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Novel features of the transport coefficients in Lifshitz black branes
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We study the transport coefficients, including the conductivities and shear viscosity of the non-
relativistic field theory dual to the Lifshitz black brane with multiple U(1) gauge fields by virtue of the
gauge/gravity duality. Focusing on the case of double U(1) gauge fields, we systematically investigate
the electric, thermal, and thermoelectric conductivities for the dual nonrelativistic field theory. In the
large frequency regime, we find a nontrivial power law behavior in the electric alternating current
conductivity when the dynamical critical exponent z > 1 in (2 + 1)-dimensional field theory. The
relations between this novel feature and the ‘“‘symmetric hopping model” in condensed matter physics
are discussed. In addition, we also show that the Kovtun-Starinets-Son bound for the shear viscosity
to the entropy density is not violated by the additional U(1) gauge fields and dilaton in the Lifshitz

black brane.
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I. INTRODUCTION

The holographic principle [1,2], especially with its
first realization in string theory (the AdS/CFT correspon-
dence), offers us very intriguing and powerful tools to
deal with the strongly coupled quantum systems from the
dual viewpoint [3-5]. The more general framework of the
correspondence, which is called the gauge/gravity duality,
has been extensively applied to the study of QCD, quark
gluon plasma, hydrodynamics, etc.; for an incomplete list,
see Refs. [6-28]. In the framework of the gauge/gravity
duality, the features of strongly coupled quantum field
theory on the conformally flat boundary can be fully
captured by its dual weakly coupled classical gravita-
tional or string theory in the curved bulk spacetime.
Even though the gauge/gravity duality is widely believed
to be held for arbitrary spacetime backgrounds, so far,
there are only a few explicit examples, in which the best
known one is that the strongly coupled N = 4 super-
symmetric Yang-Mills theory in four-dimensional flat
spacetime is equivalent to the classical (weakly coupled)
limit of the type IIB superstring theory (supergravity) in
AdSs X §° spacetime. For most other cases, one still
requires the bulk to be asymptotically anti-de Sitter
(AdS) spacetime, whereas the boundary field theory is
conformally invariant and relativistic. However, besides
numerous strongly coupled systems in high-energy phys-
ics described by the relativistic quantum field theory,
there also exist large classes of strongly coupled
phenomena described by the nonrelativistic field theory
in various condensed matter systems, especially near
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the (quantum) critical points. Therefore, it is very
interesting and important to extend the gauge/gravity
duality into a nonrelativistic version in order to under-
stand the strongly coupled phenomena in the laboratory
condition.

Much progress has been made toward this direction in
the past few years. One class of work focused on the
study of field theories with the Schrodinger symmetry,
motivated by the study of fermions at unitarity; see
Refs. [29,30]. Another class of work tried to utilize the
dual gravitational theories to study the condensed matter
systems near quantum phase transitions that contain the
Lifshitz fixed points [31-41], such as the strongly corre-
lated electron systems. The particular property of the
Lifshitz symmetry is that it consists of the anisotropic
scaling

x— Ax and 11— A%, (D)
where z is called the dynamical critical exponent. When
z = 1, the above transformation is the usual relativistic
scaling. From the perspective of the gauge/gravity dual-
ity, the essential point is to construct bulk gravitational
solutions by adding some appropriate sources to realize
the boundary nonrelativistic quantum field theories with
the Lifshitz symmetry. The first attempt was done in
Ref. [31], in which a four-dimensional asymptotic
Lifshitz spacetime at zero temperature was obtained in
the AdS Einstein gravity together with one- and two-
form gauge fields. The bulk solution can be viewed as a
toy model to provide us with some useful descriptions
for certain magnetic materials and liquid crystals.
Subsequently, many asymptotic Lifshitz black hole so-
lutions have been found and analyzed; see, for example,
Refs. [33,36,42-47]. With the help of these solutions,
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important properties of the dual strongly coupled non-
relativisitc quantum field theories—such as the transport
coefficients, n-point correlation functions, renormalized
stress tensor, and higher-order corrections [48—51]—can
be studied by performing the calculations on the side of
the Lifshitz black holes/branes.

The asymptotic Lifshitz solutions can be obtained
from different types of theories; the one that received
much attention is the Einstein-Maxwell-dilaton (EMD)
theory, which can be used to model the dual nonrelativ-
istic quantum field theories at finite charge density.
Recently, a class of analytic Lifshitz black hole/brane
solutions has been solved in the EMD theory by adding
multiple independent U(1) gauge fields [52]. These
kinds of charged Lifshitz black hole configurations can
provide potential interesting applications to condensed
matter systems such as fluids, non-Fermi liquids, and
conductors that contain the Lifshitz fixed points. Some
holographic aspects in these spacetime backgrounds
have been brought out, such as the instabilities of dual
superfluid by adding a probe charged scalar field in the
bulk [53].l For other related works, see, for example,
Refs. [55-57].

The purpose of this paper is to use these charged
Lifshitz black branes [52] to further study certain inter-
esting phenomena of the dual strongly coupled nonrela-
tivistic quantum field theory with the Lifshitz fixed
points on the boundary. Based on the dictionary of the
gauge/gravity duality, we know that the multiple U(1)
gauge fields in the bulk will source multiple electric
currents in the boundary field theory. As a theoretical
model, there are no constraints on the number of inde-
pendent electric currents even though their physical
interpretations are not yet very clear. What we focus
on in this paper is to investigate the transport coefficients
of the dual nonrelativistic field theory, which includes
the electric conductivity o, the thermal conductivity &,
the thermoelectric conductivity a, and the shear viscos-
ity n. To reach this goal, we consider the linearized
gravitational and gauge field perturbations (the scalar
channel and the shear channel) in the bulk EMD theory.
In particular, the bulk Lifshitz black hole can be viewed
as the nonrelativistic counterpart of the Reissner-
Nordstrom-AdS black hole when N = 2. Focusing on
this case, we calculate the conductivities of the dual
nonrelativistic field theories numerically, which are ex-
pected to capture the universal behavior of a class of
conductors near the Lifshitz fixed points. Speicifically,
after deriving the renormalized second-order on-shell
effective action, we work out the numerical results of
conductivities, including the electric, thermoelectric, and

'A generalization of theses solutions with an additional hyper-
scaling violation factor was obtained in Ref. [54], in which their
dual nonrelativistic field theories were briefly analyzed as well.
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thermal conductivities. In particular, we work in d = 3
and d =4 (d is the dimension of the boundary field
theory) for 1 =z=72. We find some new frequency
dependent power law features of the ac conductivities
in the large frequency regime for 1 <z = 2. The pos-
sible relations between these novel features and the
symmetric hopping model in condensed matter physics
are discussed in the context. In addition, another inter-
esting problem is to see whether these additional bulk
U(1) gauge fields and the dilaton will affect the famous
KSS bound derived in the Einstein gravity [10,11]. By
solving the equation of motion of the transverse graviton
at the low-frequency limit and applying the linear re-
sponse theory, we show that this bound is not violated,
although the additional gauge fields and dilaton do,
respectively, contribute to the shear viscosity as well as
the entropy density of boundary charged fluids.

The outline of the paper is as follows. In Sec. II, we
give a brief review of the Lifshitz black hole/brane
backgrounds that we will use in this paper. In Sec. III,
we obtain the renormalized second-order on-shell action
of the perturbations and compute the electric, thermal,
and thermoelectric conductivities of the boundary non-
relativistic field theory, in the N = 2 case. We calculate
the shear viscosity of the boundary fluid both for N = 1
and generic N cases by solving the equation of motion of
the transverse graviton in Sec. IV. Conclusions and dis-
cussions are drawn in Sec. V. Besides, we list some
detailed calculations for deriving the perturbation equa-
tions and the second-order on-shell actions in the
Appendix.

II. CONFIGURATION OF LIFSHITZ BLACK
HOLES/BRANES

Let us consider the (d + 1)-dimensional theory with
action®

I:[dd+lx\/__g
x(r-TPpJar - Jron V@) @

where F,, = d,A, —d,A, is the U(l) gauge field
strength, ¢ is the dilaton field, y(¢) is the coupling
between the gauge field and the dilaton, J(¢) is the
source term, and V(¢) is the potential term. When we
add N =1 number of independent U(1) gauge fields,
the above variables can be accordingly changed as
y(¢) = ¥N_, v.(¢) and F,,,, — F,,,,, and the equations
of motion are

2This action is usually referred to as the Einstein-Proca-dilaton
model when J($) # 0, i.e., when the gauge field is massive.
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The Lifshitz black holes can be obtained from the following ansatz:
ds? = —&(r)e Xde? + g(—r;) + b*(r)dx'dx;, A, = A, (r)dt 4)
together with
b=¢(, JP)=0  V(p)=2A and vy, = e ®)

Note that now the Einstein-Proca-dilaton model becomes the EMD model since we have set J(¢) = 0.
For N = 1 case, the solution is

re Rdrr 2 —_ ”Td !
ds? =~ Be + qmrs+ g Z} dd, B0 =1-
Al = 2 + 2 = Dz — DuVisndta2, e = 2D, (6)
20d — 1 +d—2)(z+d—1
U Il ), A _letd=2+d )’
z—1 212

where [ is the curvature radius of the Lifshitz spacetime, u is the scalar field amplitude, m is related to the mass of the black
hole, and ’ is the derivative with respect to r. The Hawking temperature and the Bekenstein-Hawking entropy are,
respectively,

(Z+d_ l)ri Vd*l ry d—1
== = Th Say = =), 7
4qrlFt] B 46,4 ( 1) )
and V;_; = [d? 'x is the spatial volume of the boundary.
For generic N, the black hole solution is [52]
2 r* 2 g 2
ds* = —lz—sz(r)dt + o )dr + = kod "
d—2 \2 2 pZM—1/2ﬁ12z
=k +1- —(d+z—1) + a 72(d+172)’
Filr) <d+z—3)r " ZZ(d—l)(d+z—3)r
— -2t 3)
Ay = UNAdF - DG - DpdEe g =P = N -

A/ — ll z\/2k(d — 1)(d 2)(Z — 1) 2(1{_1)2(:71)rd+z—4 /\1 - _ 2(d — 1) A= — 2(Z — 1)
N Jitz -3 ’ z—1" =N a1

P e VR P S s e A=_(d+z—1)(2d~l—z—2)
d—l Z—l’ AR ’ ) 2l ’

where p, are related to the charges of the black hole, while k is the factor indicating the topology of the horizon. For
k = 0, the horizon is flat; for k = —1, the horizon is hyperbolic, and the horizon is spherical for £ = 1. In the following, we
shall take the spatial flat case, namely, the Lifshitz black brane with k = 0. When N = 2, the black brane will contain
multiple horizons in the presence of electromagnetic fields; let us define the outer event horizon to be located at r = ry, i.e.,
f(r,) = 0. Then the temperature of the black brane is
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T = %(F—;)Zﬂf/(rh)
_ L(Q)Hl(Z(d +7-2) md+z— 3))’ ©)

47\ 1 " PEE
R ala
where  f(r) = 1 — mr~@+7l) 4+ FN0 S5 <
r~2d+2=2) The horizon entropy Sgy and entropy density

s of the dual conformal field theory are

Sen=—lt v, and =SB ()
= _y and s= = .
TN R Vier 4G 17!

III. CONDUCTIVITIES

In this section, we will compute the conductivities of the
nonrelativistic quantum field theory dual to the Lifshitz
black brane. The electric conductivity o can be calculated
by just turning on the bulk gauge field fluctuations
SA(t, r) = a,(r)e . However, if we want to consider
the thermal conductivity & and the thermoelectric conduc-
tivity ¢, we need to consider the backreaction of the gauge
fields to the metric; namely, we need to meanwhile turn on
8g,(t, r) = h,(r)e”®'. For the EMD theory (when taking
J = 0) in Eq. (2), we can obtain the linearized Einstein and
Maxwell equations as (see the Appendix for details)

/ Zb/ < /
htx - Thtx + Z 7a(¢)Aataax =0, (11)
a=1
o (D8 X 8 ey,
b & 2 vyuo) do
w? 2'h, K,
G eva,, = (Tt - e (12

where b(r), £(r), and y(r) are factors in Eq. (4). Note that
Eq. (11) is the first-order differential equation for #,,,
which can be integrated out as
| X
- 2
= b0 [ o 3 vu@ s, (13

=1

and Eq. (12) can be written into the following equation:

L (A= X dve)
O e A
2 lN
+%emw=g(ﬂy4@%mgawx (14)

with the help of Eq. (11).

When N =1, the background Lifshitz black brane,
Eq. (6), is neutral as the Schwarzschild AdS black brane;
the electric conductivity has been studied by adding a
probe U(1) gauge field in the bulk in Ref. [49].

In the following, we will focus on the N = 2 situation,
in which
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2
ﬁﬂ=%ﬂd

— r\2z—2
=)

e = wV2aIED p(p) = ;
2 =i,
i) pop NI i)
fr)=1—-mr + r .

2(d —1)(d+z—3)
(15)

Recall that for the N = 2 case, the background gauge field
Ay, is divergent at the spatial infinity; it only supports the
asymptotic Lifshitz geometry instead of contributing to the
free charge of the background electromagnetic field [52].
On the contrary, the gauge field A,, plays the role of the
free electromagnetic field. Besides, our numeric results
show that the asymptotic expansion of a, is also divergent
at the spatial infinity. Thus, only the fluctuations of A,,
namely, a,,, are the genuine electromagnetic perturba-
tions, which will contribute to the electric conductivities
of the dual field theory on the boundary. Consequently, to
study the conductivities, we only need to turn on the
perturbations a,, and h,, while turning off the perturbation
ay,. Then after substituting the above black brane solution,
Eq. (15), into the original fluctuation equations (11) and
(14), we obtain

2
h;x - _htx + p2rZ7da2x =0, (16)
r
' d+3z—4
al + (7 T e )agx
w2 2it2 B p%M—\/Zfl%l]r(Z—Zd—Zz)lZz —o .
2202 7 a =0. (17

The explicit asymptotic behavior of a,, near the infinite
boundary with certain d and z considered in this paper can
be found in Table I, in which C; and C, are expansion
coefficients that depend on the frequency w. According to
the gauge/gravity duality, C; represents the source, while
C, represents the vacuum expectation value of the current
operator 3, dual to a,,.

In addition, the asymptotic behavior of h,, near the
infinity boundary is

hiy

ho ~ r*h) + =Rl (18)

TABLE I. The expansions of a,, with respect to various d and
z near infinity. The coefficients C; and C, are functions of the
frequency w.

z=1 z=23/2 z=2
d=3 c,+& G+ +aele G

d=4 C1+C1w2l§)g(r)+% C1+2C|w2+ C,

2 373 e

C+9%+4

4
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where hg) = C,p,/(1 +d — z), in which C, is the source
term of the expansions in a,,; see Table L.

A. Second-order on-shell action

In order to compute the transport coefficients of o, «,
and &, we need to know the quadratic on-shell actions for
these perturbations. The on-shell action for the perturba-
tion a,, and A, up to second order is (we have set [ = 1)

S et = S + S, (19)
where
s2, = [aix (——azxahe X2y () Er 3) Qo)
2 ¢
S5 = j d?xeX/?ri= 3( hochle + = h?x< x’))
2 £ r—c0
(21)

Usually, the on-shell action, Eq. (19), is divergent near the
asymptotic boundary; the divergence can be eliminated
through the holographic renormalization approach, i.e.,
by adding appropriate boundary counterterms to the action
(see, for example, Refs. [58—60]). In the configuration of
the Lifshitz black brane, the counterterms have different
forms with respect to different d and z. We will list them in
the following.

First of all, we will introduce the counterterms to S 5122) in
Eq. (20). These counterterms are classified according to the
expansions of a,, in TableI: a)d = 3,z = 1,and 3/2.—In
this case, the on-shell action of Sflzz) is finite at the infinite
boundary. There are no counterterms to Sézz just like in the
usual relativistic holographic superconductors [61].

b)(d=3,z=2)and(d = 4,z=1).—For (d = 3,z=2)
and (d = 4, z = 1), there will be logarithmic divergence
for S%)x on the infinite boundary. In this case, the generic
expansions of a,, near r — 00 now are

2] 1\d+3z-5
€ log(r) Cz(—) @
r

(d+3z—5)rdt35
can be obtained from Eq. (20) as

a(r)~C; +

The divergent term of 52

Aoy

2w?log () u V2, (23)

div.ay, —

where T is the temperature of the boundary field theory and
% is just the volume integration [ dtd® 'x;. Therefore, in
this case the counterterm should be

1
o =~ 00 [ @[ na@ R @4

I

where 9 is the determinant of the induced metric while F ?j
is the induced gauge field strength on the asymptotic UV
cutoff boundary, respectively. It is easy to get that (F? )2 =

2w*(as,)?r %/ &. Therefore, the finite on-shell S is
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I, = Sa, + 1.

t.dyy

C?w?
- d +37—-5)— —17

c)d=4, z=23/2 and 2—For d =4, z =3/2, and
z = 2, the general expansions of a,, is

C1w2 1\2z 1\3z—1
+ — - + — .
i) rel) e

In this case, the divergent term of S(z)

Vo) o?puN2E0B3cs

Lgiv.a,, = T

a2x(r) -~

1 ri L 27
7 —

The counterterm for this divergence now is

i, = 55 [P 09)

Therefore, from the expansions, we can get the finite on-
shell action as

12 =S8 + 1, = f d4xC,C,(3z— 1) wV2ED/3 (29)

Aoy

Next, we will introduce the counterterms for the on-shell
action Sf,) in Eq. (21). We can expand it near r — o0 as

Sf,) = Laiv.,, t Trinite.n,,» (30)
where,
Liv.n, = [ddx(hgg))%z — 2)pd—atl 31)
(d+z-3)
Tinite.n,, = f ddx<d_7z+1 C, pzhﬁfﬂ)

1
+ 5 (WP m(d + 2 - 1)rHZ). (32)

It can be found that when z = 1, the last term in gy p,, 18
finite, while for z > 1 it will vanish at » — oo. As usual, we
can introduce the Gibbons-Hawking term /gy and a coun-
terterm for the cosmological constant [ .. into the on-shell
action to cancel the divergence,’ where

Ion =2 / dixy—y°K, 33)

- f e[ —y"(d — 1), (34)

in which K = vy M,,V/’“n is the trace of the extrinsic curva-
ture while n* is the outward-pointing unit normal vector on
the boundary. Expanding Eqgs. (33) and (34) to the qua-
dratic order of the perturbations near r — oo, we arrive at

(2) _ fdd ((h(o))2(z —d—- l)rd—z+l

+ 5(h“”)2 m(d + z — 1)r2—21), (35)

>The counterterms for the Lifshitz spacetime in Eq. (10) in
Ref. [60] will be the same as ours if they restricted to the Ricci
flat boundary.
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_ 2(d — 1)
18 = [t 22— e+ T pa)
d—z+1

1 (0)y2 _ 2-2z
+ 3 ()2 = ymr ) (36)

Therefore, the total finite on-shell action of the perturbation
h,. can be obtained from Egs. (31), (32), (35), and (36) as

(2) _ ¢ _ 42 2
Ih,x - Shu —Ign—1,

ct.cc
= [t =cpa? =" L2
= [ ddx(—(d +1—-2)hh) - Ldz_ ) (hﬁ?)zrz—h).
(37
Therefore, finally, the total renormalized quadratic
on-shell action for the perturbations a,, and 4, is

@ _ 4@
Itotal - Ihu,

= [ddX(Cl Cz(d + 3z — 5)

— @ 1= ) D gz,

2
(38)
ford=3,z=1, and 3/2;
12~ 181
C?w?
= [a‘x{C\Cy(d +3z—-5) ——1——
[x(”( A B P

d—1
— (41— o) =MD (122 ),

(39)
when (d =3,z=2)and (d =4,z =1); or
rEIe)

total Aoy

= [ ddx(ClCz(Sz — VA3

- )

d—1
@+ 1= ) =D ez,

(40)
when d = 4,z = 3/2, and 2.

B. Electric, thermoelectric, and thermal conductivities

As long as we get the quadratic on-shell action for the
perturbations, we can derive the electric and thermal trans-
port coefficients jointly as follows:

&N _ (o aT E,
<<Qx>)_<aT RT)(—(VXT)/T)’ @D

where 3, is the electric current and Q, is the heat current;
both are in the x direction. And o, «, and k are the electric

PHYSICAL REVIEW D 87, 086005 (2013)

TABLE II. The various conductivities for different z and d.
g a K
= Cy(d+3z—5 S R— A d—1
z=1 7‘(,@6' ) wor T Dy 2g
= =3 Co(d+3z-5) — P2 _ KO 2
d=3 z=3 Gl o T noo
=92 Gd+3z-5 _ 2w _ P _po 2
< wC, (d+32-3) il T i
=1 GCW+3z-5 _ 2w — P2 _ BT m(d-1) 2
z iwC, d+32-5) iwlT T ol T MO
d=4 7= % CrBz=Du V2B — -k ulo
iwC
z7=2 Cy(3z— 1) V2EV/3 — £)_2T — /"'_T‘T MZO.
iwC

conductivity, the thermoelectric conductivity, and the ther-
mal conductivity, respectively. Following the procedures in
Refs. [61,62], we can obtain these transport coefficients,
which are listed in Table II.

From Table II, we can find that both the thermoelectric
conductivity « and the thermal conductivity depend on the
electric conductivity o and the frequency w. Therefore, in
Figs. 1 and 2, we only show the numerical results for the
electric conductivity o since the rest transport coefficients
can be easily obtained from o. In the numerical calcula-
tions, we have scaled [ = 1, r, = 1, and p, = u = 1.

Actually, in the numerical calculations, we have set the
integration starting point very close to the horizon but not
exactly equal to r;, because the coefficients of Eq. (17) will
diverge at r = ry,, and we have adopted the usual incoming
wave boundary conditions near the horizon. From Figs. 1
and 2, we can find that at @ = 0, the real parts of the
conductivity are finite; however, the imaginary parts of
the conductivity will diverge at w = 0. Thus, from the
Kramers-Kronig relations, we can readily deduce that the
real parts actually will develop a delta function at w = 0.
This delta function is due to the translational invariance of
the system. This is known in previous literature [62].

For large frequencies, the expansions for a,, can be
found in Table I, in which the coefficients C, and C; are
functions of w. Therefore, from Table II as well as Table I,
we can get the approximate behavior of the conductivity
depending on the frequency w as

o°, z=1;
o4=3(w) ~ { 0?3, z=73/2;
w(a + log(w)), z=2. 42)
w(b +log(w)), z=1;
og—s() ~ { 0*3, z=13/2;
w32, z=2,

where a and b are some constants. This large-frequency
behavior of the conductivities can be seen from the right
parts of Figs. 1 and 2.

In Fig. 1, the real part of the conductivity will tend to a
constant when w becomes large for z = 1, which is similar
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w w

FIG. 1 (color online). The real and imaginary parts of the conductivity for d = 3 with respect to various z. The left parts are of the
low-frequency regime, while the right parts are of the high-frequency regime.

z=1
z=15
z=2

20 30 40 50

w w

FIG. 2 (color online). The real and imaginary parts of the conductivity for d = 4 with respect to various z. The left parts are of the
low-frequency regime, while the right parts are of the high-frequency regime.
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to the previous papers [61,62]. But the differences are in
the case of z = 3/2 and z = 2, in which the Re(o) will
depend on w according to Eq. (42). This is an interesting
and new phenomenon from the viewpoint of the gauge/
gravity duality, which was not observed in the previous
literature as far as we know. For example, in Ref. [62] the
author argued that the electric conductivity in the case of
d = 3 will tend to a constant because of the dimensional
analysis. However, here we can explicitly see that in our
model for d = 3 and z > 1, o will be proportional to w*®
in the large frequency limit, where s is a function of z. This
peculiar frequency dependent ac electric conductivity may
be related to some new materials in the realistic world.
Fortunately, in Ref. [63] the author has studied the ac
conductivity for various disordered solids in (d =2 + 1)
and (d =3 + 1) dimensions, both experimentally and
theoretically. We found that the electric conductivity for
d =3 and d = 4 in our Figs. 1 and 2 have similar behav-
iors to the experiments or the computer simulations in the
large-frequency limit in the paper [63]. In that paper, the
author has proposed a kind of symmetric hopping model to
illustrate the large-frequency behavior of the electric con-
ductivities. Therefore, we expect that the Lifshitz black
brane model in the present paper may be related to this kind
of symmetric hopping model from certain aspects. We will
further report this kind of relation in another work [64].

In Fig. 2 for z = 1, the large-frequency behavior of the
conductivity is like w(b + log (w)), which resembles the
expansions in the Appendix in Ref. [65]. The arguments for
the conductivity for z = 3/2 and z = 2 are the same as
those for d = 3 in Fig. 1.

IV. SHEAR VISCOSITY

As we know, any interacting field theory at finite tem-
perature in the limit of long time and long wavelength can
be effectively described by hydrodynamics. In this section
we will compute the shear viscosity of the dual field theory
in the low-frequency limit. To do so, we need to turn on the
transverse tensor mode fluctuation (which is the scalar
channel) of the metric 6g,, = h,,.

A. The case of N =1

Let us begin with the N =1 case first; see
Eq. (6). Taking the mode expansion of the fluctuation
88yy(t, r) = hyy(r)e” ™k (where ¢ = x4_; see the
Appendix), we obtain the linearized Einstein equation of
the xy component as

+d E/ 12+2z 2 kzl4
o (D) (g g )e =0 @
r =

2+g?2 - A=

et

which is the equation of motion of a minimally coupled
massless scalar field propagating in the unperturbed space-
time background, where we have defined ¢ = h;.
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To solve Eq. (43), it is convenient to introduce the new

z+d—1
coordinate u? = % then the boundary is located at
u = 0, while u = 1 is the horizon. After taking the long
wavelength limit k* — 0, the fluctuation equation becomes

=
qo”-i-(%——)go’-i—

= u

412(Z+1)a)2u2(dtzdjll)

S =0 (44
Pz +d—1)E°

where Z(u) = 1 — u? and ’ is the derivative with respect
to u. At the horizon, since we are going to calculate the
retarded Green’s function of the dual field theory, we need
to impose the incoming wave boundary condition. Thus,
we set ¢ = (1 — u)®¥(u); then o can be determined
through the near horizon expansion of Eq. (44), which
gives o = — W To obtain the solution of W¥(u) in
the full spacetime region, we can expand it in terms of w as

Y(u) = Vo(u) + 0oV, (u) + O(w?) (45)

and then solve the above equation order by order.
Furthermore, requiring W, to be regular at the horizon
and normalizing it to be one at the boundary, as well as
W, vanishing at the horizon, we find that

i 1+u
d ¥, =-— 1 . @
B Py “( 2 ) (46)

then we have

— 1_ re(z+d—1) 1_ 1 .
p={—un ( C+d—r “( 2 ))

47)

\I}():l

To compute the shear viscosity of the boundary
field theory, we need to compute the flux factor
F =K /=g8"¢"(u)d,¢(u), where K is a normalization
constant related to the effective coupling constant of the
bulk transverse graviton. Keeping to the order of O(w), it is
straightforward to compute the flux factor and the retarded
two-point Green’s function as

iwrd™!

Gr = —2Flu=0 = T 16mG ., T

(48)

so the shear viscosity can be obtained by the Kubo
formula as

ImGg(w, k =0 d-1
n = —lim MOK@ k=0 _ g
w—0 w 167TGd+ll
then we have
1
e (50)

which satisfies the KSS bound in the Einstein gravity.
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B. Case of N =2
Now we consider N = 2 cases; see Eq. (8). As we have
shown in the Appendix, the equation of motion for ¢ = hj

is also that of a minimally coupled massless scalar field,
which is of the same form as Eq. (43),
I*k?
et =0

o)+ (5 + T+ (G =
61)

r2z+2f2

Note that since f(r) has multiple zero roots and cannot be
determined in general, to solve Eq. (51) it is more conve-
nient to apply the matching method in which the exact
form of f(r) is not involved.

In the near horizon region, ie., r — r, < ry,, f(r)=
f'(r,)(r — 1), then Eq. (51) can be simplified as

c w? c k2
(r—rh)2 r—r ) ()=

@"(r) +

—— ')+ (
(52)

in which

1 \2 1 (rp\e3
c, = (m) and Cy = ﬁ(Th) . (53)

Let us further define 7 = r/r;, and take the long wave-
length limit k> — 0; Eq. (52) becomes

2
- (;‘_“’1)2 o(F) =0, (54

&) + )

which gives

o(F) = &(F — ¥ + &y(F — 17 (55)
in the r coordinate, the solution is

o(r) = c3(r = r)% + cy(r — 1)) ™, (56)
where 10 = 5% The first part of Eq. (55) or Eq. (56) is the

outgoing mode while the second part is the ingoing mode.
To calculate the retarded Green’s function, we need to
adopt the ingoing mode, which requires ¢; = ¢3; = 0 in
Egs. (55) and (56). In the low-frequency limit, Eq. (56) can
be expanded as

o(r) = 04(1 - (=) + @(w2)> (57)

In the near region, r,w < rw < 1; then in the K—0
limit, Eq. (51) reduces to

() + (’% + m)so’(r) —0, (58)

which can be solved as

o(r) = [f Tz dr + ce. (59)
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Note that in the near horizon limit r — r,, Eq. (59) can be
simplified as

o0~ | i
f’( C) = In(r — 1) + ¢, (60)

while in the large radius limit, f(r) — 1, Eq. (59) becomes

o(r) = j d+zdr +cg =

Csy 1
(d +z—1) pdtel

+ Ce-

(61)

In the outer region r, K [ <K r, f/(r)—0, f(r)—1,
and again we take k> — 0; then Eq. (51) becomes

12z+2

_l’_
Q)+ ameie() =0 (62)

¢'() +

In the u = 1/r coordinate, Eq. (62) can be changed to

d+z—2

o(u) o) + P22 p(u) = 0, (63)

and its solution is

e pu? "2pu?
oli) = (el () ¢ e ()
2. Z 2z Z

(64)
where

A+ A+ 1 - d +

c7 = 57(2Z)7%(ll+zw)§7r<27z> and
Z

Ay se (—1+d+3

ey = e e r(L L)
Z

in which, ¢; and ¢y are certain constants while A, = d +
z — 1 is the conformal dimension of the operator dual to
the massless scalar field in the bulk. Again, in the low-
frequency limit, Eq. (64) can be expanded as

@(r)=2¢;(1+ O(w?))

+ aSI%G)TwH%—MQ L O(?). (65)
Z

The condition for matching the solutions in these three
regions is r, <r < w~!. Comparing Eq. (60) with
Eq. (57), we get that

o (66)

Cq4 = Cqg and - i(l)C4 = W’
h

while the matching of Eq. (61) with Eq. (65) gives

C5 (1+2)A 4 2 i 1—1
o= and — - g (-) 0!,
d+z—1 Z

(67)

Namely, the coefficients in these three regions are related
by the following relations:
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67 = Ce = C4 and

lz+lrd—1

_ (U+9A4 2 A% 14d=L h .
e B R

Furthermore, the normalization condition requires that ¢(r)
is normalized to be one, namely, ¢, = 1. Consequently,
the asymptotic solution at the low-frequency limit
becomes

o lz+1rd—1r7A+
After eliminating the divergent terms, the dominant part
of the radial flux of the scalar field at the boundary is

F=KJ=88"¢"(9,¢(r)|
pd=1
= —iK—lZ_1 o + O(w?)
i rd=1 »
=—— " _w+0 , 70
33mG,, 1@ T o) (70)
where K = 1/(327G4,,) is the effective coupling con-
stant of the scalar field ¢(7); then the retarded Green’s
function is

GR(k) = _Zf(k: r)lr—»OOJ (7])

and the shear viscosity is calculated from the Kubo

formula,

ImGR . 1 rd_l
167TGd+1 ld_l '

n = —lim
o—0 @

(72)

Therefore, the ratio of the shear viscosity to the
entropy is

47’ (73)
which gives the same value as that of the Lifshitz
black brane with only one U(1) gauge field. The result
indicates that the additional background U(1) gauge
fields do not alter the KSS bound of the boundary fluid,
although they do contribute to the shear viscosity and the
entropy density, respectively.

] 1
s

V. CONCLUSIONS AND DISCUSSIONS

In this paper, we studied the model of a strongly coupled
nonrelativistic quantum field theory with multiple U(1)
gauge fields near the Lifshitz fixed points in the framework
of the nonrelativistic gauge/gravity duality. By considering
the linearized perturbations of bulk gravitational and gauge
fields, we solved the equation of motions for gauge fields
with backreactions (shear channel) and the bulk transverse
graviton (scalar channel). For the N = 2 case, we derived
the renormalized second-order effective action and system-
atically calculated the electric, thermal, and thermoelectric
conductivities of the dual nonrelativistic quantum field

PHYSICAL REVIEW D 87, 086005 (2013)

theories with respect to various d and z. Specifically, we
found the novel frequency dependent power law behavior
of the ac electric conductivity in the large-frequency limit
when d = 3 and z > 1. From the knowledge of the con-
densed matter physics, we expect that our model provides a
holographic description of the symmetric hopping model
in some sense. The argument goes to the case of d = 4 as
well; we will report further the relationship between the
Lifshitz black brane and the hopping conductivities in
another paper elsewhere. In addition, when taking the limit
of long wavelength and low frequency in the generic N
cases, we also showed that the ratio of shear viscosity to
entropy density of the dual boundary fluids still satisfies the
KSS bound derived in the Einstein gravity.
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APPENDIX: LINEARIZED PERTURBATIONS
OF THE GRAVITATIONAL THEORY

1. Einstein-Maxwell-dilaton theory

The Einstein-Maxwell-dilaton theory with multiple
U(1) gauge fields that we are considering has the action

1
I = dd+1 [—
167TGd+| [ o &
X (R —2A — lam;;a b — 1 ﬁ eMbFZ) (A1)
2 * 4 a=1 v

Its Einstein equation is

2A

R,uv _ﬂg,u.u

1

1 N
0,00,¢+= )‘a‘/’<F F), ———F? )
p,¢ V¢ ZaZle arpt av Z(d_ 1) ag,uv

N =

(A2)

Let us make the metric ansatz to be a d + 1-dimensional
black brane solution as

ds®> = H,(r)(—f(r)dt* + dx'dx;,) + Hy(r)dr?, (A3)

where its outer horizon is located at f(r,) = 0.
Consider the small metric fluctuation caused by some
external perturbation:
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8 = 8w = g + 88,0 (A4)
the Christoffel symbol is
— 1A
I, =Tu' + 6T,
or , &8
=T+ T(Vﬂﬁgw + V., 080 — Va5g/“,).
(A5)

When taking the linear order perturbation of the metric,

ie., 0g,, = hy,, the Christoffel symbol can be expanded
up to the second order of 4 as
T4, =T+ TN + TN (A6)
where
0)Aa
mar _ 8
F,MV = T(V,u,hozv + vvhua - vah,u,y),
ha (A7)
@A _
ry = _T(V"h’” + Vol = Vahy,).

Note that under the first-order variation, the Ricci tensor
varies as

R,, = RO + 8RY = RO, + RY), + RD,  (A8)

where

RY), =12, — T,

1 1 1
= E(v v,uhou/ +V vvha,u) - EDh’uV - EV,,V#h
(A9)
and
Rty =T = Tt
heP
= =5 (VaViuhpy + VaVihg, = VaVighy,)
haﬁ vahaﬁ
+ Tvyvﬂhaﬁ - —2
v, heb
>< (V#hﬁy + V,,hlg# - Vﬁhw,) +Tvﬂvhaﬁ
(A10)
The first-order and second-order Ricci scalars are
R(l) = g(O)MVR’(U}L — h;LVRfl?L
2A
= V“Vﬁhaﬁ —0Oh — -1 h (A11)

and

PHYSICAL REVIEW D 87, 086005 (2013)
R(z) = g(O)MVR'(lfL — h,uVR‘(IB}
= —h’“’(VMV"h,,A + VAVMI’ZV/\)
+ W'V, Vb + k' Ohy,,

vV het V \h*?
— V, h* VP g, + “2 V,h + Az Vih,,,
(A12)
respectively.
Then the linearized Einstein equation is
2A
(1
R
_1 ﬁ“ ems(_F Fopeb_ L
2 = aapt aBr Z(d — 1)
X (F2h,,, — 2F}aF 4, sh*P g\l ) (A13)

when there is only transverse gravitational fluctuation
hyy = hy(r)e @ik where { = x,_; is the d — 1th spa-
tial coordinate. Using the Rfco)x component of the zeroth
order equation of motion, i.e.,

2A
(0)x
Ry ——
d—1

1

1 N
YL (" ST (O)aﬁ)
25° (=5 FraeFras™75)

Eq. (A13) becomes

H? 1
! —DHO¢

_H ( _
2 ¢ " QHH, 2

1
¢ _F’H
2(d _ 1) all1 @
=R, (A14)

which gives the equation of motion of the minimally
coupled massless scalar field ¢ = k3,

6,L<1/—g(°)g<°)"”ayso> —0

(A15)

H, H 1

—g©

2. Gauge field perturbation with backreaction

To compute the conductivities of the dual field theory,
we need to turn on the gauge field perturbation along the
spatial direction; this gauge field perturbation will, in turn,
induce the h,; off-diagonal part of the background metric
perturbation since h,; and a,; are the vector mode fluctua-
tions. Without loss of generality, we choose 64,, =
d2a,,(r)e @ iké which induces the corresponding metric
perturbation as 8g,, = h,,(r)e "+ Then the linearized
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Einstein and Maxwell equations are obtained by making the
combined diffeomorphism and gauge variations to the origi-
nal equations, namely,

2A
5E+X<RMV - mg,uv)
1 1 & e
= 55+X<§6M¢6,,¢ + E Z e«
a=1
1
X (Fa)\/.LFZI\V - mﬂ%gw)), (A16)

where &, means the diffeomorphism transformation while
0, indicates the gauge field transformation that obeys the
following relations:

0

=L.g,, and 8,A,, =a,. (A7)

e8uv we

In the linear order perturbation, the nonvanishing compo-
nents of the first-order Ricci tensor are R,;, = R,, and R, =
R,,. Then the linearized Einstein equations are

1
Rgct) -

1
emﬁ( 2O a9 A, — FO2 hx[>;

2(d—1)
(A18)

together with the xx component of the zeroth-order Einstein
equation, Eq. (A18) becomes

1

——— (H,f"(h. .H
4fH1H%( Zf( x4

= hyHY) + fH(hi Hy — 2hiH))

1 N
+ fho—HHy + 2HIH)) = 50 3 e Paiuhy
a=1

(A19)
and
(1) _ _ 1 & (0)et /
5 Z g ataaant
a=1
io &
= Z Yot g Oa AL, (A20)
which gives
H/ N
hix = Fih,x + > eMta, AL, =0, (A21)
a=1

where / indicates 9,.
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In addition,
obtained by

the linearized Maxwell equation is

e+)( ,u,(\/—_e)‘"d)g#a V'BF ﬁ)

,_ (0)
=a, (Tg At gOpofy oOpagOrh Fgﬂ)

- aﬂ<1/— 20 At (i g OB 4 Ol prB) Fgﬁ)
+ 3#(1/_g(O)eAu¢g(0)uag(0)vﬁ(aaauﬁ - aﬂam)>

= 0. (A22)
Its nonvanishing components are

ar(\/__ge)\“¢g(0)rrg(0)xxg(0)n(_htx)arAat)
+9,(J=ger?g Vg 05,a,,)
+ ar( /__ge/\azﬁg(O)rrg(O)xx&raax) = (.

In the black brane background, Eq. (A3), the above equa-
tions become

-2 H/ / 2H
agx—i_(u ~Arr f_+/\¢)a,\ zaax
2H, 2H2 2f fH,
H'h h!
= ( L2 -2 )A;,. (A23)
fHY  fH,

When taking the ansatz H, = b%, H, = 1/&, f(r) =
e X/b?, and vy,(¢p) = eM? in Egs. (4), (A21), and
(A23) change into

2b! N
Mhe = It 2Vl DAun =0 (A2
and
— / ! / /
" +((d 3)b _'_E_L_'_ ¢ d')’a((b))a:u 2 eXay,
b 3 Yo(@) do 3
_ (26 hy ML,
—( % ?)Ame (A25)

In the linear order perturbation of the metric and the
gauge fields, the bulk action can also be expanded into
second order as

=70 4 0 4 ](2), (A26)

where the zeroth-order action is
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1 1 1 &
10 = /ddﬂ J- <o>(R<o> oA = L omry gy - L AaasF(gO)Z)
167G s, W 28 0uddd —y ; ¢

1 4A 1 N
_ 49t xaf — (0)( _ Aath F20)2> A27
167Gy f NN 2u - Zl ¢ (A27)

and the first order action is

1 ' 1 &
D = fdd+l _ (0)(v,uVI/h B | A— ’\”‘j’Fg)),, gl),ll-v)
167G 441 wes my 2 az=1 ¢ #
1 N
= [ dx =g (V”h’; ~ Vih — At DR ) A28
1677Gd+1 /2 X 8 nl’« aglaau(e ) ( )

which are purely surface terms when the bulk equations of motion are satisfied (on-shell condition), where n, is the unit
normal vector of the hypersurface 3.
The second-order action is

1

167G 4+
1 N

4

1@ =

1 1
/dd“x\/—g(o){—h“”v)‘vﬂhw\ + SV N+ SR Oy,

AL FORY — 4 )

aal

1 1 h
(04 (0) (0) vy - v ~ 2 0 - 1)
Fo3'h*F + FupaF o) gh* hoP) + <2hﬂ By + 3 h )£< ) + 2£< }

a=1
1 1 1
+—— [ dixy/—g© (— AR, + = hMY b+~ VA ) A2
Tom d+1,[zdx g%, —h hyy 2h wh 2h hyy ) (A29)

where £©) and £ are, respectively, the first- and second-order Lagrangian densities in I and IV,
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