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An improved phase modulated technique has been implemented to increase the speed and accuracy of

optical parameters extraction for a uniaxial bulk media. In combination of the genetic algorithm, we

show that not only the complex refractive indices, the inclination and azimuth angles of optical axis can

also be extracted. Furthermore, by using a two-probe-beam configuration, the speed of convergence

can be improved by 5-times. Such a high speed and accurate method can be applied for the in-situ

measurement of dynamic materials.

& 2013 Elsevier Ltd. All rights reserved.
1. Introduction

In the early 1970th, the reflection/transmission coefficients of
the anisotropic stratified medium were well investigated [1–3].
The generalized ellipsometry (GE) was introduced to measure the
reflection coefficients for deducing the optical parameters (Ops)
of an anisotropic medium. Instead of using non-polarized light,
researchers [4–8] applied at least three different polarization
states to obtain the non-diagonal components of the reflection
matrix. In the phase modulated ellipsometry (PME), these polar-
ization states can be rapidly generated by the phase modulator;
and the modulated light after interacting with material can be
recorded for further analysis [9–15]. For obtaining more Ops of an
anisotropic medium, one can increase the number of polarization
states to extract the needed Ops. The Ops of an anisotropic
medium, such as the uniaxial crystal, in addition to the complex
refractive indices, one may have to find the inclination and
azimuth angles of the optical axis (OA) with respect to the sample
normal and the plane of incidence. The inclination and azimuth
angles of OA are usually treated as known in most experiments, in
this research, we will use a two-angle of incidence PME to
determine all of the Ops of the uniaxial crystal from the
acquired intensity waveforms. Because this two-angle of incidence
ll rights reserved.
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configuration has been performed simultaneously, the determina-
tion can be fast and accurate.

There are few numerical processes [16] that have been
introduced to retrieve the physical parameters in the multi-
parameters inverse problem. Holland [17] based on the mechan-
ism of natural evolution, known as the genetic algorithm (GA),
to find the global optimal solution in the complex multi-dimen-
sional search spaces. For the traditional derivative based algo-
rithms, it will be too complicated to compute a large number of
parameters from the measured quantities. Since the GA is a direct
random search technique by evaluating the fitness function
rather than derivation, it can be applied to continuous or discrete
problems for optimized solutions. In the process of GA, the
mutation operator can re-introduce new information into the
population to avoid being trapped in the local optimum. Besides,
the GA works with a population of points instead of single point,
therefore the optimal solution can be obtained in a relatively
short time. The GA has been applied in ellipsometry to determine
the refractive indices and thicknesses of multi-layered isotropic
media [16,18–21]. By using the inverse genetic algorithm (IGA),
Zaghloul et al. [22] proposed a numerical method to extract four
Ops of an isotropic thin film-substrate system from only one
measurement at single incident angle and wavelength. In addition
to this powerful extraction technique, the GA has also been used
to optimize the design of a complex instrumentation [23] for
searching the Ops. After analyzing the efficiency of convergence,
we will show that the two-angle of incidence configuration in
PME is the optimized configuration for uniaxial bulk medium.
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Since the Ops can be extracted from one cycle of the recorded
two intensity waveforms, which is 20 ms in this PME, one can
combine the two-angle of incidence PME and the GA to measure
the dynamically changing optical parameters of anisotropic
materials [24].
2. Theoretical background

The reflection geometry for a uniaxial crystal and the experi-
mental setup are shown in Fig. 1. In addition to the complex
refractive indices, we are interested in measuring the inclination
(yc) and the azimuth (ya) of the OA with respect to the sample
normal and plane of incidence. The PME consists of polarizer (P),
photoelastic modulator (PEM) and analyzer (A). The transmission
axes of P and A are set at �451 and 451, respectively. The phase of
the transmitted light is modulated by photoelastic modulator
(PEM) with Dp¼D0 sinot, where D0 and o are the amplitude and
angular frequency of modulation, respectively. The typical mod-
ulation frequency of PEM is 50 kHz, therefore, the combination of
P and PEM can generate various polarization states within 20 ms
for the measurement. For the simultaneous measurements at two
incident angles, the probe beam is split into two (Probe 1 and
Probe 2) by a beam splitter (BS) after the laser light passes
through P and PEM. One beam is directly incident on the sample
at an angle yi1; the other one is reflected from the BS and mirror
then incident on the sample at another angle yi2. The intensity
profiles of both probe beams are measured simultaneously and
recorded by the data acquisition (DAQ) system. The reflected
polarization state, Sfj, can be analyzed by the analyzer. The
polarization state can be expressed as

Sf j ¼MA ¼ 451MSMef f jMPEMSi j¼ 1, 2, ð1Þ

where the subscript j¼1, 2 denotes the two probe beams with the
incident angles yij; MPEM is the Jones matrix of PEM with
horizontal strain axis. Meff1 denotes the effective Jones matrix
of BS, and Meff2 is matrix of the product of BS and mirror.
Both matrices are composed of the ellipsometric parameters Ceffj

and Deffj, which can be measured directly by the modified
Fig. 1. Two-angle of incidence phase modulated ellipsometer. (a) Geometry of the

optical axis of the uniaxial material: optical axis (OA), inclination angle (yc),

azimuth angle (ya). (b) Schematic setup: light source (HeNe laser), polarizer (P),

photoelastic modulator (PEM), beam splitter (BS), mirror, two analyzers (A), two

photodetectors (D), personal computer (PC) and data acquisition (DAQ) system.

The Y–Z plane is the incident plane: incident angle (yi), sample (S).
three-intensity measurement technique [25]. MS and MA¼451 are
the Jones matrices of the sample and analyzer, respectively. The
temporal intensity of Sfj in Eq. (1) can be expressed as

Ijðn
,

,DpðtÞÞ ¼ I0j½A�Dcos 2Cef f j�ðBþFsin 2Cef f jsinDef f jÞcosDp

þðCþBsin 2Cef f jsinDef f jÞsinDp�, ð2Þ

where

A¼ rpp,jðrpp,jþrsp,jÞþrps,jðrps,jþrss,jÞþrsp,jðrpp,jþrsp,jÞþrss,jðrps,jþrss,jÞ

B¼ rpp,jðrps,jþrss,jÞþrps,jðrpp,jþrsp,jÞþrsp,jðrps,jþrss,jÞþrss,jðrpp,jþrsp,jÞ

C ¼ i½-rpp,jðrps,jþrss,jÞþrps,jðrpp,jþrsp,jÞ-rsp,jðrps,jþrss,jÞþrss,jðrpp,jþrsp,jÞ�

D¼ rpp,jðrpp,jþrsp,jÞ-rps,jðrps,jþrss,jÞþrsp,jðrpp,jþrsp,jÞ-rss,jðrps,jþrss,jÞ

F ¼ i½rpp,jðrps,jþrss,jÞ-rps,jðrpp,jþrsp,jÞþrsp,jðrps,jþrss,jÞ-rss,jðrpp,jþrsp,jÞ�;

ð3Þ

If the subscripts P and S are the polarized light parallel and
perpendicular to the incident plane, respectively, then rmn, (n,) is
the corresponding Fresnel reflection coefficients for noting its
polarization state. The six Ops (ne, ke, no, ko, yc, ya) are noted
as n,, which are implicitly contained in the Fresnel reflection
coefficients of a uniaxial bulk medium [26–29]. According to
Hodgkinson (BTF toolbox) [29], we implemented their program in
MATLAB to calculate the Fresnel reflection coefficients of the
uniaxial bulk medium. The measured reflected intensities are
related to the complex refractive indices and the orientation of
the OA of sample. Each parameter has its distinctive effect in the
temporal distribution of the reflected intensity profile. Since
the variation of reflected intensity is very insensitive to the
orientation of OA, we have to separate our fitting procedure into
two stages for determining all Ops. In the preliminary stage,
the complex refractive indices and normalization intensity (I0)
can be accurately determined because the variations of intensity
waveforms are dominated by the complex refractive indices.
For obtaining higher precision in yc and ya, one has to use the
predetermined values of complex refractive indices to extract the
values of orientation angles by further fitting in GA. Using this
waveform extraction technique, we can accurately determine
these six Ops by fitting the theoretical intensity profiles to the
measured values through GA.
3. Numerical procedure: Analysis and data deduction

In the numerical procedure, the goodness-of-fit can be eval-
uated by the reduced chi square (RCS) [30,31], which is defined as

RCS¼
1

N�M�1

X

yij

X

t

ðIðn,,DpðtÞÞcalc�Iðn,,DpðtÞÞexpÞ
2

dIðn,,DpðtÞÞ
2
exp,

ð4Þ

where yij is the incident angles (j¼1, 2). One can determine the
Ops by optimizing RCS, i.e., RCS �1. The standard deviation of the
measurement error dIðn,,DpðtÞÞexp can be determined by repeating
the measurements for 100 times [31]. The parameter N is the
number of data points, and M is the number of variables. Jellison
[30] stated that the fitting results can be a good representation of
the experimental data when RCS is approximate to one; while RCS
is much larger than one, the fitting results deviate significantly
from the experimental data; but if RCS is smaller than one, the
error may be overestimated.

The GA sub-functions in MATLAB have been adopted for fitting
the theoretical intensity to the measured values. Since the GA is
based on the mechanism of natural evolution, the Ops can be
labeled as genes in a single chromosome. Each chromosome
represents a possible solution of ne, ke, no, ko, yc, ya, and I0j (j¼1,
2), so there are eight genes (for rwo angles of incidence) in each



Fig. 2. Estimation for complex refractive index (yi¼701): (a) the normalized

reflected intensity profile; (b) the parametric equations of the dip depth

(H) versus the averaged extinction coefficient; and (c) the parametric equations

of the minimum intensity (Imin) versus the averaged refractive indices.

C.-I. Chuang et al. / Optics and Lasers in Engineering 51 (2013) 861–866 863
chromosome. According to the suggestion of Grefenstette [32], we
create 100 chromosomes in a random distribution within the
specified boundaries of each gene for its initial population. Using
Eq. (4), one can evaluate the chromosomes of the initially
generated population then select them into the mating pool
according to the rule of roulette wheel. The population of next
generation can therefore be generated by crossover and mutation.
Since Grefenstette also suggested the probability of crossover and
mutation to be 0.25 to 1 and 0 to 0.3, respectively, we choose the
probability of crossover and mutation to be 0.8 and 0.08. In this
GA data deduction method, the single point crossover and uni-
form mutation have been selected. To ensure the convergence of
this algorithm, the adopted elitist strategy is to compare the
performance of two adjacent generations, then preserve the best
two chromosomes for the next generation.

3.1. Estimation of complex refractive indices in waveform

The temporal waveform in this PME consists of a very distin-
guished characteristic for different complex refractive indices
(N¼n–i� k), which can be used to estimate the complex refractive
indices for narrowing down the searching region. First, we concen-
trate our analysis in the absorbing materials: As the incident angles
are at 65 and 701 (these two selected incident angles will be
explained later), we set few sets of Ops in Eq. (2) to analyze the
normalized intensity distributions, such as shown in Fig. 2(a).
The absorbing medium consists of an asymmetric dip in the
intensity distribution. The value of averaged extinction coefficient
k (k¼ 0:5ðkeþkoÞ) and difference Dk (Dk¼ ke�ko) can be estimated
from the height (H) of the dip. The parametric equations, such as Eq.
(5), can be obtained by numerical fitting, then it can be plotted in
Fig. 2(b). Therefore, not only the averaged extinction coefficient, the
values of ke and ko can also be estimated by solving the parametric
Eq. (5). Since the width (W) of the dip is very hard to estimate
because of the discrete property of the temporal phase, we only
utilize the height of the dip to estimate the extinction coefficients.

H70 ¼ p0þp1kþp2k
2
, H65 ¼ p0

0

þp1
0

kþp2
0

k
2

p0 ¼�0:002þ0:003Dk, p0
0

¼ �0:006þ0:005Dk

p1 ¼ 0:015�0:021Dk, p1
0

¼ 0:036�0:042Dk

p2 ¼ 0:006þ0:005Dk p2
0

¼ 0:003þ0:013Dk ð5Þ

By analyzing the real part of the complex refractive index (n),
one can estimate its values from the minimum value of normal-
ized intensity (Imin). In this study, we found that the value of Imin

is linearly proportional to the averaged refractive index n

(n¼ 0:5ðneþnoÞ), as shown in Fig. 2(c). The parametric equations
can be written as Imin ¼ q0þq1n, and the coefficients are linearly
proportional to the difference of the refractive indices Dn

(Dn¼ ne�no). Since this primary estimation is just for providing
the initial values in the GA, we only find the parametric equations
of Imin versus the refractive indices by assuming k¼0. Under this
concept, the parametric equations are evaluated at the incident
angels of 65 and 701, as Eq. (6). For other extinction coefficients,
Eq. (6) can be re-formulated. In the analysis, we also found the
orientation of OA has very little effect in temporal waveform.

I70min ¼ q0þq1n, I65min ¼ q0
0

þq1
0

n

q0 ¼�0:046þ0:031Dn, q0
0

¼ �0:056þ0:041Dn

q1 ¼ 0:043�0:022Dn, q1
0

¼ 0:060�0:034Dn,

ð6Þ

3.2. Selection of incident angles

For the optimal design in ellipsometry, we have to analyze
the variation of its reflected intensity. In analyzing the derivatives
of the reflected intensity profiles with respect to each Op, we realize
that the reflected intensity profiles are more sensitive with respect
to the variation of each Op at large incident angle. For under-
standing the efficiency of convergence under different incident
angle configurations, population size and mutation rate, we simu-
late the reflected intensity for a quartz crystal whose OA is
orientated at (yc, ya)¼(901, 901), then retrieve the Ops by the
waveform extraction technique at various conditions. In the analy-
sis, we set the searching range of yc and ya to be from 0 to 1801; the
population size to be 100; and mutation rate to be 0.08. First, we
simulate the performance under only one incident angle, for
example, 701. After repeating 100 times of fitting, we obtained
44% unexpected value of yc at 53.29270.0041, which is the local
minimum. A similar phenomenon also occurs in determining ya.
But, we found that one can still extract the Ops as long as one gives
large enough population size (43000 in this PME) and mutation
rate (40.5), which is a time consuming process. Therefore, we
study the trapping with respect to the values of population size and
mutation rate under different combinations of incident angles. In
analyzing the probability of local minimum (PL), within the reason-
able population size (100 to 500) and mutation rate (0.08 to 0.3),
there is no remarkable improvement in the convergences of



Fig. 3. Probability of local minimum (PL) of yc and ya at different combinations of incident angles under various GA parameters: (a) single incident angle 701;

(b) two incident angles: 65 and 701; and (c) three incident angles: 60, 65 and 701. Asterisks are the zeros.

Fig. 4. Convergence of the genetic algorithm for different pair of incident angles:

The unbiased estimator (MSE) is plotted against the number of generations in

genetic algorithm.
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determining yc and ya by using three incident angles, such as shown
in Fig. 3. The computational effort, product of population size and
number of generation to convergence [22], can also be useful for
estimating the efficiency of convergence. The computational efforts
in this waveform extraction technique for the configuration of one-,
two- and three-angle of incidence are 53,000, 11,000, and 9300,
respectively. From all these considerations and the complexity of
the experimental setup, we choose the two-angle of incidence for
measuring the Ops of the uniaxial bulk medium.

For further selection of incident angles, we shall analyze the
efficiency of convergence for different pairs of incident angles. In this
analysis, we use the unbiased estimator (mean squared error, MSE)
to evaluate the efficiency of convergence by simulation. By perform-
ing 50 generations through a selection–crossover–mutation–elitism
loop of GA iterations for three pairs of incident angles, we plot the
MSE versus the number of generations in Fig. 4. It is clear to us that
65 and 701 is the best pair for measuring the Ops in PME.
4. Experiments

The schematic setup of the two-angle of incidence PME is
shown in Fig. 1(b). The probe beam was a HeNe laser (05LHP171,
Melles Griot) at 632.8 nm. The P and A (03FPG015, Melles Griot)
were set at �451 and 451 with respect to the incident plane. The
polarization state generator consisted of a P and PEM (PEM 90/
CF50, Hinds Instruments). As in Ref. [10], we set the modulation
amplitude of the PEM to be p, and the azimuth of the strain axis
to be 01. The initial phase of the PEM was calibrated according to
Ref. [33]. The intensity of light was measured by the photodetec-
tors (PDA36A, Thorlabs) through the data acquisition system (PCI
6115, National Instruments). Since the modulation frequency of
PEM is around 50 kHz and the sampling rate of DAQ card is
10 MS/s per channel, one can acquire 200 data for each cycle
(�20 ms), and therefore, 400 data under 2 incident angles.

Since our job is mainly for probing the photoinduced process of
the photopolymer [34], the material under the probing wavelength
should exhibit no absorption to interfere the photoinduced process.
Three uniaxial media were chosen for verifying the ability of this
technique; these media exhibit different anisotropy (Dn) and were
cut with different inclination angles: quartz (Dn¼0.009, surface
flatness¼l/4); YVO4 (CASIX, Dn¼0.22, surface flatness¼2l) crystals
and a c-cut LiNbO3 plate (Dn¼�0.084, thickness¼1 mm, surface
flatness¼l/4). Their inclination angles yc were specified as 901, 1351
and 01, respectively. For suppressing the multiple reflections of the
LiNbO3 plate, we taped the Scotch tape (a translucent adhesive tape)
on the back surface of the measurement spot [35]. To examine the
application of this PME for a general orientation, we set the
azimuthal angle ya of quartz and YVO4 crystals at (1) 9070.011
and (2) 070.011, which have been carefully aligned through
analytical measurement [25]. Since it is very difficult to align the
azimuthal angle when the inclination angle is close to 01, the LiNbO3

plate has been measured for two complementary azimuth angles by
rotating 901 around the sample normal.

The BS and mirror were used to generate two probe beams for
simultaneous measurements at two incident angles. However, since
both the optical components will alter the polarization states of the
incident light, the effective ellipsometric parameters Ceff1,2 and Deff1,2

have been calibrated by the modified three-intensity technique [25].
For understanding the linear dichroism of medium, we simu-

lated the reflected intensity profile from an optical flat LiNbO3

for the probing wavelength to be at 236.2 nm, where one can
examine the anisotropy of its refractive indices and extinction
coefficients (according to Ref. [36] Ne¼2.98–1.0i, No¼3.22–1.6i).
Under the incident angles of 65 and 701, the reflected intensity
profiles were simulated at the following four specific OA orienta-
tions: (1) (yc, ya)¼(901, 901); (2) (yc, ya)¼(901, 01); (3) yc¼01; and
(4) (yc, ya)¼(51, 01), where one can analyze the limitation of this
technique for measuring the OA orientations.
5. Results and discussion

For the chosen two incident angles, we have calibrated the
effective ellipsometric parameters of these two beams. The measured
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effective ellipsometric parameters (Ceff1,2, Deff1,2) for the two probe
beams are (44.991, 11.291) and (43.131, 56.861), respectively.
After this calibration, we simultaneously measured the crystals at
two incident angles to obtain a set of data for optical parameter
deduction. The values of the complex refractive indices can be
estimated by the parametric functions in Eqs. (5) and (6) for reducing
the GA searching ranges. The measured dip height was around 10–5
for these three crystals, so the anisotropic absorption is too low to be
resolved in this technique (ke and ko are reduced to one parameter,
k). By assuming a flat interface between the ambient and the bulk
material [37,38], the pseudo-refractive indices and the orientation
angles can be obtained after two fitting stages, then we list the
results in Table 1. The main task of this work is to calibrate this
technique, two probe beams, so the system errors are compared with
the known values, such as the Ops of quartz crystal and YVO4, both
of which have been studied [39] by other method. According to the
rule of thumb [40] in statistics, we obtain random errors by 50
fittings of GA. The intensity profiles measured within 20 ms and
the calculated ones are compared in Fig. 5, where only 1/5 of the
measured data are displayed for a clear vision. Furthermore, the
Table 1
Optical parameters of Quartz, YVO4 and LiNbO3 crystals: determined from the measur

Quartz ne no k

1 1.55370.001 1.54470.002 0.0001

2 1.55370.003 1.54370.002 0.0001

Referred value a 1.552 1.543 –

YVO4

1 2.21570.003 1.99470.003 0.0027
2 2.21670.003 1.99370.003 0.0002

Referred value a 2.216 1.996 –

LiNbO3

1 2.20170.002 2.28570.001 0.0010

2 2.20170.003 2.28370.001 0.0012

Referred value a 2.202 2.286 –

a Ref. [42].

Fig. 5. Measured reflected intensity profiles at incident angles of 651 (J) and 701 (K): (a

calculated values (�). Only 1/5 data points in each cycle are displayed for case 1.

Table 2
Optical parameters of LiNbO3 crystal: determined from the simulated waveform.a

LiNbO3

(yc, ya)

ne ke no

1 (901, 901) 2.975270.0001 1.002870.0003 3.21507
2 (901, 01) 2.980370.0002 1.000070.0002 3.2207
3 (01, N/A) 2.98370.001 1.001970.0001 3.22487
4 (51, 01) 2.98270.003 1.001570.0003 3.22007
Referred value b 2.98 1.0 3.22

a The results were obtained by repeating the fitting process for 50 times.
b Ref. [36].
surface roughness is also analyzed and modeled using the Brugge-
man effective medium approximation [41], consisting of 50% void
and 50% material. In this analysis, the thickness of the overlayer for
these three materials is obtained as less than 1 nm. The resultant Ops
of the materials deviate less than 0.1% from the refractive indices and
less than 1% from the orientation angles in Table 1. Therefore, the
overlayer can be neglected here under l¼632.8 nm. The refractive
indices determined by this system for these selected samples are
comparable to the known values [42]. Although the quartz crystal
does exhibit optical activity, its influence on the refractive index
ellipsoid is too small to be detected (according to Ref. [43], the radius
distortion is from72.7�10�8 to72.4�10�5, depending on the
angle between the direction of propagating light and OA). It is clear
that one can determine the orientation angles of YVO4 with higher
precisions than that of quartz crystal, which is due to the larger
difference between ne and no. The inclination angle yc of YVO4

specified as by the vendor (CASIX) is 1351. According to the
measurement of this PME, yc is 136.00670.0041, which is compar-
able to our previous measurements [39]. For LiNbO3, yc measured by
this technique is approximately 1781 instead of the specified value as
ed waveforms of the two angles of incidence PME.

yc ya RCS

70.0001 90.0170.011 89.99770.021 1.05

70.0001 89.870.11 0.0470.021 1.49

– –

0.004 136.00670.0041 89.99270.0061 1.39

70.0002 135.97470.0021 0.05670.0041 1.26

– –

70.0004 178.470.11 – 1.51

70.0002 178.170.11 – 1.62

– –

) quartz, (b) YVO4 and (c) LiNbO3. All these measured value are compared with the

ko yc ya

0.0001 1.595770.0001 89.9870.011 90.0370.011

0.003 1.60070.002 90.0870.041 0.0170.011

0.0002 1.602270.0001 178.8570.021 –

0.0002 1.601170.0002 5.3270.031 0.6170.061

1.6 – –
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0/1801. This means we cannot determine the orientation of OA of a
uniaxial medium when its OA is perpendicular to the sample surface.

For verifying the validity of this technique, we perform a
computational experiment (the specific condition are stated in
the experiment) by simulating the reflected waveform of LiNbO3

then extract its Ops from the simulated waveforms while its OA
are at four different orientations. The determined Ops listed in
Table 2 show that the complex refractive indices can be accu-
rately determined at any orientation of OA, but yc and ya can
be determined only when the OA is inclined more than 51
off-normal, which is the limitation of this technique.
6. Conclusions

In this research, we have established a rapid and accurate
method to measure the Ops of uniaxial crystals by using two
probe beams, simultaneously. Through the numerical analysis, we
not only suggest the appropriate incident angle pair to measure
the complex refractive indices and OA directions, we also provide
the appropriate initial boundaries for reducing the computation
time in GA. Although, we did not measure any absorbing material,
the anisotropic complex refractive indices and orientation of its
OA have been examined through the computational experiment
of LiNbO3 at 236.2 nm. The analysis indicates that this two-angle
of incidence PME can measure the complex refractive indices of a
uniaxial crystal when its OA is oriented in any direction, but can
determine its direction only when the OA is orientated more than
51 off-normal. In combination of the two-angle of incidence PME
and the GA, one can extract the Ops from the intensity waveforms
recorded within 20 ms, therefore, this technique can be applied for
the dynamic in-situ measurement of the anisotropic medium.
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