Applied Mathematics and Computation 219 (2013) 8095-8103

Contents lists available at SciVerse ScienceDirect

Applied Mathematics and Computation

journal homepage: www.elsevier.com/locate/amc

The spanning laceability on the faulty bipartite hypercube-like @CmssMark
networks

Cheng-Kuan Lin?, Yuan-Hsiang Teng®*, Jimmy J.M. Tan¢, Lih-Hsing Hsu 9, Dragan Marusic ¢

A Institute of Information Science, Academia Sinica, Taipei City 11529, Taiwan, ROC

b Department of Computer Science and Information Engineering, Hungkuang University, Taichung City 433, Taiwan, ROC
€ Department of Computer Science, National Chiao Tung University, Hsinchu 30010, Taiwan, ROC

d Department of Computer Science and Information Engineering, Providence University, Taichung City 433, Taiwan, ROC
€ IMFM, University of Ljubljana, 1111 Ljubljana, Slovenia

ARTICLE INFO ABSTRACT

Keywords: A w-container C(u, v) of a graph G is a set of w-disjoint paths joining u to ». A w-container
Hamfltoman of G is a w*-container if it contains all the nodes of V(G). A bipartite graph G is w*-laceable if
Hamiltonian laceable there exists a w*-container between any two nodes from different parts of G. Let n and k be

Hypercube networks
Hypercube-like network
Spanning laceability

any two positive integers with n > 2 and k < n. In this paper, we prove that n-dimensional
bipartite hypercube-like graphs are f-edge fault k'-laceable for every f <n—2 and
f+k<n

© 2013 Elsevier Inc. All rights reserved.

1. Introduction
1.1. Basic graph definitions and notations

The research about interconnection networks is important for parallel and distributed computer systems. The layouts of
processors and links in distributed computer systems are usually represented by a network structure. Computer network
topologies are usually represented by graphs where nodes represent processors and edges represent links between proces-
sors. The containers of graphs do exist in information engineering design, telecommunication networks, and biological neu-
ral systems ([1,2] and its references). The study of w-container, w-wide distance, and their w*-versions play a pivotal role in
the design and the implementation of parallel routing and efficient information transmission in large scale networking sys-
tems. In bioinformatics and neuroinformatics, the existence as well as the structure of a w*-container signifies the cascade
effect in the signal transduction system and the reaction in a metabolic pathway.

For graph definitions and notations, we follow [3,4]. Let G = (V,E) be a graph where V is a finite set and E is a subset of
{(u, v)|(u, v) is an unordered pair of V}. We say that V is the node set and E is the edge set. We use n(G) to denote |V|. Two
nodes u and v are adjacent if (u,v) € E. For a node u, we use N¢(u) to denote the neighborhood of u which is the set
{v|(u, v) € E}. For any node u of V, we denote the degree of u by deg.(u) = [Ng(u)|. A graph G is k-regular if deg(u) = k for
every node u in G. A path P between nodes v; and vy is a sequence of adjacent nodes, (v1, v,..., ¢), in which the nodes
v1,0,,..., v are distinct except that possibly »; = v,. We use P! to denote the path (u, vy_1,..., ;). The length of
P,I(P), is the number of edges in P. We also write the path P as (v1,7,...,v;,Q, v}, Vj.1,. .., t), where Q is the path
(vi, Vis1, . - ., vj). Hence, it is possible to write a path as (v, v5,Q, 5, v3,..., ) if [(Q) = 0. Let I(P) = V(P) — {v1, v} be the
set of the internal nodes of P. A set of paths {Pi,P,,...,P} are internally node-disjoint (abbreviated as disjoint) if
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I(P;) N1(P;) = 0 for any i # j. A path is a hamiltonian path if it contains all nodes of G. A graph G is hamiltonian connected if
there exists a hamiltonian path joining any two distinct nodes of G [5]. A cycle is a path with at least three nodes such that
the first node is the same as the last one. A hamiltonian cycle of G is a cycle that traverses every node of G. A graph is ham-
iltonian if it has a hamiltonian cycle. A graph G is bipartite if its node set can be partitioned into two subsets V; and V;, such
that every edge connects nodes between V; and V. A bipartite graph G is hamiltonian laceable if there is a hamiltonian path
of G joining any two nodes from distinct bipartition [6]. A bipartite graph G is k-edge fault hamiltonian laceable if G — F is ham-
iltonian laceable for any edge subset F of G with |F| < k.

A graph G is k-connected if there exists a set of k internally disjoint paths {P;, P,, ..., P} between any two distinct nodes u
and v. A subset S of V(G) is a cut set if G — S is disconnected. A container C(u, v) between two distinct nodes u and »vin G is a set
of disjoint paths between u and ». A w-container C,,(u, v) in a graph G is a set of w internally node-disjoint paths between u
and ». The concepts of a container and of a wide distance were proposed by Hsu [2] to evaluate the performance of commu-
nication for an interconnection network. The connectivity of G, k(G), is the minimum number of nodes whose removal leaves
the remaining graph disconnected or trivial. Hence, a graph G is k-connected if x(G) > k. It follows from Menger’s Theorem
[7] that there is a w-container for w < k between any two distinct nodes of G if G is k-connected.

1.2. w*-connected graphs and w*-laceable graphs

In this paper, we are interested in a specific type of container. A w*-container C,.(u, v) in a graph G is a w-container such
that every node of G is on some path in C,(u, v). A graph G is w*-connected if there exists a w*-container between any two
distinct nodes in G. Obviously, we have the following remark.

Remark 1. (1.a) a graph G is 1"-connected if and only if it is hamiltonian connected [5], (1.b) a graph G is 2*-connected if it is
hamiltonian, and (1.c) an 1"-connected graph except K; and K, is 2"-connected.

The study of w*-connected graph is motivated by the 3"-connected graphs proposed by Albert et al. [8]. Some related
works have appeared in [8,9]. Assume that the graph G is w*-connected with w < x(G). The spanning connectivity of a graph
G, k*(G), is the largest integer k such that G is i"-connected for every i with 1 < i < k. A graph G is super spanning connected if
K*(G) = k(G). In such case, the number x*(G) = k(G) is called the super spanning connectivity of G. In [10-13], some families
of graphs are proved to be super spanning connected.

A bipartite graph is said to be w*-laceable if there exists a w*-container between any two nodes from different partite sets
for some w with 1 < w < k(G). Any bipartite w*-laceable graph with w > 2 has the equal size of bipartition. We have the
following remark.

Remark 2. (2.a) an 1"-laceable graph is also known as hamiltonian laceable graph [6], (2.b) a graph G is 2*-laceable if and
only if it is hamiltonian, and (2.c) an 1"-laceable graph except K; and K, are 2*-laceable.

The spanning laceability of a bipartite graph G, k"1 (G), is the largest integer k such that G is i"-laceable for every i with
1 <i< k. A graph G is super spanning laceable if k" (G) = k(G). Recently, Chang et al. [14] proved that the n-dimensional
hypercube Q,, is super spanning laceable for every positive integer n. It was proved in [11] that the n-dimensional star graph
S, is super spanning laceable if and only if n # 3.

1.3. Hypercube-like graphs H;,

Among all interconnection networks proposed in the literature, the hypercube Q,, is one of the most popular topologies
[14-17]. However, the hypercube does not have the smallest diameter for its resources. Various networks are proposed by
twisting some pairs of links in hypercubes [18-21]. Because of the lack of the unified perspective on these variants, results of
one topology are hard to be extended to others. To make a unified study of these variants, Vaidya et al. introduced the class of
hypercube-like graphs [22]. We denote these graphs as H'-graphs. The class of H'-graphs, consisting of simple, connected,
and undirected graphs, contains most of the hypercube variants.

Let Go = (Vo,Ep) and G; = (V,E;) be two disjoint graphs with the same number of nodes. A 1-1 connection between G,
and G; is defined as E={(v,¢(v))|ve Vo, ¢(v)eV;, and ¢:Vy— V; is a bijection}. We use Go® G; to denote
G = (VoUVq,Eg UE; UE). The operation “@” may generate different graphs depending on the bijection ¢. There are some
studies on the operation “®” [23,24]. Let G = Go ¢ Gy, and let x be any node in G. We use X to denote the unique node
matched under ¢.

Now, we can define the set of n-dimensional H'-graph, H, as follows:

(1) H} = {K>}, where K is the complete graph with two nodes.
(2) Assume that Gy, G; € H,. Then G = Gy @ G; is a graph in H,

n+1+

We can define the set of bipartite n-dimensional H'-graph, B, as follows:
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(1) B; = {K;}, where K is the complete graph defined on {a, b} with bipartition Vo = {a} and V; = {b}.
(2) Fori= 0,1, let G; be a graph in B, with bipartition V} and V). Let ¢ be a bijection between VJ UV and V; U V] such that
¢(v) eV, if v e V). Then G = Go @ G; is a graph in B}, ,.

Every graph in H, is an n-regular graph with 2" nodes, and every graph in B, contains 2" ' nodes in each bipartition. Note
that the n-dimensional hypercube Q, € B,.

Let G be a graph in H;m- Then G = Gy @ G; with both Gy and G, in H,,. Let u be a node in V(G). Then u is a node in V(G;) for
some i = 0,1. We use i to denote the node in V(G;_;) matched under ¢. Sou = v if i = ».

In the following section, we give some properties about the bipartite n-dimensional hypercube-like graphs B;. Let n and k
be any two positive integers with n > 2 and k < n. In Section 3 and Section 4, we prove that every B is f-edge fault k"-lace-
able for every f < n —2 and f + k < n. We give our conclusion in the final section.

2. Preliminaries

Park and Chwa [25] studied the hamiltonian laceability properties of the bipartite hypercube-like networks. Some results
are listed as follows.

Theorem 1 [25]. Every graph in Bj, is hamiltonian laceable, and every graph in B, is hamiltonian if n > 2.

Theorem 2 [25]. Suppose that n > 2,i € {0,1}, and G is a graph in B, with bipartition Gy and G;. Let {uy,u,} C V(G;) with
Uy # Uy, and {vy, v2} CV(Gy_;) with v, # v,. Then there are two disjoint paths P, and P, of G such that (1) Py joins uy to v,
(2) P, joins u; to v,, and (3) Py U P, spans G.

The fault-tolerance hamiltonian laceability of the bipartite hypercube-like networks is studied by Lin et al. in [26].

Theorem 3 [26]. Let n > 2. Every graph in B, is (n — 2)-edge fault hamiltonian laceable.

Theorem 4 [26]. Suppose that n > 2,i€ {0,1}, and G is a graph in B, with bipartition G and G;. Let z € V(G;), and
{u, v} C V(Gy_;) with u # v. Then there is a hamiltonian path of G — {z} joining u to v.

3. The super spanning laceability of the graph in B,

Let n and k be any two positive integers with n > 2 and k < n. In this section, we show that every graph in B, is f-edge
fault k"-laceable for every f < n — 2 and f + k < n. We give the concept of the spanning fan first. We note that there is another
Menger-type Theorem. Let u be anode of Gand S = {71, v5, ..., 4} be a subset of V(G) not including u. An (u, S)-fan is a set of
disjoint paths {P;, P,, ..., P} of G such that P; joins u to v; for every 1 < i < k [27]. It is proved that a graph G is k-connected if
and only if there exists an (u, S)-fan between any node u and any k-subset S of V(G) such that u ¢ S. With this observation,
we define a spanning fan is a fan that spans a graph G. Naturally, we can study «},,(G) as the largest integer k such that there
exists a spanning (u,S)-fan between any node u and any k-node subset S with u ¢ S. However, we defer such a study for the
following reasons.

First, let S be a cut set of a graph G. Let u be any node of V(G) — S. It is easy to see that there is no spanning (u, S)-fan in G.
Thus, xp,(G) < k(G) if G is not a complete graph.

Second, let G be a bipartite graph with bipartition Gy = (Vo,Eo) and G; = (V1,E;) such that |Vy| = |V4]. Let u be a node in V;
withie {0,1},S = {v1, v1,..., »} CV(G) — {u}, and k < x(G). Suppose that |SN V;_;| = r. Without loss of generality, we as-
sume that {v4, v,..., v} C Vi Let {P1,P,,..., P} be any spanning (u, S)-fan of G. Then I(P;) is odd if i < r, and I(P;) is even if
r<i< k. Letl(P;) =2t;+1ifi <randI(P;) = 2t;ifi > r.Fori < r, there are t; — 1 nodes of P; in V; other than u, and there are t;
nodes of P; in V_;. For i > r, there are t; nodes of P; in V; other than u, and there are t; nodes of P; in V;_;. Thus, we have
Vil=1-r+ Zﬁ‘zlti and |V | = Z{-‘thi. Since |Vi| = |V;_i|,r = 1. Thus, r = 1 is a natural requirement as we study the span-
ning fan of bipartite graphs with equal size of bipartition.

Theorem 5 [12]. Suppose that n and k are two positive integers with k < n. Let G be a graph in B;, with bipartition Gy and G;.
There exists a spanning (u,S)-fan in G for any node u in V(G;) and any node subset S with |S| = k < n such that u ¢ S, and
ISNV(Gi_y)| =1 withie {0,1}.

Lemma 1. Suppose that
1.n>2,f=n-2andie {0,1},

2. G is a graph in Br, with bipartition Go and G,, and
3. F c E(G) with |F| =f.

Then, for any {u,y} CV(G;) and x € V(G;_;) with u # y, there exists a spanning (u, {x,y})-fan in G — F.
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Proof. By Theorem 3, there is a hamiltonian path P = (x,P;,u, P,,y) of G — F joining x to y. Then {P;,P,} is the spanning
(u,{x,y})-fanof G- F. O

The following are the main results.
Theorem 6. Suppose that

l.n>2k<nandiec {0,1},
2. G is a graph in Br, with bipartition Gy = (Vo,Eo) and G, = (V1,E;), and
3. FCE(G) with [F|+k<nand |[F|<n-2.

Then, for any u € V; and SC V(G) — {u} with |S| = k and |[SNV,_;| = 1, there exists a spanning (u,S)-fan in G — F.
We prove the theorem by induction. However, the proof of the theorem is rather long. We prove it in the following
section.

Theorem 7. The bipartite n-dimensional hypercube-like graph B, is f-edge fault k*-laceable for f <n—2 and f + k < n.

Proof. Let G be a graph in B, with bipartition G, and G;. Assume that x € V(G;) and y € V(G,_;) for some i € {0,1}. Suppose
that F c E(G) with |[F|=f and f <n— 2. Let SCV(G;) — {x} adjacent to y in G — F with |S| =k — 1 and k < n — f. We assume
that S = {y1,Y, ... Y1} By Theorem 6, there exists a spanning (x,S U {y})-fan {Py,P,,...,Px} in G — F such that Py joins x to
y,and P; joins x toy; for 1 <i < k—1.Let Q; = (x,P;,y;,y) for 1 <i< k- 1. Thus, {Py,Q;,Q>,...,Q,_;} forms a k"-container
between x and y in G — F. The theorem is proved. O

4. Proof of Theorem 6

Let G = Go @ G, in B, with bipartition V}, and V*, for j € {0, 1}. Thus, V§ U V§ and VS U V] form the bipartition of G. Assume
that |F| = f. Let u be any node in VS UV} and S = {v1, v, ..., v} be any node subset in G — {u} with 2, being the unique node
in (VO UV})NnS. Without loss of generality, we assume that u € V3. For n = 2, we have G is isomorphic to a cycle with four
nodes. Thus, this statement holds on n = 2. By Lemma 1, Theorem 3, and Theorem 5, this statement holds on n = 3. Thus, we
assume that n > 4. By Lemma 1 and Theorem 3, this statement holds on k € {1,2} and f =n — 2. By Theorem 5, this
statement holds on k<n and f=0. Thus, we assume that k>3 and 1<f<n-3 with k+f<n We set
T=S—{v1},F;=FnE(G;) for je{0,1}, and F, =F — (Fo UF;). Note that |F| = |Fo| + |[F1| + |F2| and |F;| < n—3 for every
jr €{0,1,2}. Now we have the following cases.

Case 1. TNV =|T].

oO———@
=1
Oo—e
=1

G- Fy U — —o G, Gy-Fy U oV, G,
Yy u y y
Ve Vv Ve
i x :

Vo, ViV, Vs X VoVsV, Vs X X

(c) (d)

Fig. 1. Case 1.1 and Case 1.2. (Suppose that k = 6.).
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Case 1.1. |Fo| = |[F|and v; € V9. Let H = S — {#}}. We have H C Gy, [HN V9| = 1, and |H| = k — 1. By induction, there is a span-
ning (u, H)-fan {Py,P,,...,Py_1} of Go — Fo. Without loss of generality, we assume that P; joins u to »; forevery 1 <i <k —1.

Suppose that v, € V(P;). Without loss of generality, we write Py as (u,Qq, vk,X,Q,, 1). Since v, € Vg,x 1S V‘]’. (Note that
x = v; if 1(Q;) =0.) By Theorem 1, there is a hamiltonian path R of G; joining node it € V] to node x € V). We set
Wi = (u,u,R,x,x,Q,, v1),W; =P; for every 2 <i< k-1, and Wy = (u,Q, v). Then {W;,W,,...,W,} forms the spanning
(u,S)-fan of G — F. See Fig. 1(a) for an illustration. Suppose that v, € V(P;) for some 2 < i < k — 1. Without loss of generality,
we assume that v, € V(Py_1) and write Py 1 as (u,Qq, vk, X, Qa, k_1). Since vy € Vg,x € V?. By Theorem 1, there is a hamilto-
nian path R of G, joining node ii € V] to node x € V;. We set W; = P; forevery 1 <i < k—2,W;_; = (u,1,R,%,%,Q,, v4_1), and
Wy = (u,Qq, vx). Then {W;,W,, ..., W,} forms the spanning (u,S)-fan of G — F. See Fig. 1(b) for an illustration.

Case 1.2. |Fo| = |F| and z; € V1. We choose a node x in V9. Let H = (TU {x}) — {z};}. We have H c Gy, HNnV9| =1, and
|[H| = k — 1. By induction, there is a spanning (u, H)-fan {P1,P,,...,Px_1} of Go — Fo such that P; joins u to x, and P; joins u to
v; for every 2 <i<k-1. Note that i V} and x € V},. Without loss of generality, we assume that v, € V(P;). Let
Pi = (u,Q4,y, vk, Q,x). Since v, € V3, we have y € V¥ and y € V.

Suppose that »; # u. By Theorem 2, there are two disjoint paths R; and R, in G; such that (1) R; joins ¥ to v, (2) R, joins i
to X, and (3) R; UR; spans G;. We set W; = (u,Q4,y,y,R1, v1),W; = P; forevery 2 < i< k—1,and Wy = (u, 1, R, X, X, Q;], V).
Then {W,,W,,...,W,} forms the spanning (u,S)-fan of G — F. See Fig. 1(c) for an illustration.

Suppose that vy =u. By Theorem 4, there is a hamiltonian path R of G; —{#;} joining y to X. We set
Wi = (u,ii= v,),W,; = P;forevery2 <i< k—1,and Wy, = (u,Q,,y,7,R,%,x,Q,", v1,). Then {W;, W,, ..., W,} forms the span-
ning (u,S)-fan of G — F. See Fig. 1(d) for an illustration.

Case 1.3. |Fo| < |F| and v; € V9. Since |Fo| < |F| = f, we have k + |Fg| < k+f — 1 < n — 1. By induction, there is a spanning
(u,S)-fan {Py,P,,...,P;} of Gy — Fo. Without loss of generality, we assume that P; joins u to v; for every 1 <i < k. Since
|V(Go)| = 2" " and UK, P; span Gy, we have X | [E(P;)| = 2" ' —1.Since 2" ' =1 >3n—8 > 2(f — 1) + kif n > 3, there exists
an edge (x,y) in UX ,E(P;) such that (x,X) ¢ F, and (y,7) ¢ F,. Without loss of generality, we assume that (x,y) € E(P;) for
some 1 <j < k. LetP; = (u,Ry,x,y,Ry, vj). Note that u = xif [(R;) = 0and y = v;if I(R;) = 0. Since x and y are adjacent, x and y
are in distinct bipartition of Gy. Moreover, X and ¥ are in distinct bipartition of G;. By Theorem 3, there is a hamiltonian path
W of Gy — F; joining X to y. We set W; =P; for every i e {1,2,...,k} — {j} and set W; = (u,Ry,x,X,W,y.y,R,, v;). Then
{W1,W5,...,W,} forms the spanning (u,S)-fan of G — F.

Case 1.4. |Fo| < |F| and »; € V1. Since |V9 =2"2 >n—3 if n > 3, there exists a node x € V such that (x,X) ¢ F,. Let
H=Tu{x}. Since |Fo|<|F|=f, we have k-+ |Fo| <k+f—1<n-1. By induction, there is a spanning (u,H)-fan
{P1,P3,...,Py} of Gy — Fo. Without loss of generality, we assume that P; is joining u to x and P; is joining u to v; for every
2 <i<k. Since x € V?, we have x ¢ Vé. By Theorem 3, there is a hamiltonian path R of G; — F; joining x to v;. We set
Wi = (u,P1,x,X,R, v1) and W; = P; for every 2 < i < k. Then {W;,W,,...,W,} forms the spanning (u,S)-fan of G — F.

Case 2. [T NV,| = 1. We assume that v, € V. Note that i1 € V.

Case 2.1. |Fo| = |F|and 24 € V9. Let H = S — {#}. We have H c Gy, [HN V9| = 1, and |H| = k — 1. By induction, there is a span-
ning (u,H)-fan {Wy,W,,...,W,_;} of Gy — Fo. By Theorem 1, there is a hamiltonian path R of G; joining u to v,. We set
Wy = (u,u,R, v). Then {W;,W,,...,W,} forms the spanning (u,S)-fan of G — F. See Fig. 2(a) for an illustration.

Case 2.2. |[Fy| =|F| and v; € V}. By Theorem 1, there is a hamiltonian path R of G; joining »; to »,. We write R as
(v1,Ry,1,%, Ry, v1). Note that vy =1 if I(Ry) =0 and x = v if I(Ry) = 0. Since &t € V}, we have x € V} and x € V9. Let
H=(Tu{X})—{w}. Thus HCGo,|HNVI =1, and |H =k—1. By induction, there is a spanning (u,H)-fan
{P1,P2,...,Py_1} of Go—Fo such that P; joins u to X, and P; joins u to w»; for every 2<i<k-1. We set

G(J'Fo u u Gl Go'Fo u u Gl

=1
=

ViVa VYV, Vs

Vo ViV, Vs

Ve

Vy

(a)

(b)

Fig. 2. Case 2.1 and Case 3.2. (Suppose that k = 6.).
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W, = (u,ﬂ,Rl’l, 1), W;=P;forevery 2 <i< k—1,and Wy = (u,Pq,X,X, Ry, ). Then {W;, W5, ..., W,} forms the (u, S)-fan of
G — F. See Fig. 2(b) for an illustration.

Case 2.3. |Fo| < |F| and v; € V2. Since [V5| =2"2 >n> k+f —1if n > 4, there exists a node x in V5 — (T U {u}) such that
(x,X) ¢ Fp. Let H=(Su{x})—{w}. Obviously, Hc Gy, |[HNVj =1, and |H =k. Since |Fo|<|F|=f, we have
k+ |Fo| < k+f —1 < n- 1. By induction, there is a spanning (u,H)-fan {Py,P,,...,P:} of Go — Fo such that P; joins u to v;
for every 1 <i< k-1 and P, joins u to x. By Theorem 1, there is a hamiltonian path R of G; — F; joining x to z;. We set
W; =P; for every 1 <i<k—1and Wy = (u,Py,x,X,R, v). Then {W;,W,,...,W,} forms the spanning (u,S)-fan of G — F.

Case 2.4. |Fo| < |F| and v; € V1. Since V3| =2"2 > n>k+f—1if n > 4, there exists a node x in V — (T U {u}) such that
(x,X) ¢ Fo. Let F = {(y,X)ly € G; and (y,¥) € F2}. We have |F; UF| < |F1| + |F2| < |[F| =f < n — 3. By Theorem 1, there is a
hamiltonian path R of G; — (F; UF’) joining v; to v,. Without loss of generality, we write R as (v1, Ry, X,z, Ry, v¢). Note that
vy =x if I(Ry) = 0 and z = v, if [(R,) = 0. Since x € V3, we have X € V],z € V|, and z € V9. Let H = (T U {x,Z}) — {©}}. Obvi-
ously, H ¢ Gy, [HN V9| = 1, and |H| = k. Since |Fo| < |F| = f, we have k + |Fo| < k+f — 1 < n— 1. By induction, there is a span-
ning (u, H)-fan {Py, P, ..., Py} of Go — Fo. Without loss of generality, we assume that P, joins u to x, P, joins u to z, and P; joins
u to v;_1 for every 3 <i<k. We set Wi = (u,Pl,x,X,Rl’l, v1), W; = P, for every 2 <i< k-1, and Wy = (u,P,,z,z, Ry, vy).
Then {W,,W,,...,W,} forms the (u,S)-fan of G — F.

Case 3. [TNV)| =2 and [TNVY > 1. We have n > k+1=1S|+1 > 5. Assume that A=TNV5 = {v;,v3,..., v} and
B=TnNV}={vu1,02,..., v} for some 2 < t < k—2.

Case 3.1. |Fo| = |F|. Since (n — 1)|JA| < (n — 1)(n — 3) <2n™2 if n > 5, there exists a node x in V§ such that »; ¢ Ng, (x) and
Vi ¢ Ng (x) for 2<i<t By induction, there is a spanning (x,Bu{u})-fan {Py,P,,...,Px¢1} of G; such that
Py = (x,x1,P}, ) joins x to @, and P; = (x,X;, P}, v,; 1) joins x to v;,; | forevery2 <i<k—t+1.

Case 3.1.1. v; € V9. Weset H=AU {1} U{x:|2 <i<k—t}. Let {Q;,Q,,...,Q41} be a spanning (u, H)-fan of G, — F, such
that Q; joins u to w; for every 1<i<t and Q; joins u to X for every t+1<j<k-1. We set
Wi =Q;,W; = (u, Qﬁ)’(j,m,xj,m,P]’-fm, v;), and Wy = (u,ﬂ,P{l,x,Pk,m, ). Then {W;,W,,...,W,} forms a spanning
(u,S)-fan of G — F.

Case 3.1.2. v, V]! and v eV(P;). We write Py = (x,Ri,y,v1,Ry,11). We set H=AU{X|2<i<k—-t}u{y}. Let
{Q1,Q5,...,Qi_1} be a spanning (u, H)-fan of Gy — Fo such that Q; joins u to y, Q; joins u to ; for every 2 <j < t, and Q;, joins
u to Xy for every t+1<jr<k—1. We set Wy = <u,ﬂ,R2’1, v),W;=Q;, W= (u,Qj,,fcj,,m,xj,,m,P}’HH, v;), and
Wi = @,Q1,5,¥, R, ", X, Pr_ci1, o). Then {W;,W,, ..., W,} forms a spanning (u,S)-fan of G — F.

Case 3.1.3. v; € V] and v, € V(P;) for some 2 <i< k—t+ 1. Without loss of generality, we assume that v; € V(P,). Let
Py = (x,R1,v1,Y,Ry, Vr1). We set H=AU{X|3 <i<k-t+1}uU{y}. Let {Q;,Q,,...,Q, 1} be a spanning (u,H)-fan of
Go — Fo such that Q, joins u to y, Q; joins u to v; for every 2 <j < t, and Q; joins u to X;_.,; for every t +2 < jr < k. We
set Wi = (u,i,P;",x,Ry, v1),W; = Q;, Wei=01,y.Y,R,v4), and W = (u, Qj,,)’(j,,m,x,-,,m,P]/-,fm, vy). Then
{W1,W,, ..., W,} forms a spanning (u,S)-fan of G — F.

Case 3.2. |Fo| <|F| and n=5. We have |[F|=1 and k =4. Thus, |[Fo| = 0 and |F;| + |F2| = 1. Moreover, A= {v,} and
B = {7/37 7/4}.

Case 3.2.1. |[F;|=0 and »; € V9. Since |V!| =8 > 3, there exist two distinct nodes x; and x, in V! — {u, 5} such that
(x1,%1) ¢ F, and (x2,X;) ¢ F». By Theorem 2, there are two disjoint paths P; and P, in G; such that P; joins x; to v;,, for
i€ {1,2}, and P, UP; spans G;. Let {Q;,Q,,Q3,Q4} be a spanning (u, {1, v2,X1,X,})-fan of Gy such that Q; joins u to v; for
1<i<2,and Q; joins u to X;_, for 3 <j < 4. We set W; = (u,Q;,2,X;, X;, Pi, vi,2) for every 1 <i< 2. Then {Qq,Q,, Wy, W}
forms a spanning (u,S)-fan of G — F.

Case 3.2.2. |F;| = 0 and v; € V1. Since |V§| = 8, there exists a node x in V — {3, v4} such that 7, ¢ Ng, (x) and (x,X) ¢ F,.
We set Fr = {(x,y)ly € Ng,(x) and (y,y) € F,}. We have |F/| < 1. By induction, there is a spanning (x,{v1, v3, v4})-fan
{P1,P,,P3} of G; such that P; joins x to »; and P; joins x to wv;,, for 2 <i<3. We set P; = (x,x1,R;,v1) and
P; = (x,x;,R;, vi1) for every 2 <i < 3. Let {Q;,Q,,Q3,Q4} be a spanning (u, {v,,X,X,,X3})-fan of Gy such that Q; joins u to
X,Q, joins u to v, and Q; joins u to X1 for 3<i<4 We set W;=(uQ,XxP,v1),W,=0Q, and
Wi = (u,Q;,Xi_1,Xi_1,Ri_1, v;) for every 3 <i < 4. Then {W;,W,, W3, W,} forms a spanning (u,S)-fan of G — F.
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Case 3.2.3. |[F;| = 1 and v € VS. We have |F,| = 0. By Theorem 3, there is a hamiltonian path P of G; — (F; U {(v3, 22)}) join-
ing il to v4. We set P = (i1, Py, v3,X, P2, v4). Let {Q4,Q,,Q3} be a spanning (u, { v1, v»,X})-fan of G, such that Q; joins u to ; for
1 <i<2and Qs joins u to x. Let Wy = (u,i1,Pq, v3) and W5 = (u, Qs,X,X, P>, v4). Then {Q;,Q,, W;,W,} forms a spanning
(u,S)-fan of G — F.

Case 3.2.4. |F;| = 1and v, € V]. Since |V;| = 8 > 6, there exists a node x in V§j — {v3, v4} such that 7, ¢ Ng, (x). By induction,
there exists a (x, {v1, v3, v4})-fan {P1, P2, Ps} of Gy — F; such that P; joins x to #y, and P; joins x to v, for 2 < i < 3. Without
loss of generality, we write P; = (x,y; ;,Ri_1, vi_1) for 2 <i < 3. Let {Q;,Q3,Q5,Q4} be a (u, {X, v2,¥1,¥2})-fan of Gy such that
Q; joins u to X,Q, joins u to v, and Q; joins u to y¥; , for 3 <i<4. We set Wy = (u,Q4,X,x,P1, 1), Wy =Q,, and
Wi = (u,Q;,¥i2,Yi_2,Ri_2, vi) for 3 <i < 4. Then {W;,W,, W5, W,} forms a spanning (u,S)-fan of G — F.

Case 3.3. |Fy| < |[Fland n > 6.Since (n—1)(f + |A)) < (n — 1)(f + k- 3) < (n— 1)(n — 3) < 2" % if n > 6, there exists a node x
in V§ such that (x,x) ¢ F», 7; ¢ Ng, (x) for every 2 <i<t, and (y,y) ¢ F, for every y € N¢, (x).

Case 3.3.1. v; € V9. Since |JA| +f < 2" if n > 6, there exists a node y in V} such that (y,¥) ¢ F, and y ¢ A.

Suppose that x ¢ B. By induction, there is a spanning (x,BU {y})-fan {P1,P,,...,Px_+.1} of G; — F; such that P; joins x to v.,;
forevery1 <i<k-—t and P,_¢,1 joins x to y. Without loss of generality, we set Pi = (x,x;,Ri, v¢.i) forevery 1 <i<k—t—1.
We set H=AU {x,|1 k—t—1}u{y}. Let {Q,,Q,...,Q,} be a spanning (u,H)-fan of Gy — Fo such that Q; joins u to v;
for every 1<i<t, Qj Joms u to x;_ for every t+1<j<k-1, and Q, joins u to y. We set W;=Q; for every
1<ig<t,W;= <u, Q. X _t,Xit,Ri_r,v;} for every t+1<j<k-1, and W;=(u,QYy.y, Pk 1% Pee, o). Then
{W1,W,,...,W,} forms a spanning (u,S)-fan of G — F.

Suppose that x € B. We assume that x = »,. This case is similar to the above.

Case 3.3.2. v; € V1. Suppose thatx ¢ B.By induction, there is a spanning (x,BU {v;})-fan {P1,P5, ..., Py .1} of G| — F; such
that P; ]oms xto v, forevery 1 <i<k-— t and Py_;41 joins x to ;. Without loss of generality, we set P; = (x,x;, R;, v;) for
every 1 <i<k-t.WesetH=AU{X|1 <i<k-t}U {x} Let {Qq,Q3,...,Qx} be a spanning (u, H)-fan of Gy — Fy such that
Q; joins u to x,Q; joins u to v; for every 2<i<t, and Qj Joms u to x_, for every t+1<j<k We set
Wi =W,Qq,%,Xx,Py_ti1,v1),W; =Q; for every 2 <ig t and W; = (u,Q;,X;_¢,Xj_,Rj_¢, v5) for every t+1<j<k Then
{Wy,W;,... , W;} forms a spanning (u,S)-fan of G — F.

Suppose that x € B. We assume that x = ;. The case is similar to the above.

Case 4. |T N V}| = k — 1. With Case 2, we consider that |T| > 2

Case 4.1. |Fy| = |F|. We have |F,| = 0 and |F,| = 0. Let x be a node in V, — T. By induction, there exists a spanning (x, T U {@1})-
fan {Py,P,,..., Py} of Gy such that P, joins x to i, and P; joins x to v; for every 2 < i < k. We set P; = (x,x;, R;, v;) for every
2<i<k

Case4.1.1. vy e V9. Weset H={v;} U{x;|2 <i<k—1}.Let {Q;,Qs,...,Q,_1} be a spanning (u, H)-fan of G, — F, such that
Q, joins u to vy, and Q; joins u to x; for every 2 < i<k—1.We set W1 Q,W;=(u,Q;,X,x;, R, v;) forevery 2 <i< k-1,
and Wy, = (u, B,P;],x, Py, vi). Then {W,W,,...,W,} forms a spanning (u,S)—fan of G—F.

Case 4.1.2. v; € V! and v; € V(P;). We set Py = (x,Z3,y, v1,Z,,11). Let H = {y} U {%|2 < i < k —1}. Thus, there exists a span-
ning (u,H)-fan {Q,Q,,...,Q,_1} in Go — Fo such that Q; joins u to ¥, and Q; joins u to X; for every 2 <i<k-—1. We set
Wi =Wu,Z,", v1),W; = (u,Q;, X, x,Ri, vi) for every 2<i<k-1, and W,=(u, Ql,j/,y,Z{],x,Pk, vy).  Then
{W1,W,,...,W,} forms a spanning (u,S)-fan of G — F.

Case 4.13. v, e V and »; € V(P;) for some 2 < k. Without loss of generality, we assume that v, € V(Py). We set
Py = (x,Z4, 111,y,Zz,Uk) Let H={y}u{x|2 <i< k— 1}. Thus, there exists a spanning (u,H)-fan {Q;,Q;,...,Q_;} in
Go—Fy such that Q; joins u to j/, and Q; joins u to x for every 2<i<k-1. We set
Wi = <u.,ﬂ,P]’],x,Zl, ), Wi = (u,Q;, X, Xi, Ri, v;) for every 2 < i< k—1,and W, = (u,Q4,¥,y,2Z>, vx). Then {W, W, ..., W,}
forms a spanning (u,S)-fan of G — F.

Case 4.2. |Fo| < |[F| and |Fy| < |F. Since |V§| =2"2> (n—1)(n—4)+ (n—2) = (n—1)|F| + (k—2) if n > 4, there exists a
node x in V} such that (x,X) ¢ F, and |{(z,2)|z € Ng,(x)} NF2| < 1.
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Case 4.2.1. v; € V9. There exists a node y € V] — {x,ui} such that (y,y) ¢ F,.Let {Py,P,,...,P;} be a spanning (x, T U {y})-fan
of G; — F; such that P; joins x to y and P; joins x to v; for every 2 <i < k. We set P; = (x,x;,R;, v;) for every 2 <i < k. Since
{(z,2)|z € N, (x)} NF2| < 1, we assume that (x;,X;) ¢ F, for every 2 <i<k—1. We set H= {v;,y} U{X;|2 <i<k-1}. By
induction, there is a spanning (u,H)-fan {Q{,Q,,...,Q;} of Gy — Fo such that Q; joins u to »;, Q; joins u to X; for every
2<i<k-1, and Q, joins u to y. Let W;=Q; W;={uQ;x,x;R,v;) for every 2<i<k-1, and
Wy = (,Q.,3,y,P;', x, Py, v1,). Then {W;, W, ..., W,} forms a spanning (u,S)-fan of G — F.

Case4.2.2. v, € V}. Let {P;,P,,...,P:} be a spanning (x,S)-fan of G; — F; such that P; joins x to »; for every 1 < i < k. We set
Pi = (x,x;,Ri,v;) for every 1<i<k We choose an index r in {1,2,...,k—1} such that (x;,x) ¢ F, for every
ie{1,2,...,k—1} — {r}. We set H={xjlic{1,2,...,k—1} — {r}} u{x}. By induction, there is a spanning (u,H)-fan
{Q1,Q3,...,Qi} of Gy—Fy such that Q; joins u to Xx; for every ic {1,2,...,k} —{r}, and Q, joins u to x. Let
Wi = (u,Q;,Xi,x;,R;, v;) for every i e {1,2,...,k} — {r} and W, = (u,Q,,X,x, Py, v;). Then {W;,W,,...,W,} forms a spanning
(u,S)-fan of G — F.

Case 4.3. |F;| = |F|. We have |Fo| = 0 and |F,| = 0. Let x; be a node in V! — {i1, v, }. By Theorem 3, there is a hamiltonian path P
of G; — F; joining x; to v,. We set P = (x1,P1, v2,X2,P3, v3,..., X1, Pr_1, k). Note that x; € V} forevery 1 <i<k-1.

Case 4.3.1. v; € V9. We set H= {v;} U {X|1 <i< k- 1}. By induction, there is a spanning (u, H)-fan {Q;,Q,,...,Q;} of Go
suck that Q; joins u to v; and Q; joins u to X;_; forevery 2 <i < k. We set Wy = Q; and W; = (u,Q;,x;_1,x;_1,P;_1, v;) for every
2 <i< k. Then {Wq,W,,...,W,} forms a spanning (u,S)-fan of G —F.

Case 43.2. v, e V}. Suppose that »; is a node in V(P;) for some 1<t<k. We write Py = (x;,Rqy, v1,X, Rz, v¢). Let
H = {X;|1 < i < k}. By induction, there exists a spanning (u,H)-fan {Q;,Q,,...,Q,} of Go where Q; joins u to x; ; for every
1<i<k For every je{l,2,....k—1}—{t}, we set W;=(u,Q;X;,x;,P;,vj1). Let W;= (u,QX,x,Ry,v1) and
Wy = (U, Qy, Xk, Xk, Ra, v¢). Thus, {W1,W,, ..., W,} forms a spanning (u,S)-fan of G — F.

5. Conclusion

Computer network topologies are usually represented by graphs where nodes represent processors and edges represent
links between processors [28]. In practice, the processors or links in a network may be failure. Thus the fault-tolerant prop-
erty become an important issue on network topologies. Many results have been proposed in literature [29-32,26]. In this
paper, we have shown that n-dimensional bipartite hypercube-like graphs are f-edge fault k"-laceable for every f <n—2
and f + k < n. Future work will try to study the fault-tolerant k"-connectivity and k™-laceability for some super spanning con-
nected graphs and super spanning laceable graphs, respectively.
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