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An n-by-n (n > 2) weighted shift matrix A is one of the form
0 a
0"
T an

an 0

where the g;'s, called the weights of A, are complex numbers. The purpose of this paper is to study the
numerical ranges of such matrices.

Recall that for any n-by-n complex matrix A, its numerical range W (A) is by definition the subset
{(Ax, x) : x € C", ||x|| = 1} of the plane, where (-, -} and || - || denote the standard inner product and
its associated norm in C". It is known that W (A) is a nonempty compact convex subset of C. For its
other properties, the reader may consult [7, Chapter 1] or [5].

The numerical ranges of certain weighted shift matrices are easier to determine. For example, if
any of the weights of an n-by-n weighted shift matrix A is zero, then its numerical range is a circular
disc centered at the origin. On the other hand, if all the weights of A have equal (nonzero) moduli,
then W(A) is a polygonal region with its boundary a regular n-gon. The main theorem below gives
necessary and sufficient conditions for the boundary of W (A) to have a line segment. More specifically,
it is shown that this is the case if and only if the weights are all nonzero and all its (n — 1)-by-(n — 1)
principal submatrices have identical numerical ranges (which are necessarily circular discs centered
at the origin). This is then used to give a characterization of such a matrix A of size 4 with line segments
on W (A) purely in terms of its weights, namely, for

0(11
0(12

A= ,
0(13

ay 0

the boundary of W(A) has a line segment if and only if |a1| = |a3| 7 0 and |ay| = |a4| # 0. Along
the way, we also prove various properties of the numerical ranges of such matrices.

In the literature, there are works on the numerical ranges and numerical radii of weighted shift
matrices and operators. For example, [12, Lemma 2] gives a method to compute the numerical radius of
a weighted shift matrix with at least one zero weight. The authors in Refs. [11,12,1] discuss properties
of the numerical ranges and numerical radii of weighted shifts on [> with periodic or geometric weights.

For an n-by-n matrix A, let AT denote its transpose, A* its adjoint and Re A its real part (A + A*) /2.

For1 <i; < --- < iy < n,letAli, ..., in] denote the (n — m)-by-(n — m) principal submatrix
of A obtained by deleting its rows and columns indexed by i1, . . ., ip,. The numerical radius w(A) and
generalized Crawford number wy(A) of A are, by definition, max {|z| : z € W(A)} and min {|z| : z €
dW (A)}, respectively. A diagonal matrix with diagonals ay, . . ., a is denoted by diag(ay, . . ., a,). Our

basic reference for properties of matrices is [6].

For any nonzero complex number z = x + iy (x and y real), arg z is the angle 6,0 < 6 < 2m,
from the positive x-axis to the vector (x, y). If z = 0, then arg z can be an arbitrary real number. In the
following, let B(0; 1) = {z € C : |z| < r} forr > 0 and w, = e**/" for n > 1. For any subset A of
C, A" denotes its convex hull.

The main result of this paper is the following.

Theorem 1. Let A be an n-by-n (n > 3) weighted shift matrix with weights aq, ..., a,. Then dW (A)
has a line segment if and only if the aj’s are nonzero and W(A[1]) = --- = W(A[n]). In this case,
W (A[j]) is the circular disc centered at the origin with radius wqy(A), the line segment lies on one of the
lines x cos 6 + y sin 6, = wo(A), where 6, = ((2k + 1) + Z}‘Zlarg a;)/n, 0 < k < n, and there are
exactly n line segments on dW (A).
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The necessity of this theorem is easier to establish. It follows from the next two results.

Lemma 2. LetAand B be n-by-n(n > 2)weighted shift matrices with weightsay, ..., apandbq, ..., by,
respectively.

(1) If, for some fixed k, 1 < k < n, bj = aryj (anyj = a;) for all j, then A is unitarily equivalent to B.
(2) If |aj| = |bj| for all j, then A is unitarily equivalent to e'VkB, where Y = 2k + Zle(arg aj—arg
bj))/nfor0 < k <n.

Proof

(1) If U is the n-by-n weighted shift matrix with weights 1, ..., 1, then U is unitary and AUk =
U™ kB. This proves the unitary equivalence of A and B.

(2) If U = diag(e'?", ..., e/®n), where ¢; = 0 and ¢;j = ¢j—1 + (arg bj_1—arg aj_1) + Yy for
2 <j < n, then U is unitary and AU = U(e'¥¥B). O

Using this lemma, we can deduce many properties of the numerical range of a weighted shift matrix.
These are gathered together in the following. Note that some of them have already been obtained in
[8], the Ph.D. dissertation of Issos on irreducible nonnegative matrices. For example, (1) below is a
special case of [8, Theorem 6] and (4) follows from [8, Theorem 7].

Proposition 3. Let A be an n-by-n (n > 3) weighted shift matrix with weights a4, ..., a,, and let
0 = (XL arga))/n.

(1) W(A) satisfies W(A) = w,W (A).

(2) W(A) is symmetric with respect to the lines y = x tan yy, where y, = (kmr/n) + 6 for0 < k < n.

(3) The following conditions are equivalent:

(a) aj = 0 for some j,
(b) Ais unitarily equivalent to el?A for all real 6, and
(c) W(A) is a circular disc centered at the origin.

(4) If aj # 0 for all j, then W (A) intersects dB(0; w(A)) (resp., dB(0; wo(A))) at exactly the n points
w(A)el (resp., wo(A)elPr), where o, = (2km /n) + O (resp., Bx = (2k — Vm/n) + ) for
0<k<n.

(5) w(A) < wp(A) sec(mr/n) and

. TN io n—1]"
B(0; wo(A)) € W(A) € wo(A) (sec ;) e {1, Ons e } .
(6) IfoW(A) hasalinesegmentL, thendist(0, L) = wq(A), L lies on one of the lines x cos fx+y sin By =
wq(A), where the By's are as in (4), and there are exactly n line segments on 0W (A).

Proof. (1) Letting B = A and k = 1 in Lemma 2 (2) yields the unitary equivalence of A and w,A. The
assertion W(A) = w,W(A) then follows. ' '

(2) By Lemma 2 (2), A is unitarily equivalent to e/®B (resp., e/PC), where B (resp., C) is the n-by-n
weighted shift matrix with weights |aq|, . . ., |a,| (resp., |ai], . .., |[an—1|, —|an|)and oy = 2k /n)+
0 (resp., fx = ((2k — 1)mr/n) 4+ 6) for 0 < k < n. Since the numerical ranges of the real matrices
B and C are symmetric with respect to the x-axis, the unitary equivalences above yield the symmetry
of W(A) with respect to the lines [ : y = xtanoy (resp., Ly : y = xtan ), 0 < k < n. Note that
for odd n, Iy and Lkt ((n+1)/2))(mod n) coincide while for even n, I and [(k4 (n/2))(mod n) (resp., Ly and
L(k+(n/2))(mod n)) coincide. Thus W (A) is symmetric with respect to the n distinct lines among them,
namely, the linesy = xtan y,, 0 < k < n.

(3)If (a) holds, then the v’s in Lemma 2 (2) can be arbitrary. Letting B = A in there, we obtain (b).
The implication (b) = (c) is trivial. To prove (c) = (a), note that 0, the center of the circular disc W (A),
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is an eigenvalue of A (cf. [10, Theorem 4.2]). Hence detA = (—1)""'ay, ..., a, = 0, which shows
that aj = 0 for some j.

(4) We first prove the assertion for w(A). As shown in (2) above, A is unitarily equivalent to e'**B
for 0 < k < n. Since B is a nonnegative matrix, w(B) belongs to W (B) (cf. [9, Proposition 3.3]). Hence
w(A) is in e "W (A) and thus w(A)e'* is in W(A) for 0 < k < n. If there are more than n points in
0W (A) N dB(0; w(A)), then Anderson’s theorem (cf.[13, Lemma 6] or [ 10, Theorem 4.12]) implies that
W (A) and B(0; w(A)) coincide. This would contradict the assertions in (3) since a; # 0 for all j. Hence
AW (A) N dB(0; w(A)) consists of exactly the n points w(A)e®, 0 < k < n. )

For the assertion on wg(A), as in (2) above, A is unitarily equivalent to efeC foro < k < n.
Let WO(C)e"‘3 (B real) be any point in dW(C) N dB(0; wp(C)). Then WO(A)ei(ﬁ"’ﬁk) is in dW(A) N
0B(0; wg(A)) for 0 < k < n. In particular, W(A) contains the regular n-polygonal region with these
points as vertices. From the convexity of W (A) and the minimality of wg (A), we infer that B(0; wg(A)) C
W (A). If there are more than n points in dW (A) N dB(0; wg(A)), then [3, Theorem 2.5 (b)] implies that
dW (A) contains at least one arc of dB(0; wg(A)). The n-symmetry of W(A) from (1) then yields that
either IW(A) = 0B(0; wo(A)) or dW(A) contains n arcs of dB(0; wo(A)). The former implies that
W(A) = B(0; wo(A)), which contradicts (3), while the latter would contradict [3, Theorem 2.5 (a)].
Thus dW(A) N 0B(0; wo(A)) consists of exactly n points. These points must be on the lines y =
xtan yy in (2) for otherwise by symmetry there will be at least 2n points in dW(A) N dB(0; wp(A))
contradicting what we have proved above. We conclude that the points in 9W (A) N dB(0; wy(A)) are
exactly wo(A)e'Pr, 0 < k < n.

(5) Since the points w(A)e', 0 < k < n, are in W(A) by (4), the regular n-polygonal region R
whose vertices are these points is contained in W (A). Hence

: 1 i ior T
wo(A) > dist(0, R) = W(A)5|€ O+ e =w(A) cos —.
n

This proves that w(A) < wg(A) sec(/n).

The containment B(0; wy(A)) € W (A) was already noted in the proof of (4). For the other direction,
note thatif u is any point of W (A) which s in a different half-plane, determined by the line L connecting
wo(A) sec(r/n)e'® and wy(A) sec(sr /n)e'®1, from the origin, then, by (2), its symmetric point v’ with
respect to the line connecting 0 and wo (A)e'? is also in W (A). Thus (u+ u")/2isin W (A), which would
contradict the fact that wo(A)e' is on the boundary of W (A). This shows that W(A) is contained in
the same half-plane of L as the origin. The n-symmetry of W (A) from (1) then yields that

W(A) C wo(A) (sec %) {eia" :0< k< n}A

= wo(A) (sec %) e’e{a)ﬁ :0<k< n}A.

(6) If L is a line segment on oW (A), then L intersects oW (A[j]) for every j, 1 < j < n (cf. [2,
Lemma 5]). Since W(A[j]) € W(A) and W(A[j]) is a circular disc centered at the origin, we obtain
dist(0, L) = wo(A[j]) < wg(A) for every j. But dist(0, L) > wg(A) is obviously true. This shows that
dist(0, L) = wo(A[1]) = - -+ = wo(A[n]) = wo(A). It follows from (4) that L must lie on one of the
lines x cos B + y sin B = wo(A), 0 < k < n. Together with (1), this implies that there are exactly n
line segments on oW (A). [J

The necessity of Theorem 1 then follows easily from Proposition 3 (3) and (6).

As a side result, the next proposition gives conditions for a weighted shift matrix to have a regular
polygonal region as its numerical range. The equivalence of some conditions below can also be derived
from [8, Theorem 13].

Proposition 4. Let A be a nonzero n-by-n (n > 3) weighted shift matrix with weights aq, . . ., a,. Then
the following conditions are equivalent:

(1) Ais normal,
(2) lar| = -+ = lanl,
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(3) Ais unitarily equivalent to diag(A, Awp, . . ., Ao~ 1), where A = (ay, . . ., an)'/",
(4) W(A) is a regular n-polygonal region with center at the origin and the distance from the center to
its vertices equal to |ay, . . . , an|'/",

(5) 0W(A) has a nondifferentiable point, and
(6) w(A) = wp(A) sec(m/n).

Proof. That (1) = (2), (3) = (4) and (4) = (5) are trivial. To prove (2) = (3), note that, under (2), A
is unitarily equivalent to |ay |eieB, where B is the n-by-n weighted shift matrix with weights 1, ..., 1
by Lemma 2 (2). It is easily seen that B is unitarily equivalent to diag(1, wy, ..., a),’}_l) and |aq |ei9 =
|aq | =128 D/M — (g, )" = A Hence (3) follows. For (5) = (1), if A is a nondifferentiable
pointof 9W (A), then so are kwﬁ, 0 < k < n,byProposition 3 (1). Since each of such points is a reducing

eigenvalue of A, we obtain that A is unitarily equivalent to diag(A, Awy, ..., Aw,’}_l). In particular, A
is normal, that is, (1) holds. Finally, if (4) holds, then (2) is true and hence

_ n _ o — T
w(A) = lai, ..., aq| " = |a1| = wo(A) sec =

that s, (6) holds. Conversely, if (6) is true, then Proposition 3 (5) says that W (A) € w(A)e'? {1, w,, . ..,
a)g_1 }\. But the vertices of this latter regular n-polygonal region, namely,w(A)eiew’,ﬁ, 0 <k < n,arein
W (A) by Proposition 3 (4). Hence we must have W(A) = w(A)e? {1, wn, . .., w,’}_l }. Hence 0W (A)
has nondifferentiable points, that is, (5) holds. O

We now proceed to prepare ourselves for the proof of the sufficiency of Theorem 1. This will be
done in a series of lemmas and propositions. We start with the following.

Lemma 5. Let A and B be the n-by-n (n > 2) weighted shift matrices with weights a4, . .., a,—1, 0 and
b1, ..., bn—1, O, respectively.

(1) If |aj| < |bj| for all j, then W (A) € W (B).
(2) Ifthe bj’s are nonzero, |a;| < |bj| for all j and |ax| < |bk| for some k, then W (A) ; W (B).
(3) Ifthe aj’s are nonzero, then W (A[n]) g W(A).

Proof. Inview of Lemma 2 (2), we may assume that the g;’s and b;’s are all nonnegative. Since W (A)
and W (B) are circular discs centered at the origin by Proposition 3 (3), the assertions in (1) and (2) are
equivalent to w(A) < w(B) and w(A) < w(B), respectively. These in turn follow from [9, Corollary
3.6]. To prove (3), let C = A[n] & [0]. Then W (A[n]) = W(C) g W(A) by (2). O

The next lemma is needed for the proof of Proposition 7.

Lemma 6. If A and B are n-by-n (n > 2) weighted shift matrices with weights ay, ..., a,—1, 0 and
an—1, - - ., 01, 0, respectively, then W(A) = W(B).

Proof. Since W(A) and W (B) are circular discs centered at the origin by Proposition 3 (3), we need only
check that w(A) = w(B). By Lemma 2 (2), we may assume that a; > 0 for allj. Letx = [x1, ..., xnl”
be a unit vector with nonnegative components such that w(A) = (Ax, x). Then

n—1
w(A) = D aXir1x; = (By, y) < w(B),
j=1
where y = [xy, . .., x1]7. Similarly, we have w(B) < w(A). Thus w(A) = w(B) as asserted. [

As indicated by the referee, the preceding lemma can also be proven by noting, under a; > 0 for all
Jj, that Re A and Re B are unitarily equivalent:
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J(Re A)=(Re B)], where ] = Uif]?,j:l is the n-by-n skew identity matrix with

1 ifitj=n+1,
Ji=

0 otherwise,

and hence w(A) = ||Re A|| = ||Re B|| = w(B).

Proposition 7. Let A be an n-by-n (n > 3) weighted shift matrix with weights ay, ..., a,. If |a1| =
-+« = |ap—3| and W (A) has a line segment, then |ay,—»| = |ay| # 0.

Proof. By Lemma 2 (2), we may assume that a; 2> 0 for all j. Since 9W (A) has a line segment, we even
have a; > 0 by Proposition 3 (3). Let Ay and A; be the (n — 1)-by-(n — 1) weighted shift matrices with

weights a4, ..., ay,—3,ay—2,0and ay, ..., a,—3, a,, O, respectively. Then A; = A[n] and W(Ay) =
W (A3), where A3 is the (n — 1)-by-(n — 1) weighted shift matrix with weights a,, a,_3, ..., a, 0,
by Lemma 6. Since a; = --- = ap—3, by Lemma 2 (1), A3 is unitarily equivalent to A[n — 1]. Thus

W (A3) = W(A[n—1]). Note that the existence of a line segment on dW (A) guarantees that W (A[n]) =
W(A[n — 1]) by the necessity part of Theorem 1. We conclude that W(A;) = W(Ay). Therefore,
p—y = ap by Lemma5 (2). O

From Proposition 7, we can derive the following for weighted shift matrices of size 3 or 4: (1) a
3-by-3 weighted shift matrix A with weights ay, ay, as is such that 9W (A) contains a line segment if and
only if |a1| = |az| = |as| # 0, and (2) if the 4-by-4 weighted shift matrix A with weights ay, a,, as, a4
is such that dW (A) contains a line segment, then |a1| = |as| # 0 and |ay| = |as| # 0. The necessity in
(1) and (2) is a consequence of Proposition 7 and Lemma 2 (1). The sufficiency in (1) has already been
proven in Proposition 4. Note that the condition in (2) is actually also sufficient, but its proof has to
wait until the proving of Theorem 1 (cf. Proposition 12).

The next proposition is the major step in proving the sufficiency of Theorem 1.

Proposition 8. Let A be an n-by-n (n > 3) weighted shift matrix with nonzero weights ay, . . ., a,, and
let = (w + X arg aj)/n.

(1) If WAl — 11) = W(A[T) = W(A[j + 1) = B(0; r) for some j, 1 < j < n (A[0] = A[n] and
A[n};— 1] = A[1]) and some r > 0, then r is either the largest or the second largest eigenvalue of Re
(e7"A).

(2) IFW(A[1]) = --- = W(A[n]) = B(0; r)(r > 0), then r = wq(A) is the largest eigenvalue of Re
(e~ A) with multiplicity at least two.

For the proof, we need the following lemma.

Lemma 9. Let A be an n-by-n (n > 5) weighted shift matrix with nonzero real weights aq, . . ., a,. For

Ai B;
1 < j < n—2,let B=ReA[n] be partitioned as { 1 with Aj, Bj, C; and D; of sizes j-by-j, j-by-

G D
(n—j—1),(n—j—1)-by-jand (n —j — 1)-by-(n — j — 1), respectively. If A is the maximum eigenvalue
of B,thenas, ..., a>_sA* = 4" * det(Myp—3 — Ap—3) det(Aln_3 — Dy).
Proof. Since the a;’s are nonzero, W (A[n]) properly contains W(A[j + 1, ...,n]) foranyj, 1 <j <

n — 2, by Lemma 5 (3). Hence X, being the radius of the circular disc W(A[n]), does not belong to
W(A[j + 1, ..., n]). In particular, A is not an eigenvalue of A; =Re A[j + 1, ..., n] and therefore
Alj — Ajis invertible for all j, 1T < j < n — 2. Similarly, the same is true for Al,_j_1 — D;. Thus

0 = det(Al,_1 — B)
= det(Mlj — Aj) det((Aly—j—1 — Dj) — (—=C))(Alj — A) ™ (—B)))
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1 zdet(Mj_l —Aj_1) 00

= det(Al; — Aj) det | (Al,—j—1 — Dj) — —a;
(M = Ay det | (n=1 = D) = 46 = et — A

1 zdet(Mj_1 —Aj_1)

= det(Al; — Aj)(det(Al,—i_1 — Dj) — —a:
Gy = Ay) ety = D)) = g0} — T —

det(Aln—j— — Dj+1)),
from which we obtain
L—a det(Al; — Aj) det(Al,—j_1 — Dj)
J det()\Ij_1 — Aj_1) det()»[n_j_z — Dj+1)

for 2 < j < n — 3. Taking the product of the ajZ's yields

(12 (12 )\‘2 _ 4n—4 det()xln73 — An,3) det(kln,3 — Dz) )LZ
23 det(Ll; — A;) det(Al; — Dy_)

= 4"* det(Al,_3 — An—3) det(Alp—3 — D5)
since A; and D,,_» are both the 1-by-1 zero matrix. [J
Proof of Proposition 8. (1) We may assume, by Lemma 2 (1), that W(A[n — 1]) = W(A[n]) =
W(A[1]) = B(0;r). Also, by Lemma 2 (2), A is unitarily equivalent to e?C, where C is the n-by-n
weighted shift matrix with weights |a1], ..., |ap—1|, —|an|. Then wo(A) = wp(C) is in oW (C) by
Proposition 3 (4) and W (A[j]) = W(C[j]) for allj. Thus wy(C) is the maximum eigenvalue of Re C and

r is the maximum eigenvalue of Re C[j] forj = 1, n — 1 and n. We now expand the determinant of
rl,—Re C by minors along its nth row to obtain

det(rl, — Re C)
1 n+1 1 2n—1
= £|an|(_1) dn — £|an—1|(_1) dpn—1 + rdet(rl,—1 — Re C[n])

1 1 _
= 5|an|(—1>”“dm - 5|an_1|(—1)2” Yy o1,

where (—1)”+fdnj denotes the cofactor of the (n, j)-entry of Re CinRe C,j = 1,n — 1. The expansion
of the determinant dy (resp., dn,,—1) along its first row (resp., its last row) yields

n—1 n
Gy — %ml,...,an_lw (_21) | det
(resp., dpn-1= FICIL cevs Up—20n| — %|an_1|det CZ) )
where
ro —lal/2
¢ = —la2l/2

—lan—21/2
—lan—21/2 r
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ro —lail/2
—lai]/2 r
resp., G = o/
—lan—3|/2
—lap—31/2 r
Hence
1 1 2
det(rl, —Re C) = 2—n|a1,..., an| — flan| det C; —|— |a1, R M Z|an,1| det G,
1 .
=2n—_1|a1,...,an|—2|an| detcl—zmn_nzdetcz. (i)
On the other hand, let
r —laj|/2
—lajl/2 r
b — | I/
—lan+j—sl/2
—lan4j—sl/2 r

forj = 1,2 and 3. Since det(rl,—; —Re C[n]) = 0, expanding this determinant along its first row (resp.,
its last row) yields rdet C; = (|ay |2/4) det D3 (resp., rdet C; = (|ap—2 |2/4) det D1). Similarly, from
det(rl,—_1—ReC[1]) = O(resp.,det(rl,—1 —ReC[n—1]) = 0),weobtainr det C; = (|a,—1 |2/4) det Dy
(resp., r det C; = (|ay|?/4) det D). Since r is the maximum eigenvalue of Re C[j] forj = 1,n — 1 and
n,we have det GG > Oforj = 1 and 2, and det D; > O forj = 1, 2 and 3. Thus (i) becomes

1 1 an—
det(rl, —Re C) = F|a1,...,an| _Z|a”|2| nal de tDz—flan 1|2| ”| det D,
—L|a an| — 1|a |2| n- 2|(d tp;)1/2 1 la 1' (det D3) '/
2n71 15 ---5Un 8r n—10n | | |an—]|
1 1 12
= 2,,7_1|01, N §|alan—zan—1an|(d6tD1 ~detD3) /=0

by Lemma 9. Hence det(rl,—Re (e_ieA)) = 0. Since r is the maximum eigenvalue of Re (e_ieA)[]],
this shows that it is either the largest or the second largest eigenvalue of Re (e_’eA).

(2) From our assumption and the proof of (1), we have det(rl,—; — Re C[j]) = det(rl, —ReC) =0
forallj,1 <j < n.Thusif p(z) = det(zl, — Re C), then p/(r) = }':1 det(rl,—1 — Re C[j]) = 0 (cf.
[6, p. 43, Problem 4]). This shows that the eigenvalue r of Re C has (algebraic) multiplicity at least two
or, equivalently, dim ker(rl,—Re C) > 2. Since B(0; r) = W(C[n]) € W(C), we have r < wq(C). If
r < wp(C), then we deduce from the facts that wg(C) is the maximum eigenvalue of Re C and dim
ker(rl,—Re C) > 2 that B(0; r) = W(C[n]) = W(C[n — 1, n]). This contradicts Lemma 5 (3) since
the g;’s are nonzero. Hence we must have r = wg(C) = wg(A), which is the largest eigenvalue of Re
(e~ A) with multiplicity at least two.

To prove the sufficiency of Theorem 1, we need the following condition for the line segment on the
boundary of a numerical range. It is from [4, Lemma 1.4]. [

Lemma 10. Let A be an n-by-n (n > 2) matrix. Then dW (A) has a line segment on the line x cos 9 +
ysinf = difand only if d is the maxlmum eigenvalue of Re ( "GA), which has unit eigenvectors x1 and
Xz such that Im (e —i Axy x1) #Im (e™ 19 Axy, X2).
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Lemma 11. Let A be an n-by-n (n > 2) weighted shift matrix with nonzero real weights ay, . . ., a. Then
0W(A) has a line segment on the line x = d if and only if d is the maximum eigenvalue of Re A with
multiplicity at least two.

Proof. In view of Lemma 10, we need only prove the sufficiency part. Since dim ker(dl,—Re A) > 2,
there are real vectors b = [0 b, ...b,]" and ¢ = [c; Oc3...cn]" in ker(dl,—Re A) with by, ¢ # 0.
Then we obtain a1by + azb, = 0, 2dby = apbs, 2dbj = aj_1bj—1 + ajbj11 for3 < j < n—1,and
apn—1bp—1 = 2dby (resp., 2dc; = ayCy, aicy + axc3 = 0, 2dc3 = azcq, 2dc; = aj_1¢j—1 + ajcjyq for
4 <j<n—1,and a,cq + ap—1cp—1 = 2dcy). Simple computations show that

anbncr = —arbycy = apbycs = (2dbz — azby)cs
= az(bscg — bscz) = azbscy — (2dcy — ascs)by

= ag(bscs — bscy)

= ap—1(bp—1¢n — bnCn—1).

Letting x; = (b + ic)/||b + ic|| and x = b/||b||, we have

1 n—1
Im(Axq, X1) = m (—(11sz1 + aybyc3 + 23 aj(bicj+1 — bjt1¢) + anan1>
]:
na1b2c1
= ——— # 0 =Im(Axy, x3).
||b+lC||2 # ( 2 2)

Our assertion follows from Lemma 10. O

We are now ready to prove the sufficiency part of Theorem 1.

Proof of Theorem 1. Assume that a; # 0 and W(A[j]) = B(0; r) forallj, 1 < j < n. By Lemma
2 (2), A is unitarily equivalent to eV C, where C is the n-by-n weighted shift matrix with weights
la1l, ..., lan—1], —lag| and ¥ = (7 + Z}‘Zl arg a;)/n. By Proposition 8 (2), r = wp(C) = wg(A) is
the largest eigenvalue of Re C with multiplicity at least two. Lemma 11 then implies that 0W(C) has
aline segmenton thelinex = r.Thus dW(A) hasaline segmentonx cos ¢ +ysinyy =r = wy(4). U

The next proposition characterizes those 4-by-4 weighted shift matrices A with dW (A) containing
a line segment in terms of the weights of A. It was worked out by Gau and the second author some
years ago.

Proposition 12. Let A be a 4-by-4 weighted shift matrix with weights ay, ..., asq. Then the following
conditions are equivalent:

(1) OW(A) has a line segment,
(2) la1| = las| # Oand |az| = [a4| # O,

o . 0 by 0 ¢ 2 )
(3) Ais unitarily equivalent to @ ,where b1by = —cycy # Oand |by]* + |b2|* =
2 0 C 0

lc11? + |c2|%, and

o ) 0 by | 0 b |
(4) Ais unitarily equivalent to ®Di with by, by # 0.
b, 0 b, 0
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In this case, W (A) is the convex hull of the two (orthogonal) ellipses E1 and E, (may degenerate to line
segmentsif |by| = |b,|) with E; having foci & (b1b2)'/? and minor axis of length ||by | — | b2 || and E; = iEj.
In particular, 9W (A) has four line segments.

Proof. (1) < (2). Since the characteristic polynomial of Re A[1] is
1
det(zl; — Re A[1]) = 2° — 1 (|a2|2 + |a3|2) z,

we have w(A[1]) = |Re A[1]]| = (laz|* + |a3|2)1/2/2. Similarly, we obtain values of w(A[j]) for
2 < j < 4. Thus the equivalence of (1 ( ) and (2) follows from Theorem 1 and Proposition 3 (3).
(2) = (3). Since det(zls — A) = z* — ayaya3aa, the eigenvalues of A are aj = (a1a2a3a4)1/ o), ,0 <
j < 4.Theirrespective eigenvectors can be computed to be (multiples of) x; =[1 «j/a; o /(a1a2) Qj /
(a1a3a3)]", 0 < j < 4. Note that
(o) = 1+ —— oyt + —— (og)? + (jor)’
s MK — K
! Jar P Jarap? !

for any j and k. From this, it is easy to verify that

layazas|?

(X1, X2) = (X1, X4) = (x3,X2) = (x3,%4) = 0.

Lety; = x; —x3 = [0 2ap/a; 0 2a¢>/(a102a3)]",y2 = X1 +x3 = [2 0 200%/(a1a3) O],
y3 = X3 —X4 = [0 2ig/a; O —2i(x03/(a1a2a3)]T andys =x2+x4 =1[20 —Zaoz/(amz) 0]", and
let M be the subspace of C# spanned by y; and y,. Since Ay; = Ax; — Ax3 = a1X1 — a3x3 and Ay, =
Axq +Ax3 = a1X1 +a3x3,and M is also spanned by x; and x3, we have AM C M. A simple computation
shows that A*y; = (azoo®/(a102a3))y2 andA*y, = (|aq]?/og)y1, where the assumptions that |a;| =
|az| and |ay| = |a4| are used. This shows that A*M C M. Thus M is a reducing subspace of A. Moreover,

it is easily seen that M~ is spanned by y3 and y4, and (y1,y2) = (y3,y4) = (Ayj, yj) = 0 for allj.

0b 0c
Therefore, A is unitarily equivalent to a matrix of the form [ ! :| &) |: ! } =B@®ConM@ M= .

b2 0 c 0
Since x1 and x3 are in M, o1 and a3 are eigenvalues of B. Hence
—bi1by = detB = a3 = aé/za)i = —oz(])/z.
1/2

A similar argument with C yields —cic; = a'”. It follows that b1b, = —cqc;.
To prove |by|> 4 |b2|®> = |c1]? + |c2|, note that simple computations give

by = <A Y2 0 > Nyl
Iyl Nyl Yy’
_ <A o oy > lly21l
Iyl Nyl Sy’
o = <A ya y3 > iy llysll
lyall ™ llysll ®lyall’
and

< ¥3  ya > lyall

) =(A—— o))
lysll™ llyal lysll’

and [ly1 | = [lys|l and [ly2]| = [ly4[l- Thus
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ly 117 IIszIZ)

Ib1]? + |ba|* = |cxo|2(

ly202 ° lly1lI2

lysh?  llyal? ) )
=|Olo|2( - = lal* + e

Iyal2 * llysll?

as asserted.

0 by 0 ) I .
(3) = (4). Note that b resp., is unitarily equivalent to
o 0

c 0
b1b2)'/? ||b1]| — |b c1e) 2 |ler| — e
(b1b2) [1b1] = 2] resp., (crc2) llerl = leall . From the assumption in (3), we have
0 (b)) 0 —(ae)'?
1/2 - 1/2 Ocr |, . . .
(b1by)'/* = =i(cic) /7 and ||by]| — |b2|| = ||lc1| — |c2||. Thus is unitarily equivalent to
(&)
| 0 b
i ,and (4) follows.
b, 0

0b
(4) = (1). Since W <{ , ! :|) is the elliptic disc with foci (b1 b3)'/? and minor axis of length
h 0

. 0 by .| 0 b . . .
[|b1| — |b2||, thatis, W =FE"and W (i = (iE1)", it is obvious that W (A)
b2 0 bz 0

contains four line segments. This also proves our assertion on W (A), completing the proof. [

For n > 4, we can use the same arguments as in the proof of (1) < (2) above to obtain conditions
in terms of the weights. They turn out to be too complicated to be useful.

In a forthcoming paper [14] by the first author, more specific information is obtained for the nu-
merical ranges of weighted shift matrices with periodic weights.

We conclude this paper by stating a theorem on the numerical ranges of matrices with an analogous
structure, namely, the nilpotent matrices of the form

0Oa; 0 --- 0 ay
0 a - 0
A= R (i)
. 0
0 ap—1
= O -
with weights aq, . . ., a,. Note that A and the weighted shift matrix with weights aq, . . ., a, (a, real)

have the same real parts, which explains why (almost) all results in this paper for the latter have their
analogs for the former. The only difference is that in the present case A is unitarily equivalent to w,_,A
and hence W (A) has the (n — 2)-symmetry property. The full details can be found in the first author’s
Ph.D. dissertation [15].

Theorem 13. Let A be ann-by-n(n > 3) matrix of the form (ii). Then 0W (A) has a line segment if and only
if the a;'s are nonzero and W (A[1]) = - - - = W(A[n]). In this case, W (A[j]) is the circular disc centered at
the origin with radius wq(A), the line segment lies on one of the lines x cos 6y + y sin 6, = wqg(A), where
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Ok = (2k + 1) —arg a, + Z]'?:_f arg aj)/(n — 2),0 < k < n — 2, and there are exactly n — 2 line
segments on dW (A).

The following is an easy corollary.

Corollary 14. Let A (resp., B) be the n-by-n (n > 3) weighted shift matrix (resp., nilpotent matrix of the
form (ii)) with weights aq, . . ., a,. Then

(1) w(A) = w(B),
(2) wo(A) = wo(B), and
(3) OW(A) has a line segment if and only if 9W (B) has.

A study of the matrix of the form (ii) with a; = - - - = a;, = 1 was made in [3, Proposition 3.2].
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