 12
c=0

Grouping z and z3 dependence in equation (4.1) together we arrive

A(12345) = i <k4ék2> <k31;k2> (kﬂkg) (—)etbte

a,b,c=0

1 23
k3-(k1+k2)—b .
X/ ng/ d22233( 1+k2) JrCZlch ko+a+b (43)
0 0

Carrying out the integration in order, i.e., [ dzs first and then [ dz3 we obtain

A(12345) = i (k:]@) (kgl;ka) (kiks) (—)atbre

a,b,c=0
2 2

X 7
312+2(a+b—1) 3123+2(a+c—1)

(4.4)

— 11 —



where we have used s12 = (k1 + k2)?, s123 = (k1 + ko + k3)2, and the mass-shell conditions
for tachyons, k? = k2 = k3 = 2.

Now we consider the pole structure under the deformation (2.1) with pair (1,5). For
s12, the poles are located at

(kl + k2)2 + 2(N — 1)

ZN = T , N=a+b=0,1,... (4.5)
while for s123 the poles are located at
wy = (k1 tzszlffgi%_ 1), M=a+c=0,1,2,... (4.6)
Using the BCFW recursion relation, we have
41,2345 =Y — 2 Ry + Y} 2 Sar (4.7)
— s12 + 2(N —-1) 4~ s123 + 2(M —1)

where R and Sy are corresponding residues of poles.
Residue R: from (4.4) we can read out the residue Ry as

ko ko \ (ks ko) (ka-ks ), wrpee 2
Ry = Z Z( )( b )( ¢ >(_)+b+ [§123(ZN)+2(G+C—1)

a,b=0
a+b=N

(4.8)
Noticing that

S12(2n) + k3 + 2ks - kia(an) + 2(a + ¢ — 1) = 2ks - kiao(2n) + 2(c — b+ 1)

we can rewrite

Ky - ks . 2 [ Racks) c 1
( c >(_) [3’\123(21\/)—%2(@4-6—1)} _< ¢ >( ) [k3'E12(ZN)+(C_b+1)
c k4'k3
_ Z/ dzs zk3 (k1+k2)—b+ ( . )(_)c

:/ dzg 2" a-(h1tha) - b (1 — zg)kaks, (4.9)
0

The reason we write the sum over ¢ as the integration is clear: the subamplitude at the
right handed side should be A(P,3,4,5). With this rewriting we have

> ky - ko ks - ko N[ ks (k1 +k2)—b kak
Ry= Y (=) / g o k)b (1 _ykks(410)
a b 0

a,b=0
at+b=N

— 12 —



Residue Spys:  from (4.4) we can read out the residue Sy as

> > kak ks - k ky -k atbobc 2
Sy = Z Z( 4a 2)( 3b 2)( 4C 3>(_) +b+ [§12(wN)+2(a+b_1)

a,c=0 b=0
at+c=M
(4.11)
Using
ks -k
o0 (352><_)b © 1 ) foa - &
>+ -3/ d22z§1'k2+“+b< g ) (-
O ki-ka 4 (a+b)+1 —Jo b
Z=wy
1 .
—/ dzg 251 F2TO(1 — gp)kake (4.12)
0

which remind us the subamplitude A(T, 2,3, ]3), we get another form

- ky -k ky -k ! bk ta .
Sw= Y ( ' 2) ( ' 3) (—)M/O dz 25 EH (1L — pp)hke (4.13)

a,c=10
at+c=M

4.2 Four point scattering amplitude

Now we try to reproduce the same residue from the BCFW recursion relation. To do this,
we need to calculate the three point and four point amplitudes with one general Fock state.
The three point case has been given in section 3. Now we give the four point result.

First let us consider a simple example

(0, ka|Vo(ks, z3) Vo (ka, z2)0 [0, k1) (4.14)

where Vj(k, z) stands for tachyon vertex operator (B.1) inserted at z, and the initial state
a0, k1> is raised from the ground state by a —m mode operator. Following the standard
treatment moving this mode operator to the left until it finally annihilate the final state
we obtain

(—ky 25" — k5 25") (0, ka| Vo (k3) Vo(k2)[0, K1) - (4.15)

In addition to all-tachyon amplitude we receive factors (—kb 24" — k§z%") picked up from
the commutator

[ R X@) L of ] = gk (: kX () :) . (4.16)

m

For a generic normalized Fock state (3.14) we repeat the same manipulation, moving
m

mode operators o, one by one to the left, picking up a factor (—k*z™) when passing a
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tachyon vertex V' (k, z). Putting all together we finally have

D—1 o
0,21V hs) Vo(ko)] (N} o) = <o pivti) vtk TT TT % m 0 k>
D—1 oo
k“z kﬂ MmNy m
=11 H - §) (0, p|Vo(ks) Vo(k2)[0, k1) (4.17)

=0 m=1 v/ Ny N

where (0, p|Vo(ks) Vo(k2)|0, k1) is known.
Similarly, if the Fock state defines the final state instead of the initial state of an
amplitude we move mode operator o, to the right hand side, yielding

D—-1 oo

({ Ny} k5[ Vo(ka) Vo(ks)|0, p) = <0 ksl T 11 , ’N (k:4)Vo(/~c3)]0,p>.
p=0 m=1 Ny mem

D-1 o k,# _|_le m)N m

1] 1} It (0 RalVok) Vol )10.9). (4.18)

It is worth to notice that the factors picked up by modes have different signs from (4.17) due
to the fact that opposite signs were assigned to positive and negative modes in a tachyon
vertex operator,

Wo = eXnet 5 Fan =00 5 kan (4.19)
so that
[ak et X(2) = k2™ (: et X(2) :) (4.20)

4.3 Calculation of residue Sy,

Having above preparation, we can calculate residue by summing over immediate Fock states
at given mass level M. In other words, at level M, we should have

su= [ d@{% (0, Fs Volka) {Npuan} ) ({Nwany, BV (ks) Vo (k) 0, Fx )

)
z4=2z3=1

(4.21)
where the summation is over modes{Nj,, } at fixed mass level N =3 (m x Ny, so

D, 7{?\5, 74:\1 are all fixed by M. Before giving the general discussion, let us see a few examples:

e Level N =0: at N =0, N, ,, must be all zero, so that equation (4.21) simply yields

S0 = / dza (0, ks Vo(ka)[0.5) (0, plVoks) Vo(ka)]0. )

zZa=z3=1

1 )
=1x / dzg 22 F1 (1 — zp)kek2 (4.22)
0

and we have an agreement with (4.13) at a = ¢ = 0.
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e Level N = 1: the N = 1 state can only arise from states having a single N, ,,, = 1
for u =0,...,D — 1, while powers of other modes remain zero

za=z3=1

S1= 3 [ dea (0Bl ko) N1, ) ¢ (N b1V ) Vaka)[0, o
o,V

1 .
— / dZQ(—k‘4) . (k32’3 =+ k‘QZQ) Zkz‘kl(l — Z2)k3-k2
0

(4.23)
z3=1
In addition to the usual tachyonic Koba-Nielson formula we obtain a factor
— (k4 - k3) z3 — (k4 - k2) 22|25=1. These two terms correspond to (a,c) = (0,1) and
(1,0) respectively.

e Level N = 2: the first non-trivial case happens at N = 2. As in the previous
mass level we receive an additional term to the tachyonic formula. For N, states
this factor is %lk4 . (kgzg —i—kgz%), while for states with NV, 1 = Ny,1 = 1 and
0 < pp < po < D —1 the factor is % kg - (k323 + kg;:g)]2 — % i [k} (kszs + ngg)“]2,
and for states with N,; = 2 we obtain [k} (kszs + ksz)]>. Adding all these
contribution gives

_71194 < (k323 + ko23) + % [k - (k323 + kozo))? (4.24)

_ (b k3>(k24 s 1)232, + (ks k2)(k24 K2 l)zg + (ka - k3)(ka - k2)z320
Explicit expansion into series shows again agreement with
<k4c'lk‘2 Fa ;ks (—)%t¢zg, with the first, second, third terms corresponding

to (a,c) = (0,2), (2,0) and (1, 1) respectively.

For general level N = Y">° . n N,, in addition to the all-tachyon formula we have®

S ]t G e
it N, ! nNn
partitions of N "~
into {N,,}
Ny,
Z H i N (ky - k)™ —-N n(Nn—Nf))(k i )N<2> nN®
N pNa 4R 2 4 kg) T
partitions of N " N{¥=0 Nnln
into {N,}

(4.25)

where in the second line above we expanded the numerator with respect to power of zs,

which we denote as N,SZ). Introducing the notation N7(l3) =N, — N,Sz), the combinatorial

9Note that at every step these factors are produced in the same pattern observed in the 4-point case, as
was discussed in appendix B, except with ks now replaced by ksz§ + koz3 .
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factor can be written as

N, 1 1 B 1

NG ) NaloRe = NN, = ND)inNe NP NG N
Now we notice that in equation (4.25), summing over partitions of fixed NN,, into NTSZ) and
Nr(ﬁ) first and then summing over partitions of N into {N,} secondly can be replaced by
summing over partitions of N directly into {NT(L2)} and {NT(L3)}, 0 (4.25) can be written as

E | I 1 NG N ND )
ku - k)N (Ky - ko) Vo g Ve n N
N£2)!N(3)!nN£2>nN7§3> (K - k2) (ka - k3) ; :

partitions into N,<L2),N7(13) n

(4.26)
Defining

K=Y NP, J=) NP a=) nNP c=> nND, (4.27)

sum in equation (4.26) can be divided into summations over partitions of {Nq?)} and {N,S?’)}
with fixed J, K, a, c at first, and then summing over J, K, and a,'° i.e., equation (4.26)
is equal to

S(c,J) S(a, K a e
> (C, ) (a, ) (kg - ka)” (ka - k3)™ 2525, (4.28)
a JK ’ ’
where Striling numbers of the first kind are given by
| |
Sa,K)= Y T Sen= Y (4.29)

2 (2) 7 3 (3) 7

partitions N7<L2 partitions Ny

Now we are almost done. Summing equation (4.28) over J and K yields

(k‘4(‘1]€2> <k4;k‘3> (_)a-‘rc Zth Zg. (4.30)

Inserting the result back into (4.21) we see that

Sut [ dza (0,5 Voll) N b ) ( (N} BIValOs) Vo) 0. )

=37 [z (0, el Vo10.5) (0. IV k) Vo0, )

ky - ko ky - k3 atc _a _c
X ( a ) ( B )(—) Z9 23
z4=z3=1

M ) . 1 N
N 0 [ G Iy e

a=0,a+c=M

z4=2z3=1

which is the form (4.13) we want to prove.
The other residue Ry can be derived from BCFW prescription following similar pro-

cedures.

"However note that ¢ should not be summed over here because the mass level (a +c¢) = > n(NTS2> +
N ) = N is understood as a fixed number at every pole.
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5 The general proof

Having done above two examples, we would like to have a general understanding. The
method we will use in this section will be a little different although it is easy to translate
languages between these two approaches.

5.1 String theory calculation

In open string theory, the ordered tree-level amplitude is given by

Ay = 9M2/<5(yA — Y06y — YB)S(Ye — y2)(ya — yB) (Y4 — yo) (Y — yc)

M M

V (ki V ks,
[T0wi1 —vi) [ ] dvs <0;0‘ (byn) Vb yM)‘o;o> (5.1)
i=2 j=1 gl YMm

Using three delta-function, we can take yps = 0,92 = 1,y1 = 00, so the amplitude can be

written as
Moo 1 Y3 YM—2
Aoy =" [ Mg [ e
0 0 0
V(ks, V(ky—1,yn—
<¢>1(k1) V(ka, 1) (kg ys)  Vkn—1,9m-1) ¢M(kM)> (5.2)
Y3 YM—-1
where we have used the definition of initial state and final state
. VA(kay) .
A k) = lim ——22|0; Akl =1 ; .
‘ 7k> yl_I)I(l) y ‘07 0>7 < 7k| ygIOlOyVA(kW) ‘070> (5 3)
Next we define y; = 2324 ...2; with i =3,..., M — 1, from which we can solve
2=y, m= D =4 M-—1 (5.4)
Yi—1
Now let us fix all y; except transform yy;_1 = zpr_1yar—2, then using
Valk,z) = 220V (k, 2z = 1)z~ Lo (5.5)
we get

1
/ dzar—1yn—oys? 2V (kar—1, D)y % [oar (kar))
0

1
=... [/ dZMlyff_}lZﬁ})__f] V(kar—1,1) [oa(kar))
0

where we have used the physical condition (Lo — 1) |¢ar) = 0. Now we change yyr—o =
ZM—2Yni—3, then we have

1 1
Viky_o,1) _ _ _
/0 dZM—zyM—:’,yffg(y];[[ Z )yMLog/O dZM—1yf/}Lglsz,12V(kM—1,1) |oar(kar))

1 1
= / dZM2yM3yf4°__22V(kM2,1)/ dzag 125072V (kar—1, 1) | s (kar))
0 0
1
_ _ 1
=... [ / dzMQyﬁ’_ngf_i] V(kar—2, 1) 7=V (ka1 D) [éas (k)
. _

where we have used fol dzzl0=2 = Lolil is the string propagator.
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Comparing expressions from last two steps, we see that we can iterate this procedure to

Ay = gM2 <¢1

Form (5.6) is the convenient one to compare with BCFW recursion relation, because lo-

1
Lo—1

Va(k2) Va(ks) ... Var—1(kar—1)

s o) 60)

cations of poles are clearly indicated by propagator ﬁ For example, for ﬁ between
vertex operators V; and Vi1, pole locations are given by

1

§(k1+...—|—ki)2+N—1:0, N=0,1,2,... (5.7)

Now let us consider the (1, M)-deformation given in (2.1) and use z;y to indicate the
solution obtained from equation (5.7) with k1 — k1 + zq. Because it has been proved that
boundary contribution is zero under the deformation at least for some kinematic region,
we have immediately

2
M-—2

i 2Ri.N (5.8)

AM:g 2
P N:O<k1+k2+"'+ki) +2(N—1)

where
Rin = (P n|¥inN)

(PiN| = <¢1(k1 + 2 Nq)| !

Va(ks) Lo—1

Va(ks) ...

Vi(k:)

Lo—1
Lo Var—1(kar—1)| dn(kar — Zi,NQ)> (5.9)

U, y) = o
| 'L’N> Lo—l

Viv1(kig1)

What we want to prove is that residue R; x can be obtained from summing over interme-
diate physical states prescribed by BCFW on-shell recursion relation.

5.2 The proof

Now we give our proof. First, we notice that both states (®; n|, |¥; y) are physical states,'!
thus in the frame work of DDF-state construction, both physical states can be written as
|sphy) + | f), where | f) is the DDF-state while |s,,) is physical spurious states. Using the
property of spurious state, we have

(i N Wi n) = (sbhn + fivlstin + 15 = (v ) (5.10)

Having established (5.10) we insert identity operator in the Fock space with given
momentum Pj y = ki + z; yq¢ + k2 + ... + k; and annihilated by (Lo — 1), so

IR = ST (il (Pow) ) (a( P 15 (5.11)
where set {|¢;(P; n))} can be any normalized orthogonal basis. In DDF-frame work, a
general state can be written as the linear combination of |k),|s),|f), i.e., a choice of the

"The proof can be found in a standard text, for example in Superstring Theory by Green, Schwarz and
Witten [16] (chapter 7, vol. 1.).
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basis is |k),|s),|f). Using the definition of states, we see immediately that (s|f) = 0 and
(k|f) =0, thus

LRy = D2 el (Pov) ) (P )

= > (shx + T Pn) ) (P Py + )
= 3 {@unlf (B ) (il P W) (5.12)
Using (5.10) and (5.12) we see immediately

Rinv = <¢’z‘,N\fJ(Pi,N)> (fi(Pyn) | Wi n) (5.13)

)

which is the prescription given by BCFW recursion relation. Thus we have given our proof.

5.3 Practical method for summing over physical states

Having shown that BCFW recursion relation gives the right string amplitude, we need to
explain how to sum over physical states. The difficulty of the sum is that the physical state
is hard to describe in general, i.e., we do not know how to write down polarization vector
for a given physical state. However, from the equivalent between (5.11) and (5.12) we see
that we can replace the sum over all physical states to the sum over whole Fock space with
given momentum and annihilated by (Lo —1). For the Fock space, there is a freedom with
the choice of basis and the one convenient for real calculation is oscillation basis defined in
(3.14). Thus the residue can be calculated by

RiN = Z <q)i,N|{Nu,n};ﬁ> T(Nun} <{Nu,n};ﬁ"1’i,N>

{Nyun}
T
= i ’

2 n nNp=N n=1 \/]W

[o¢]
| | (gNNn,lVNn,lglJNn,QVNn,Q o 'gNNn,NnVNn,Nn)
n=1

[e%e] VUNp,1 VNp,2 VNp,Nn
0. P H(a+n agta, )
7
i V/ Ny InNn

6 Scattering with higher spin particles

;. N> (5.14)

Having established the general method given in (5.14), let us consider scatterings when
higher spin particles are present. However, before doing this, let us recall some results
coming from scattering amplitudes of pure tachyons. By checking with (3.32) and (4.28),
we see that residues are given as series of Lorentz invariants k; - k; with coefficients given
by Stirling number of the first kind s(N,J) =) (N} | ) W Summing over powers
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of k; - kj reproduces the residue in combinatorial form observed in [6]. This relation is
established by writing generating function of Stirling number into two different forms

2 3
6X In(l-z) _ B_X (+5+5+.) —Xz -X Z % o

-X
(e G ( <_)2X<Z;>2+...>...

and

(1- 9% = 328D e e (X) ’ (62)

a=1 a

by matching power of z and setting X = ko - k3. In fact, it is straightforward to see that
residues in an arbitrary n-point pure tachyon scattering amplitude can be read off from
products of generating functions

€X23 ln(1—223)eX24 In(1—z24) o eXn—z,n—1 In(l—zp—2,n—-1) (6.3)

with X;; = k; - kj, zij = 2;/2;, and residues in tachyonic recursion relation can be found
through binomial expansion of

(1 — 223)X23 (1 — 224)X24 S (1 — Zn_27n_1)X"’2'"*1. (64)

Having recalled the experience from tachyon amplitude, now we discuss the scattering

amplitude of 3-tachyon and 1-vector, which is given by

A(1234) = / d: <0 Ky ’ (62-)'( : gike X (z2) ;) (: ihs-X (23) ) ‘0 k4>
0

(6.5)

z3=1

1
= / dZQ (*62 . kl(l - 22)k3'k2 251.]@_1 -+ €9 - ]{33 (1 — 22)k2’k3_1 251‘]@) (66)
0

where 2 means that the second particle is a vector. As in the case of pure tachyon scattering
we binomially expanding (1 — 29)*3'%2 in (6.5) and integrating over 2y, yielding

A(1234) = =) (—)%ex -k (kgc;kQ) (kg + k1)22+ 2(a—1)

N, g k- ko —1 2
F20 162%3( -1 ><kz+k1)2+2<a1>' o0

We are interested in relating residue in (6.7) with residue given by BCFW prescription

<o, ky

2+ X 5 X | [N 2) T,y (N} 21 5 €50 2 0,k )

zo=z3=1

(6.8)
It is straightforward to see at the first few levels, residues in (6.7) agree with those pre-
scribed by (6.8) table 1.
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’ ‘ intermediate state {Num}) Tin, 0} {Num}| ‘ contribution ~ €3 - k3 ‘

- 10) {01 absent
N=1 %1 0) 7y (O] % O e ko
a‘i 10) myu 0] %% ) (=) (ea - k3)
N =2 Z#1<#2H NG Oi[ |0) Mpy1 Mo (0] :lflo\‘lf (€2 - k3) (ks - ko)
ﬁ aTl o 10) (1,1) (0] % el 0‘710471

Table 1. Residues of 3-tachyon, 1-vector scattering for first three levels

Note that algebraically, the first term proportional to €3 - k1 in (6.7) was obtained
from moving an operator € - g in €s - X(ZQ) =e - (aq2d +- 4+ o) + alzgl +...) to
the left, acting upon final state |0, k1) in the standard process of normal ordering, which
simply reproduces the pure tachyon residue since rest of its kinematic dependence was
contributed from <0, k1 ‘: eth2 X (22) . . gihk3-X(23) :’ 0,k4>. It is therefore straightforward to
show that, following the same expansion as in the case of pure tachyon scattering, at
each mass level residue contributed from this term is connected to BCFW prescription by
generating function for Stirling number of the first kind. New structure however, is found
in the second term proportional to €3 - k3 in (6.7), which was produced by moving positive

mode operators a122_1 +a222_2 +...ine-X(22)=e¢- (04_125 4+ 4+ ozozg —|—a122_1 +...)

[T}

to the right and contracting with intermediate states. For example when we have a Fock
Vavr
—n a_ Oé_ 1
<0 kl 62 Zanzz e nkz Qnzy 4 TT
n=1
agtag? 1

Hn1 B2
state “—L—r ﬁ |0, p) as intermediate state, equation (6.8) reads
\[\/> \/> >77M1M277V1V2
1 n
O p - lkB'OZnZ?, 0 k4>
< NG |
Contribution proportional to € - k3 is produced by contracting an a, or a, in €3 - X (2z2)

(6.9)

zo=z3=1

with Fock state, yielding
(62 . kg) X q (Zg)q (]{33 . kg) (Zg)T I (kg . ]{52) <Zg)q (62 . kg) Xr <2’3,>T
q 22 r ) q Z2 r 22/ lzg=zg=1
(6.10)

Therefore generically residue (6.8) proportional to eg - k3 at level N = a is given by z* term
expansion coefficient of the derivative of generating function

(e2-k3)  d (hyhs)n(12)
(k2 kig)zdz (6.11)
((52 k3) ; d <6Xz _xZ _x2 )

ky - k3) dz

e ze 3 ...

Note that we may as well express the generating function (6.11) above as

4 In(1 — 2)] (k2 k3) In(1-2)

-k
(€2 3)Zdz

: (6.12)
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from which it is obvious that BCFW prescription yields the same residue as tachyonic
recursion relation of 1-vector 3-tachyon amplitude, since the tachyonic recursion relation
was derived from binomial expansion of standard worldsheet integral formula that takes
the same form as (6.12).

Explicit recursion relation. Here we present an explicit calculation of the term pro-
portional to €3 - k3 in eq. (6.7). By using eq. (6.8), the term proportional to ey - k3 with
mass level N can be calculated by gluing two 3-point functions

In= > <k1§0‘(§:€2‘an) Vo(kz)‘{Nm};P>7-{Nm}

{S mN,=N} n=1

({N}s P | Volks) [ k0 )

zo=1

For convenience, let us denote the two 3-point functions as

Ap = Ap(k1, k2, P) = <k1;0’ (iez ' an) Vo(k2) ‘ {Nm}%P> D (6.13)
n=1 2=
AR = AR(P, k3, ka) = <{Nm};P ‘ Vo(ks) ’ k4; 0 > et (6.14)

The term Apr was obtained in eq. (3.29) previously, while Ay can be calculated to be (we
ignore the momentum dependent part)

AL =;<0( (62'an) nglekzéf’” \/% ‘ > (6.15)

;<0‘<62-an) [e”ﬁl\ﬁ%] 71'[ ekQ“”WH (6.16)

m=1,m#n

In the presence of €3 - o, term, one notes that only term of order (N,, — 1) in the Tay-
lor expansion of exp[ — ko - ap/n } inside the square bracket will contribute. By using

[adn s @] = MmOyt , we get
Nm,
h:i F#WWM¢@WAI“)(_@ o
n=1 v nhn Ny! m=1,m#n V mNm Ni!
Combining Ar and Ay, and summing over all states with ) mN,;,, = N yields
N,
e2-k3 1r (—ka-ks)™"
Iy = > ()N 11 o T (6.18)
2R3 m m:
{N=3,, mNn} m=1
We can now use the definition of Stirling number of the first kind to get
N
s(N,J _ _
In=e-ks ). <N') (NTUN (kg - k3)? 7L (6.19)

J=1
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Finally the expression can be further reduced to

(6.20)

(ko k3 —1
IN:€2'k3(_)N1<2 ’ )

N -1

In the following, instead of the operator method adopted previously, we will use path-
integral approach [17] to calculate the generating function for the rank-two tensor, three
tachyons amplitude. As a warm up exercise, we first use this method to rederive eq. (6.12)
for the vector, three tachyons amplitude. We first note that the amplitude can be written as

1
A= /l_ldzZ < P XE) ey L 9X (z)etheX (38) gikaX (23) pikaX (2a) (6.21)
=1
4
_ /Hdzz < eiklX(Z1)eik2X(22)+i€2'BX(ZQ)eiksx(za)eik4x(z4) >|linear in e (622)
i=1
4
= /H dZZ exp |:— Z klukju < X#(ZZ)XU(ZJ') > — Z GQNk'jy < 8X#(ZI)XV(Z]‘) > |linear in e
i=1 1<j J#2
(6.23)
1
= / dz(1 — z)keks ghi-ke RN B . (6.24)
0 z 1—-=2

In the last equality, we have used the worldsheet SL(2, R) to set the positions of the four
vertex at 0,2,1 and oo, and the propagator < X*(z)X"(z;) >= —n*In(z — z;). Note
that the term proportional to €s - k1 has been considered previously for the calculation of
four tachyons amplitude. One can now see from eq. (6.23) that the generating function for
amplitude proportional to the term e - k3 is

G = exp{_k3'k2[_ In(1-2)]} eXp{feghkSZ%[i n(1-2)]} linear in e (6.25)

d
= (eg- kg)z%[ln(l — 2)] explks-k2lin(1=2)} (6.26)
which is the same with eq. (6.12). Therefore the derivative of generating function in

eq. (6.11) can be traced back to the derivative part 0X* of the vector vertex. We now
generalize the calculation to the higher spin cases. For example, for the spin two case

4

A= /l_Iclzz <P XGEDey L OXH(29)DXY (2g)eik2X (22) gikaX (28) gika X (z4) (6.27)
i=1

. <) )
_ /Hdzz < ezle(m)ezkzX(zz))-i-zez 0X (22)+iey ~[‘)X(22)ezng(Zs)elk4X(Z4) >|multilincar . 5(21),5;2)

i=1

(6.28)

1 1 2 3
= /1 dz(1 — z)h2hs haks Eg ok - Eg ks Eé by - 6(2 ks (6.29)
0 z 1—2 z 1—2z ’

where egﬁeg]) is to be identified with €3,,,,. Note that the terms proportional to k{'k} and

k{'kY have been considered previously for the calculation of four tachyons and one vector,
three tachyons amplitudes respectively. The only new term is the one proportional to /cg ks,
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which can be expressed as

- k2 : k3 -2 a—2 2 wyv
= —1 v . .
As Z < a—2 >( ) (k1 +k2)2+2(a— 1)62# ]{331433 (6.30)

The generating function for this term can be seen from eq. (6.28) as

Gy = expl—hakal- (-2} exp{fegﬁ.kg_z%{f ln(lfz)]} eXp{,Eg).kgz%[f ln(lfz)]} |

multilinear in eél),eéz)
(6.31)
d k3-kann1—» d k3 k2 mp1—,
= (egl) : k;g) z@[ln(l — z)]exp{ 72 In(1-2)1} (eél) 'k‘3) za[ln(l —2)] exp{ 72 In(1-2)1}
(6.32)
2 (ky ks —2
- Z ( 2a—32 )(_1)a262ﬁwk§k§lza' (6.33)

Eq. (6.32) contains product of two derivative terms which again can be traced back to
OXHOXV part of the spin two vertex. After setting z = 1 in eq. (6.33) above, one can
match with the correct result in eq. (6.30).

The calculation above can be generalized to arbitrary higher spin vertex. We thus
conclude that generically generating function for Stirling number of the first kind connects
BCFW precription with scalar-like recursion relation to arbitrary high spin level scatter-
ing, provided that the corresponding derivatives in its worldsheet integral expression are
included.

7 Conclusions

Starting from the familiar 4-point Veneziano formula we have demonstrated that the scalar-
like recursion relation observed by Cheung, O’Connell and Wecht in [6] and by Fotopoulos
in [7] can indeed be understood from BCFW on-shell recursion relation of string ampli-
tudes. We showed that explanation to the absence of higher-spin modes was very much
like a similar mechanism observed in BCFW on-shell recursion relation of gauge theory
amplitudes: while in gauge theory Ward identity guarantees that two unphysical degrees
of freedom necessary to make up for the completeness relation [13]

. - L.T T L
I = 6:6,} +e€, e + €,€, T €6y (7.1)

decouple, in bosonic string amplitude the No-Ghost Theorem does the same thing to de-
couple necessary unphysical degrees of freedom that make up for the whole Fock space
completeness relation, which makes the translation between covariant and scalar-behaved
on-shell relations of string amplitudes. The freedom to translate on-shell recursion relation
between Fock state and physical state is especially of practical interests since writing down
polarization tensors for generic physical high-spin modes can be quite complicated in string
theory context.

Although our method can be used to calculate string scattering amplitudes using the
on-shell recursion relation, it may be not the best way to do so. However, it could provide

— 24 —



another point of view to discuss some analytic properties of string theory along, for example,
the work of Benincasa and Cachazo [18], and the work of Fotopoulous and Tsulaia [9], based
on consistency using different BCFW-deformations to calculate amplitudes. It can also be
used to discuss possible loop amplitudes using unitarity cut method [14, 15].
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A Mathematical identity

Stirling Number of the first kind: the Stirling numbers of the first kind is defined
from the generation function

n

@n=a@-1)...(z—n+1)=> s(n k)" (A1)
k=0

where (z),, is the Pochhammer symbol for the falling factorial and when n = 0, (z)o = 1.
Using this, we can see that s(0,0) =1 but s(n,0) =0if n # 0.

The signed Stirling numbers of the first kind are defined such that the number of
permutations of n elements which contain exactly m permutation cycles is the nonnegative

number
|
|s(n,m)| = (=)""s(n,m) =n! Y ] N Y tNy=n, m=> N, (A2
There are other ways to see above identities. Considering following Taylor expansion

L=(1-2"=%" <X> (—)2" (A.3)

a=0

which can be expanded by following alternative way

exp[ X In(1 — z)] = exp

1

1, 1 1
(—X)<z+22+23+--~+z”+--~>]

2 3 n
o N
[s(NV, J)] J N
= (=X)" z
o N
_ Nz::wz::o S(]]\\[;!J) (—)N X7 N (A.4)

Comparing these two expansions we can refer (A.1) and (A.2).
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B Decoupling of Ghosts in string amplitude

The content in this section can be found in [16]. In bosonic string theory, physical states
are required to satisfy Virasoro constraints (Lo — 1) |¢) = 0 and L,,~0|¢) = 0. As we have
seen in section 3.2, the first of these two types of constraints was implemented as on-shell
condition (3.7) so that it is satisfied by intermediate states that appear in BCFW recursion
relation. In this appendix we prove that ghosts decouples from BCFW recursion relation.
As a consequence we are allowed to introduce freely the physical states, for which the
remaining Virasoro constraint L,,~¢ |¢) = 0 applies, or generic Fock states as intermediate
states in the recursion relation. For the purpose of argument needed in this proof we first
divide Fock space into three subspaces according to DDF construction.

B.1 DDF states
A standard DDF state is defined by acting a string of transverse A*  operators on tachyonic
vacuum

|f) = AT, AP AT (05 po) (B.1)

—n14t—ng

where DDF operator A% is prescribed as the Fourier zero mode of vector vertex operator
Vj(nko,7) = Xj(T)ei”X+(T),

. 1 [ .. .
Al =— [ X{r)e" Ddr, i=1,...,D-2, (B.2)
2w 0
and po = (pg,py,1h) = (1,—1,0). It is easy to show that Ly,~¢|f) = 0 since L,, com-
mutates with all A% while L,,~0|0;po) = 0. For Lo, using that Lo O;p%> =adpd =1
we get (Lo — 1) ]0;p9) = 0. The DDF states thus defined are positive definite, as can be

easily checked using the commutation relation [A?,, A%] = mdi;j0m+n- We shall denote in

the following a generic DDF state as |f). Note however, that in the standard construction
these DDF states are automatically on the N-mass-shell,

plf) = (po + koznz‘) 1f) (B.3)

so that (po + Nko)? = p3 + 2N = 2 + 2N, where we introduced ko = (kg kg, ki) =
(0,—1,0), and here N = > n;. In order to describe Fock states in DDF language, where
center-of-mass momentum k* and mode number N are considered independent, let us
define generalized off-shell DDF-like state, starting again from tachyonic vacuum but with
momentum q + N ko,

L) off —shell = Ai—lnlAiEng . 'Ai—”%m |05 + N ko) - (B.4)

Note that we shift ground state momentum by equal and opposite of the amount that is
going to be shifted by DDF operators so that subsequent operations produces an off-shell
state with arbitrary momentum ¢ and mode eigenvalue N = > . n;. In addition to DDF
operators we introduce operators K,,, defined as

Ko = ko apm = —af (B.5)
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and consider states constructed by operating a string of Virasoro generator L_, and K_,,
on DDF-like state |f) g_q,on carrying off-shell momentum ¢ in the following order

AL TA n m
A i} f) = L2 LY DY K KPS ) o ghen - (B.6)

The set of states [{\, u}, f) with > rA. + > sus+ > n; = N are linearly independent and
constitutes a basis that spans level-N subspace at fixed momentum ¢. In the following
discussions for convenience we drop the lower script that distinguishes DDF state |f) and
DDF-like state |f) g_qnens While it is understood that the center-of-mass momentum is
considered as a independent degree of freedom, on-shell or not, whenever a DDF basis is
referred to.

B.2 Decoupling of ghosts in string amplitude

States (B.6) can be divided into two types. The first type is with L_,, in front, so it is
spurious state |s). The second one is without L_,, and we denote it as |k). Thus any state
in the Fock space can be uniquely decomposed as

#) = |s) + |k) (B.7)

where |s) is the spurious state and |k) is the form in (B.6) without any L_, in front of
the expression. Since |s), |k) are linear independently, if |¢) is the eigenstate of Ly, so are
|s) , |k). This means that if

(Lo=1)|¢) =0, = (Lo—1)[s) = (Lo—1)[k) =0 (B.8)

Next we show that if the state |¢) is physical state, the decomposed states |s) and |k) are
also physical states.

Because |s) is spurious and physical when |¢) is physical, we have (s|s) = (s|k) = 0,
so (¢|¢p) = (k|k). We can decompose |k) = |f) + ‘E> where |f) is DDF state and |k) is the
form of (B.6) without string of L but at least one of K_,,. By the property of K_,,, it is
easy to shown that <E\%> = <E|f> = 0, so finally we have (¢|¢) = (k|k) = (f|f). This is
the familiar result known as the “No-ghost Theorem” for string amplitude, which can also
be characterized as the absence of negative norm among general physical state |¢).

In fact, there is a stronger statement. Using [Ly,, K| — nKy4+n and Ly~o |f) = 0, it
can show that if |k) is physical, then ‘E> = 0 in the expansion of |k) = |f) + ‘%> Thus we

see that the general physical state |¢) can be written

[9) = 1f) +s) (B.9)
where |f) is a DDF state and |s) is a spurious physical state. The appearance of spurious

physical state |s), i.e., the transformation |f) — |f) + |s) is the string-theoretic analog of
a gauge transformation.
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B.3 Decoupling of ghosts in BCFW on-shell recursion relation

In section 5 we saw that pole structure in a bosonic string amplitude is manifest when
expressed in algebraic form

Apr = (01| VoAV L ViAo Vi1 A o) (B.10)
Residue at the (i — 1)-th pole at mass level N is therefore given by the sum of products

> (dilkit2in @) VaAVs . Vi {Nwm b DY Nwm b, Bl Vit - AV [ou (k=203 0))
level-N
states
(B.11)
where the above sum is taken only over intermediate Fock states that happen to be on the
level- N mass-shell. Note that in BCFW recursion relation the mode eigenvalues {N, , }
and center-of-mass momentum p of intermediate states were originally considered as inde-
pendent. It is because { N} and p assume the values > Ny = N and 3p?(2)+N—1 =0
that a pole was created at z = z; N in the first place, so that at pole the mass-shell condition
is automatically satisfied.
Consider the state

|9r) = Vig1AVigo ... AVi_1 |dm) (B.12)

that appears on the right side of equation (B.11). Since we are only interested in its
product with on-shell states, let us operate on it a projection operator P;. For the purpose
of proving decoupling of ghosts, first we would like to show that

Ly>oP1|¢r) = 0, (B.13)

where we defined P as a projection operator which projects states to subspace with Ly = k.
Using [Lo, Ly,| = —mLy,, we find LoL,, Py |a) = (1—m) L, Py |), 80 Ly Py = Pi_p Ly, P1 =
Py, L,,, thus we need to prove

Pi_pLy|¢r) =0, m>0 (B.14)
Using Pi—m(—Lo —m+1) =0, we get
P (L, —Lo—m+1)|¢r) =0, m>0 (B.15)
Finally we arrive at the identity
(L — Lo —m+ 1) VNAVNi1 ... AVy—1 |é) =0, m >0 (B.16)

Note that a vertex V has conformal dimension one, therefore satisfies

[Lm, V (k, 2)]

d
m+1 m
<z e +mz > Vk,z). (B.17)
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Now using the (B.17) and set z = 1 (since we have 7 = 0 which is crucial) we have
(Ln — Lo, V] =mV, or (Lm—Lo—m+1)V =V (Ly — Lo +1) (B.18)

where d% has been canceled. Using Virasoro algebra it is straightforward to show that

1 1

Loy — Lo+ 1 —
( 0+)L0—1 Lo+m—1

(L — Lo —m +1) (B.19)

Thus (B.18) and (B.19) give

1 1

Ly, —Lo—m+1 _
(L = Lo=m+ )V g =V

(L — Lo —m +1) (B.20)

s0 (Ly, — Lo — m + 1) can be pushed step by step all the way to the right until it meets
|oar), and we obtain (L, — Lo+ 1) |¢ar) = 0 because |¢yy) is physical. From the argument
above we see that when on-shell, |¢ys) satisfies Virasoro constraints and is therefore a
physical state. It is straightforward to see that the same argument applies to state |¢r) =
ViAVi_1 ... AV |é1).

Proof: having done all the preparations we are now finally ready to derive our proof. We
note that in the algebraic expression (B.11) for residue at mass level N, the summation of
outer products of Fock states {Num}, D) Tin, .} {Num},p| over level-N subspace works
as a projection operator that maps |¢gr) and |¢r) into the level-N subspace, so that if we
decompose in this sector |¢r) and |¢r) according to DDF basis into |s) + ‘l;:> + |f), the
residue (B.11) reads

Z (DL Nwm s D) TN,y {Num}s DlOR) = <8L +kr + folsg + kr + fR>
level-N
states

= (fL|fr) - (B.21)

As argued in the decoupling of ghosts in amplitudes, spurious state |s) drop out from (B.21)

because both |¢r) and |¢;) are physical, and we remove subsequently |k) states since

<15u?;> - <1§:|f> —0.

Inserting complete states again, but this time in DDF basis, into the product (fr|fr),

FLlfr) = D (fulsi + ki + fi) (si + ki + fil fr)

1

= DAL il fR) = D2+ sl i) (filf + )
= Z (orlfi) (filor) (B.22)

and we see that spurious and ‘l;:> intermediate states drop out for the same reason, thus
summing over the whole intermediate Fock space is equivalent to summing over the physical
subspace.
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